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PREFACE

Probability theory has a very long history dating back to the seventeenth
century. It is a well-established branch of mathematics that has applications in
every area of human discipline and daily experiences.

1 his is an introductory textbook dealing with probability and stochastic
processes. It is designed for undergraduate and postgraduate students in
Statistics. Mathematics, the physical and social sciences, engineering and
computer science. It presents a thorough treatment of probability and stochastic
ideas and methods necessary for a firm understanding of the subject. The text

can be usedin a variety of course lengths, levels, and areas of emphasis.

Hie material is divided into three parts. The first part covers basic probability
topics for undergraduate students. The second part covers advanced probability
topics that are of interest to postgraduate students while the third part deals
with topics in stochastic processes that are taught both at undergraduate and
postgraduate levels.

Very little statistical background is assumed in order to obtain fiillbenefits from
the use of the text. Also, numerous examples and practice questions are
included to aid understanding ofall the subject areas covered by the book.

The publication of this book is a demonstration of our commitment to the
provision of relevant and current materials for Statistics students in higher

institutions of learning of the authors.

This text which cannot be said to be exhaustive was developed from the years
of learning and teaching of probability and stochastic processes. While we
claim responsibility for some errors that could have been made inadvertently in
this first edition, we welcome comments and objective criticisms from the users

of this hook.
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CHAPTER 1
THE MATHEMATICS OF CHOICE

1.0 Introduction

Many real life situations requires enumerating the number of possible ways of taking
a number of decisions out of many available ones, or the number of ways an event can
occur, number of possible outcomes of an experiment. All of the above require the act
of either counting, choosing, arranging or a combination of the above. Therefore, it is
just apt to introduce the reader first, to some basic principles of counting.

11 Fundamental Principle of Counting

If one experiment can result in n possible outcomes an experiment can result in k
possible outcomes, then nk is the total number of possible outcomes from the two
experiments.

Consider a finite sequence of decisions. Suppose the number of choices for each
individual decision is independent of decisions made previously in the sequence.
Then, the number of ways to make the whole sequence of decisions is the product of

these numbers of choices i.e. n!

Example 1. The number of four-letter words that can formed by rearranging the
letters in the word PLAN is 4! =24,

PLAN PLNA PALN PANL PNLA PNAL
LPAN LPNA LAPN LANP LNPA LNAP
APLN APNL ALPN ALNP ANPL ANLP
NPLA NPAL NLPA NLAP NAPL NALP

1.1.2 The Second Counting Principle (The Principle of Inclusion and Exclusion)

If a set is the disjoint union of two (or more) subsets, then the number of elements in

the set is the sum of the numbers of elements in the subsets, i.e.
n(A US) = n(/l) + n(S) implying that \A UB\ = \A\ 4-|S| if A and B arc disjoint.
Theorem \:\A UB\ < |/1] 4 \B\ if A and B are not disjoint.

This is because \A\ + |S| counts every element of A D B twice. Lei us illustrate this
with the following example.

Example 2: If A= (2.3,4,5,6). |/1]] =5and B =(3,4,5,6,7). |/?]=5
then. /1] + \B\ = 10

AUB=2,3,4,56,7

\AUB\ -6

Since A and B are not disjoint. \A U B\ < \A\ 4 \B\

Compensating for this double counting yields the formula

JLUB| = /1] + \B\ —\An BJ...cceuvnene eqn.U)

1-rumour example, AfIB = 3,4,5,6

i4n B\ =4

\AuB\ =5+ 5-4

=6

Thus proving equation (1)

Theorem INAUBUC\ = \A\+ |S|+ |C|-\AnB\- [/AnC\-\BnC\ +
\A DB n C\ forthree sets A. Band C.

Proof:

We know from equation (1) above that \A U B\ = \A\4-\B\ —\A n B\
Then, for3sets. \ AUB UC\ = \AUI[BUC]|

= \A\ 4 \B UC| - [/1n [BUC]|
Applying equation (1) to \B U C| gives

\AUSuUC|=\A\+ \B\+\C\- |[SnCJ|] -\An [BUC]|..ccrn.. eqn (2)
Because An [SUCI = {ADS) U(/l n C). we can apply equation(l) again to obtain
\VAn|SuC)=\AnB\+\AnC\- \AABAC|....... eqn (3)

Finally, a combination of equations (2) and (3) yields”®
\AUSUC|= M\ +\B\+ |C]]- MAnS|+\ADC|4|SnC|]]+\AnBn
Cloieenn eqn (4)



Thus proving theorem 2.
From this derivation, we notice that an element of An Bn C is counted 7 times in

equation(4). the First 3 times with a plus sign, then 3 times with a minus sign and then
once more with a plus sign.
Example 1.1: IF/l = {1,2,3,4}B = {3,4,5,6} C = {2,4, 6, 7} then
AUfiUC ={1,2,3,4,5,6,7}
FLUBUQ = 7. @)
Ml =4
\B1=4
\Cl=4
Ml + MI+ICI = 12
/line =3,4,/inc =2,4,enc = 4,6
In this example. /L1 n B\ =\An C\ =\B n C| = 2so that
Ln /?]+})AnCl+\Brcl=6and
/inenc = 4,]|4nsnc] =i
Iherel'orc. lLuUruUC = |1+ |2+ |C|—|/In/?| —|/InC| —\Bn C\ +

\An BnC\
= 12-6 4+ 1= T, (b)
Thus, (a) = (b) thus establishing theorem 2.
Generally, the Principle of Inclusion and Exclusion (PIE) states that:
IfA-A ... JA,, are Finite sets, the cardinality of their union
IA UA2U...U4n| =

n
YMil -y \Ain A\ + V [A nAj n Ak\-tmn + (-i)"+1 |nAl
4-] £—\£i<j<n t—tl<i<j<k<n

Proof:

On the left is the number of elements in the union of n sets. On the right, we First
count elements in each of the sets separately and add them up. If the sets A are not
disjoint, the elements that belong to at least two of the sets A, or the intersections
A n A, are counted more than once. We wish to consider every such intersection, but

each only once. Since A, n At = Aj n A ,we should consider only pairs (A, A) wti

i</,

When we subtract the sum of the number of elements in such pairwise intersections,
some elements may have been subtracted more than once. Those are the elements that
belong to at least three of the sets/1;. We add the sum of the elements of intersections
of the sets taken three at a time. (Mote: the condition i <j < k ensures that every
intersection is counted only once)

The process continues with sums being alternately added or subtracted until we come
to the last term which is the intersection ofall sets A, thus proving the theorem.

Let S=A UA2U...UA, and Af =S\Ai lhen the PIE principle can also be
expressed as

MiHAN/iJ +

+1I<k/<n |A nAl

- (-i)"+1 In/ifl
Example 1.2: Let A be the subset ol the first 700 hundred numbers

S —{1.2,.....,700} that are divisible bv7. Find the number of elements in 5 that are
not divisible by 7.

Solution:
A= {7,14,21,28,35,42,49......}
MI = ioo
Mcl = \s\ - MI
= 700- ioo
= 600

Example 1.3: Find the number of integers from 1 to 1000 that are not divisible by 5,
6and 8

Solution: Let A- A. A be the subset consisting of those integers that are divisible
by 5. 6 and 8. Fhe number we are interested in is

[AA\n A[n AJ =1000 - |/J| - |A| - |A] +|AnAA+%,n AA+]AnA|-
[An An Al

1.1 110001~ 1000
M, = 1--—-=200 |A|= =166 \Ax= O _ 4o
L~ J L b s A



Noli-. e results lor |,1,]. |.4,] and |#3 were achieved by using the round down.

notation [_J which involves the dropping of the fractional part.
To compute the number in a 2 and 3 - set interaction, we use the least

common multiple (LCM) i.e.

1000 =i
K ° AA = 30
1000 _ 25
40
1000
] - =41
L0/ =,
1000
M=

Thus. |.< n.4j[= 1000-200-166-125 + 33 + 25 + 41-8 = 600

Important remarks:
Definition 1: The number of ordered selections of r elements chosen from an n-

element set is P(n, r).
P(n,r) = (i- D(n- 2)....(n- [>~- 1])
= n(li- DEPt- 2).... A—r + 1)
n!

=r1C(n,r)
Example 1.4: Suppose 6 members of Adeola’s School Parent Teachers Association
meet to select a 3-member delegation to represent the association at a statewide

convention. If the laws stipulate that each delegation be comprised of a delegate, a
first alternate and a second alternate. How many ways can the 6 members comply

from among themselves?
Solution: P(6,3) = 120 ways or 3! C(6,3) = 120 ways

Definition 2: The number of ways of making a sequence of r decisions each of which

has n choices is nr if order matters and the selection is with replacement.

Definition 3: The number of different ways to choose r things from n things with

replacement if order does not matter is C(r 4-n - 1, /-)

Example 1.5: How many different three letter “words” can be produced using the

“alphabet” ALEXY?

Solution: Since there are no restrictions on the number of times a letter can be used,

53 = 125 such words can be formed.

Example 1.6: At a fundraising luncheon, each of 50 patrons is given a numbered

ticket, while its duplicate is placed in a bowl from which prize-winning numbers will

be drawn.

i) If the prizes are #50, #100, and #150, how many outcomes are possible
assuming that winning tickets are not returned to the bowl.

ii) If the prizes are the same, say, #70 each for the 3 prizes, how many outcomes
are possible assuming that winning tickets are not returned to the bowl?

iii) If the winning tickets are returned to the bowl, how many outcomes are
possible when the prizes are as in (i) and (ii) respectively?

Solution:

i) P(50,3) = 117600 different outcomes are possible

ii) Since the prizes are the same, then order is not important implying that there
are C(50,3) = 19600 different possible outcomes.

iii) a) Different prizes, with replacement, order matters: 503 = 125000
b) Same prizes, with replacement, order does not matter:
C(3 +50- 1,3) = 22100

Note: In choosing with replacement, elements may be chosen more than once. If order

does not matter, then we are only concerned with the multiplicity with which each
element is chosen.

fable 11 summarizes the four scenarios that we have considered.



Table 11
Order does not matter

C(n,r)
C(r+n- 1,r)

Order Matters

Without replacement P(n,r)
With replacement nr

1.3 Permutation: The ordered arrangement of n distinct items taking all or r of them
ata time is called permutation. The items are usually assumed to be arranged on a line
without replacement such that if two of the r objects are interchanged, it results into

different permutation (arrangement).
The number of permutation of n items taking r at a time is denoted

— n!
nPr (n-r)!

This is the same as the number of ways, in which r spaces can be fill taking n

different items at a time.
The first place is filled in n way, the second (n - 1) ways ... and r place if filled in

(n+ r + 1) ways. Thisr places is filled in (a - 1)(n - 2) .. %i—Ir + 1)! ways.
evipr = n(n —N(n - 2) ..(n - r—1)

The number of permutations of n distinct items taking all at a time is
n(n- 1)(n - 2)..3.2.1.= n! ways

The symbol n! is called m factorial and we define 0! = 1.

Example 1.7: Evaluate SPs

Solution:
ro=_ii_
(5-3)1
Sx4x3\x2\
N 2
=5x4x3
= 60 ways
Example 1.4: 1f12Pr = 17160, find/-.
Solution:
13Pr = 13(12)(11) ... (12 —r + 1) = 13 (12)(11)(10)
=13 -r - =3
8

Example 1.8; How many different words of three letters can be formed with letters A,
B. C. D, E and F no letter is repeated?

Solution: The first letter can be arranged in 6 ways
The second letter can be arranged in 5 ways

The third letter can be arranged in 4 ways.

Total number ofarrangement is 6 x 5 x 4 x 3.
Alternatively

6p3 = = 6x5x4 = 120 ways.

(A)  Permutation of n things, not all of which are distinct.
fhc number of permutations of// things taking all at a time where p of them

are alike of one kind, g are alike ofanother kind and r alike ofthe third kind is
7n

pgl
Example 1.9: In how many ways can the letters of the word STATISTICS be
arranged.

Solution:

T occurs 3 times

loccurs 2 times

soccurs 3 times.

So the number of possible arrangement is

N = 50400 ways.
(B)  When certain things always or never occur:

0] s item will always occur: Given n items to arrange taking r at a lime out of
which S of them will always occur, keep aside the S items and arrange the
remaining (n - s) items taking (r —s) at a time.

The S items can be arranged taking S’at a time in rRways.
The total number of permutations isn - SPr_"X rPs.

(i) Never occur: Leave out the S items and find the number of permutation of

(n - s) items taking r at a time. i.e.



Example 1.10: A committee of 7 representative of a class consists of class captain

and his deputy. On a visit to the Head-teacher there are four seats. How many ways

can the committee be seated it:

() there is no restriction

(i) the class captain and his deputy must sit.

(iii) one of the students committed a crime and can not sit down even if there are
enough seats, and

(iv)  determine the probability of the event in (ii) and (iii) above.

Solution:
(i) When there is no restriction
n=7r=4
7P4 = = 7x6x5x4 = 840 ways
(ii) keep aside the class captain and his deputy:
4pl(n-2)Pr.2= 552X4pP2= 1 , N
=5x4x3x12
= 12 x 60
= 720 ways

(iii) Leave out the criminal then we have

6Xx5x4x3
= 360 ways
©) Permutation when two things are not to occur together:
Procedure
@ Find permutation without restriction
(b) Find permutation when two things occur together.
() The difference between (a) and (b) gives the number of arrangement when two

things do not occur together.

Example 1.11: In how many ways can 10 different books be arranged on a shelf if

two particular books are not to stand together?

10

Solution:

If the two books are to stand together, regard the two books as one. then the number
of arrangement is 219Fg = 2x9! = 72560 ways. Number of arrangement without
restriction is P10 = 10! = 3628800 ways so the permutation when the two books are
not to stand together is
101-2x9!
= 3628800 -725760
= 2903040 ways

Example 1.12: Letters of the word “ARRANGE' are to be arranged. Find the
probability if;

0] two r’s do not occur together
(i) if the two R’s and two A’s do occur together

Solution:
0] Without restriction, number of arrangement's ~ = 1260 ways. When two

R's occur together is * = 360 way when two R’s do not occur together is
1260-360 = 900 ways.

P (two R's not occur together) = 1260 = 0.714

(i) Iftwo R’s and two A’s do occur together we have (A, A) (R.R)N G. E i.e,
P5 = 51 = 120 ways.
(D)  When the number ofitems not occurring together is more than two

Some kind of logic would have to be applied here. It is better illustrated with
an example.

Example 1.13: In how many ways can 5 blue cars and 4 red cards be arranged in a

straight car park two red cars are not to stand together.

Solution: First, the first 5 cards are positioned as indicated below
XBXBXBXBXBX

The blue cars can be arranged in 5! ways. Now there are 6 vacant positions (marked

X). The remaining 4 red cars can be arranged in P4 = 360 ways. The required
number of ways of parking 5 blue cars and 4 red cars is 5! X P4

n



120 x 360
43200 ways

(E) When Items are repeated:
The number of permutation of n different items taking r at a time, when each

item may occur an number of times is nr.

Example: 1.14: A die is rolled 4 times what is the sample space.

Solution:
A die has six faces, hence may occur in 6 ways.

The sample space is
64 = 1296

(P Formation of numbers with digits:
The idea of permutation can be applied in the formation of numbers with digits. This

is particularly useful in a raffle draw. Let us illustrate with a simple case.

Example 1.15: Suppose the five digits 1, 2. 3, 4. 5 are given. To find the total number
of numbers which can be formed under different conditions.

(a) Without restriction = P5 = 5! = 120 ways.
(b) Suppose 5 always occur in the tenth place. Now the tenth place is fixed, then
the remaining four places can be fitted with four digits as I\ = 4! = 24 ways. i.e.
12345 21354
12453 214 53

13254 23154 X2=24ways
13 452 23451
14352 24153

14 253 24351

(c) Suppose we have to form a number divisible by 2. Then the unit's place must
be occupied by 2 or 4 which can be arranged in 2 ways.

12

The remaining 4 digits can be fitted in
P4 = 41 = 6 ways
So, the total number of numbers divisible by 2 = 24 x 2 = 48.
(d) Suppose we have to form numbers which begin with 1and end with 3. Here
the first and the last places are fixed.
Then, the remaining 3 digits can be filled in.

12 453
12 543
14 253
1 452 3=6ways
15 243
15 423
) Suppose we have to form a number where 1 or 3 is in the beginning or the end.
Then the two digits can be arranged among themselves in 2! ways. Hence total
number of arrangement will be P3X 2 = 12 ways.
0 Suppose we have to form numbers greater than 30,000. Here there should be 3
or 4 or 5 in ten thousand’s place which can be filled in 3 ways.
The remaining 4 digits tilled in 4! ways.
Therefore, we have, i.e.
312 45
32 14 5cetc
i.e.. total number of numbers
3IX M
=3X24 =172
Example 1.16: How many numbers can be formed with digits 1.2. 4, 0, 5 when any
is not repeated in any number?

Solution: There are 5 digits in all including zero. The number of single digit numbers
is Px. The number of two digit number is P2. Out of this, some have zero in the tenth

13



place and so reduces to one digit number. Hence the number of two digit numbers is
P2 - P\- Similarly, the nutrber of three digit number is P3 - P2.
The total number of numbers is
Px+ (P2~ Pi)+to “ Pz)+to - Ps)+to ~PJ
4 + 16 + 48 + 96 + 96

260 numbers.

Example 1.17:
0] Find the sum of all the numbers that can be formed with digits 1, 3, 4, 7,5, 9

taking all at a time.
(i) Find the probability of having a number with 3 in the tenth place.

Solution:
) We need to consider when each digit occupy a particular place. The number of

permutation when 1 is in the unit place is Ps = 5! = 120. The number of
permutation when any of the given numbers occupy the unit place is also
51 = 120 ways. Hence we can sum all the numbers in the unit place a
120(29)* 1= 3480* 1

Similarly the sum of numbers in the 10th place is also

120(1 + 3+ 4+ 5+ 7+ 9) = 2480 * 10
= 34800

In the same manner, the sum of all the numbers is
3480 (100,000 + 10,000 + 1,000 + 100 + 10 + 1)
= 3430 (111111) = 386666280
(i) The number of numbers taking all at a time without restriction is
P6 = 6! = 720
The number of numbers when 3 occupy the tenth place is P5 = 120

Pr (a number 3 in the tenth place) = =50 = 0.1667

(G) Formation of words with letters:
This is similar to what we illustrated in Formation o fnumbers with digits.
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(b)
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(©

(H)

Example 1.18: Suppose the letters of the word STAPLER is given to form
words.
Ifthere is no restriction, the number of words is

P7 = 7! = 5040 words.
Suppose all words to be formed begins with S. The remaining 6 places can be
filled in 6! = 720.
Suppose all words to be formed begins with S or ends with E. The two
positions can be filled in P2 = 2 ways. The other 6 digits can be filled in
P6 = 6! = 70 ways.
Hence total number of words is 2 x 120 = 240 words.
Ifall words formed must begin with S and end with E. The two places are now

fixed. Then the remaining 5 places can be filled in 5! = 120 ways. Hence, 120

words are formed.
Suppose two vowels A and E are to stand together. Regard A and E as one
a, E STPLR

STPLR can be arranged among themselves in 6! = 120 ways.

The two vowels can be arranged in 2 ways.

Hence the total number of words is 2 x 120 = 240 words.
If three particular letter are to occupy the even places. The first letter can be
filled in 3 ways, the second in 3 ways and the third in 1 way. a total of 6 ways.
Then, the remaining 4 letters can be filled in 4! = 24 ways. Hence, the total
number of words is 6 x 24 = 144

Ordered:

Arrangement of items round a circle:

Things can be arranged round a circle in (i) clockwise and (ii) anti- clockwise
direction.



Example 1.19: In how many ways can 7 people sit round a circular dinning tabic

“(7 =1

360 ways

(i) The number of arrangements when the direction (clockwise or anticlockwise)
is specified is (n —1)!. This is because one of the items can be used as a

starting point.

(i) When the direction of arrangement is not specified is”™ (n - 1)! ways.

Example 2.17: How many ways can 20 different beads be arranged to form a

necklace?

2(n —1)°
A (191) ways

Example 1.20: A round table conference is to be held by 10 persons such that 2

particular person may wish to sit together.

Solution: Regard the 2 people as one. We now have 9 persons. The two persons can
be arranged in 2! ways. The 9 persons can be arranged in (9 - 1)! ways. The total

number of arrangement is
8! x 2! = 80640 ways

14 Combination
The number of arrangement or ‘selection’ of n different items taking some or
all of the number of things at a time irrespective of the order is referred to as

combination.
The number of combination n things taking rat a time is denoted by

(n-r)!r!
Most of the problems on selection without replacement can be solved using

combination approach.
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Example 1.21: In how many ways can a committee of5 be selected from amongst 6

boys and 7 girls; if the committee must consist of (i) 2 boys and 3 girls, (ii) at most 3
boys?

Solution: There are a total of 13 persons.

(i The total number of combination is 2 boys can be selected from 6 boys in (®)
ways.
3 girls can be selected from 7 girls in Q  ways.

Total number of combination is

(2) (3) = 15x35 = 525 ways

(ii)  There could be 0, 1,2 and maximum of 3 boys. Hence the total number of
combination is

®©+®®+©®+©Q

21+ 210 + 525 + 420
= 1176 ways

Example 1.22: A box contains 20 balls all of which are of the same size. 15 of them

are Red and 5 Black balls. 4 balls are selected at random from the box, find the
probability of having:

0] exactly 2 black balls.
(i) at least 1red ball

Solution:

0] The first thing to do is to find the combination of any 4 balls out of 20 (i.e.

sample space) (") -
Number ofways ofchoosing 2 black from 5is Q .

Number of ways ofchoosing the remaining 2 from 15 red balls is (") .

Number ofoutcomes of favour of the eventis © (? )

SVISX
-=0.217

(4)

f
P(2 black anti 2 red balls) =

17



(i) The probability of having at least 1red ball is
" (yxa+th/.ht/>yK M fIG)

_ 75+ 1050 + 2275+ 1365

4845
= 0.983

A Combination when a particular thing must be included or not included
) The number of ways of choosing r things out of n in which k particular thing
0]

always occur is

The number of ways of choosing r things out of n which k particular thing
(ii)

. fn \
neveroccurisy r )

Example 1.23: 15 players were invited for a crucial football match. In how many

ways can 11 players be chosen if

Q) the skipper must be included
(i) a particular player is injured and must not be included.

(iif)  player A must be included and player B must not be included.

Solution:

(i) If the skipper is selected first, we have 14 players left to select the remainingQ

10 players.
. . 14\
The required number is = 1001 ways.
(ii) Remove the injured player, now select 11 from the remaining 14 players.

The required number is /w14 = 364 ways.

(iii)  Ifwe remove B and select player A

Then required numberis {*) = 286 ways.

Example 1.24: A certain examination consists of 12 questions divided into two parts
of 6 questions each. How many ways can a student choose any 8 questions if he must
attempt exactly 5 questions from the first part?

Solution: From the first part, questions are selected in * = 6 ways.
In the second part, 3 questions are selected = 20 ways.
The required number is» ~ = 120 ways.

(B)  When all items arc alike and each of them may be disposed off in 2 ways:

In this situation, the item may be included or rejected. The total number of ways of
disposing all things is 2x 2x ...x n times = 2n. This include a case where all the
items are rejected.

Ilencc. the total number of ways in which one or more things are included is 2” - 1.

This isequivalentto Q) + (n” j) --—-—-- f ()

Example 1.25: In how many ways can a student solve one or more questions out of 8
in a paper?

Solution: The student may either solve a question or leave it (i.e. 2 ways). The total
number of ways of solving one or two or all the questions is

256-1
255 ways

Note:
If it must include a case where none of the questions is solved, then the required

O+(?Mz)++B=B

= 256 ways
Example 1.26: How many different products can be formed with the letters a. b. c. d,
eand/
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Solution: The number of ways in which one or more of the six letter

=26=1
Rut this includes a single letter which is not a product. Hence, the number of products
ie.26- 6- 1= 57.

© When some items are alike and each ofthem can be disposed in a way:
Givenn = [p+q+r +S+—] items out of whichp. g, r, S of them are alike and
p can be chosen in (p + 1) ways

g can be chosen in (¢/ + 1) ways

Mmcan be chosen in (r + 1) ways.

then the total number of combinations is (p + 1)(q + I)(r + I)(s + 1) —1 ways.

Example 1.27: How many factors has 2160?
Solution: The factors of 2160 are i.e.
2160 = 16x27x5

= 24x 33x 51
But
24 can be formed in 5 ways.
33 can be formed in 4 ways.
51can be formed in 2 ways.
Hence the total number of factors are 5x 4 x 2 =40.

(D)  When Sharing (Dividing) n items into different groups:

A number of items can shared among a group of people equally or in given

proportion.

(i Ifn=p+qg+randp=q-=r.
Then the number of ways of sharing n things equally is

(i) [fn =p+qg+randp * q=£r, then the number of ways of sharing n things
proportionally is *

Example 1.28:

€)) In how many ways can a deck of 52 cards be shared among 4 players equally?

20

Solution: = 5.36 x 1028

(b) If the group of 13 cards are to be arranged, in how many ways can this be
done?
Solution:-®L = 1.28x 103°

(131)4

Example 1.29: How many ways can 18 books be divided?
(i) equally or
(i) in ratio 1:2:3

Solution:

(i) 18 books can be divided into 3 groups of 6 each. Then the required number is
Y~ 17,153,138 ways

(i) lo divide 18 books in ratio 1:2:3 each group would consist of 3. 6, 9

respectively.

Hence the required number is = 4,084,080 ways.

(h) Permutation and Combination Occurring Simultaneously
Some problems require the application of the permutation and combination
approaches simultaneously. We shall give a theory which may be proved.

Iheorem: If there are in different things of one kid, n different thins of the 2nd kind
and k different things of the 3rd kind. The number of permutation which can he formed
containing ro f the first..? ofthe second and/ ofthe third is

(")*O X(i)*(r *s+ D]

Example 1.30: How many ways can 5 boys and 4 girls selected from among 12 boys
and 9 girls be arranged on a bench?

Solution: 5 boys are selected from 12 in ways.

4 girls are selected from 9in Q  ways.
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but the 9 people can be arranged among themselves in ap9 —9! ways

The required number is

0s2) (4) 9l = 3.62* 10"

Example 1.31:
@) How many words each containing 2 vowels and 3.consonants can be formed

with 5 vowels and 8 consonants?
(b) How many words can be formed if

() ‘a' must be included
(i) the words must contain at least two consonants?

Solution:

(@) 2 vowels can be chosen from 5 in

3 consonants can be chosen from 8 in

the 5 letters can be arranged among themselves in 5! ways.

The required number is

(2) (3) 5'=560x 120
(b) “a’ isa vowel = 67200 ways.
(i) if “‘a’ must be included, we need one more vowel. The required number is
(™ (3) 5= 33600 ways
(ii) If the word must contain at least 2 consonant, then it could contain 2 or more

consonants.
The required number is

33600 + 67200
100800 ways
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() Combination with repetition
Sometimes we are interested in the number of combinations of items when
each of the items may be repeated. Given n items, the number of combinations
taking r at a lime then repetitions are allowed is denoted by nHr where

SHr = (" + - - 1) = <n+q2L
\Y r / (n+r-1)'r!
_ (n+r-)(n+r-2)..(n+r-r-1) (n-I)n
r!
_ (n+r-(n+r-2)..n
r!

Example 1.32: How many combinations of 4 digit numbers can be formed from the
digits 2.4. 5. 7. 8.9 if the digits may be repeated at least once?
Solution: There are 6 digits, to take any 4 at a time, the required number is

6Hr = =JL
r Vo4 asl

= 126
Example 1.33:In an experiment, 2 dice are rolled once. Find the total number of
outcomes if
(i) they are distinct
(ii) they are of distinguishable

Solution
On a single die there are 1,2, 3. 4, 5, 6 (6 numbers)
(i) If they are distinct, the total number of outcomes is 62 = 36

(i) If they are not distinguishable, then any number on the die may be repeated.
Ilcnce the required total number of outcomes is

= 21
MultinomialCoelficicnts
This is a generalized version of basic counting principle.

Consider a set of n-distinct items to be divided into r distinct groups of sizes
nAn2,n3 ..,nrwhere £-=1ni = n.
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The number of possible choices for the first group is (") - second groiip is ("

hirg T =l —u2
third group is | n3

The total possible division for n1,n2,n3, ...,nr is therefore

n! (n-tij! (n-nx-n 2--—---- nr_])!
710(71-710)1 7 (71-Til -712)1n 21 .. 0l71r t
n-niN /In-nj —N2 ———- nr_a
n2 nn¢

nt! n212i3! ... nr\
Example: There are 12 Super Falcons to be divided into two teams of 6 girls each.

How many different divisions is possible.

12
Solution: There are 2= 33,264 divisions

Exercises:
1 A U.l. football team plays 8 games in succession, winning 3, losing 3 and

ending 2 in a tie. Show that the number of ways this can happen is (®) (") =

0!
31312!
o) Find n and r such that the following equation is true

15 Stirling Numbers of the Second Kind
Definition 4: Let 5 be a set. A partition of S is an ordered collection of pairwise,

disjoint, nonempty subsets of 5 whose union is all of S. The subsets of a partition are
called blocks.
ForS =/lj UA2UA3U .. UAK to be a partition of S:
i. Ai n Aj = 0 wheneveri " j
ii. Aj*0.\<j<k
Two partitions are equal if and only if they have the same blocks.
For instance. {1} U {2,3} {1} U {3,2}, {2,3} U{1} and {3,2} U {1} are 4 different
looking ways of writing the same two-block partition of S = {1,2, 3}
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The other partition of S = {1, 2, 3} are

{1} U {2} U {3}-3 blocks

{1, 2} U {3}-2 blocks

{1, 3} U {2}- 2 blocks

{1,2,3}- 1block

Thus, S has a total of 5 different partitions made up of:

One of {1} U{2,3}{1} U{3,2}, {2,3} U{1} and {3,2} U {1}

{13u{2}u{3}

{1.2} U {3}

{13y U{Z

{1,2,3}

Definition 5: The number partitions of {1,2,3,..m} into n blocks is denoted by
S(m, n) and this is known as the Stirling number of the second kind.

Note: S(m,n) =0 ifn < lorn >m.

Also, SCm, 1) = 1= S(m, m). This is because there is just one way to partition
{1,2,3, ..m} into a single block and
{lj UL U3} U....U{m} is the unique unordered way of expressing {'1,2,3, ...m}
as the disjoint union ofm nonempty subsets.

151 Stirling’s Identity: For any two positive integers m and r.
r

r'5(m,r) =~ (-1) r+cC(r, t)
c=i

Therefore 5(m,r) = "E£t=i(—1)7+£C(r, t) t,n
Example 1.34:5(4,1) = C(1,1)14=1

5(4,2) = M1-C (2,1)14+ C(2,2)24]
=A[-2+16]=7
5(4.3) = {[C (3,1)14- C(3,2)24+ C(3,3)34]

:g13 -48 +81] =6
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5(4.4) = -7 [—C(4,1)14 + C(4,2)24 - C(4.3)34+ C(4,4)44]
=A-[-4 +96- 324 + 256] = 1

1.5.2 Application of Stirling’s number of the second kind to distribution of
objects into urns

We are interested in the question "In how many different ways can m balls be

distributed among n urns?” We are going to answer this question by considering

whether the balls and urns are labelled or not and whether a particular urn can be left

empty?

We will consider 4 variations:
Variation 1: In how many ways can m labelled balls be distributed among n

unlabelled urns if no urn is left empty? This is the same as “In how many ways can
the set {1, 2, 3, ...m] be partitioned into n blocks. This is 5(m, n).
Example 1.35: In how many ways can 4 labelled balls be distributed among 2

unlabelled urns if no urn is left empty?
Solution:5(4, 2) = 7 that is if the balls are labelled 1, 2,3,4 then the 7 possibilities

are
{1}&{2,3,4}
{2}&{1,3.4}
{3}&{1,2,4}
{4}&{1,2,3}
{1,2}&{3,4}
{1,3}&{2,4}
{1,4}&{2,3}
Because the urns are unlabelled,
{2}&{1,3,4} = {1,3,4}&{2) etc.
Variation 2: In how many ways can m labelled balls be distributed among n

unlabelled urns?
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Solution: This is 5(m, 1) + 5(m, 2) + =+ 5(m,n). This is the same as finding the
number of ways in which {1,2,.... m] can be partitioned into n or fewer blocks since
it is no longer a requirement that no urn be left empty.
Example 7: The number of ways to distribute four labelled balls among two
unlabelled urns is5(4,1) + 5(4,2) = 1+ 7= 8i.e

5(4,1) = {1,234}&{ }
5(4,2) = {1 }&{2,3,4}.{2}&{1,3,4}.
{3)&{1.2,4} {4}&{1.2. 3}.{1,2}&{3,4}.{1,3}&{:i,4}, {1.4}&{2,3}
Variation 3: In how many ways can m labelled balls be distributed among n labelled
urns? This is nm.
Example 1.36: Five labelled balls can be distributed among 3 labelled urns in
3s = 243 ways.
Variation 4: In how many ways can m labelled balls be distributed among n labelled
urns if no urn is left empty? This is 2! 5(m, n).
There are 5(m,n) ways to distribute m labelled balls among n unlabelled urns using
variation 1. After the distribution of the balls, there are n! ways to label the urns. By
the fundamental principle of counting, the answer isn\S(m, n).

Example 9: In how many ways can 5 labelled balls be distributed among 3 labelled
urns if no urn is left empty?

Solution:3!5(5,3)

Example: Suppose that a secretary prepares 5 letters and 5 envelopes to send to 5

different people. If the letters were randomly stuffed into the envelopes, a match

occurs ifa letter is inserted in the proper envelope.

0} In how many ways can the letters be stuffed into the envelopes so that no letter
falls into the proper envelope?

(i) What is the probability that none of the letters is placed in the right envelope?

(ili)  What is the probability that at least one of the letters is placed in the right
envelope?

(iv)  What is the probability that exactly 3 of the letters were placed in the right
envelope?
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Solution:
(0 The total number of derangements for the 5 letters is
i
i i +1 1 +! !
DS=3 " Ty T 3 447 oy

= 120[1- 1+ 0.5+ 0.1667 + 0.0417 + 0.00833]

= 120(0.71673)
=86.008 ways
(ii) Probability that none of the letters is placed in the right envelope is given as

dl _1_} +1 1 +J _J

S r+ 2t 3 4 5

= 0.716
(iii) The probability that at least one of theletters is placed in the right envelope is

1 Prob [None ofthe letters is placed in the right envelope]

=1-(0.716)
= 0.2833 . ) ) )
(iv) The probability that exactly 3 of the letters were placed in the right envelope is
given by
(A 20 3l (A-A)!
N\
%-3) L va
51
= 0.083

16 Allocation and Matching Problems

Introduction

Matching and allocation are some of the classic problems in probability theory. This
problems dated back to the early 18th century has many variations. There are many
ways to describe the problem. One such description is the example of matching letters
with envelops. Suppose there are '/letters with //matching envelops (assume that each
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letter has only one matching envelop). Then it is possible to determine the probability
that the secretary sniffs the letters randomly into right envelops.

1.6.1 Derangements

Definition 1: A derangement of (1. 2.....n) is a permutation //, /'?,....., /,,0f (1.2...... n)
such that it* 1 iyt 2....... [>t«.

Thus, a derangement of (1. 2,...,n) is a permutation //, i2.... Z,0f (1, 2,....n) in which
no integer is in its natural position: /'/~ 1 ij# 2, . ., i,,*n.

Denote by D,, the number of derangement of (1, 2....... n)

Consider the following example for illustration:

Example 1. At a party, 10 gentlemen check their hats. In how many ways can their
hats be returned so that no gentleman gets the hat with which he arrived?

This problem consists of an n-element set X in which each element has a
specified location. We are required/asked to find the number of permutations of the
set X in which no element is in its specified location.

Here, the set X is the set of 10 hats and the specified location of a hat is (the
head of) the gentlemen to which it belongs.

Let us take X to be the set {1,2........ ,10} in which the location of each of the
integers is that specified by its position in the sequence 1,2.......... 10.

Theorem: Forn> I, Dn=n! 1 N O R + (_!)--r_i

Proof: Let S be the set of all n! permutations of (1. 2......... n). Forj =1, 2,..., n. letp,
be the property that in a permutation, j is in its natural position. Thus, the permutation
/1, hi...... inof (1,2........ ,n) has property pj provided Z=j. A permutation of (1, 2,...n)
is aderangement ifand only if it has none ofthe properties pi, pi....... pn
Let Aj denote the set of permutations of (1, 2.....n) with property pj. ( = 1,2,
n). The derangements of (1.2...n) are those permutations in

Thus, Dn= |[A\ n A, n ... n Al

The PIE is used to evaluate D,, as follows:
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The permutation in A| are of the form 1. A..where /,, is a permutation of
2 n). Thus, |All= (n - 1)! And more generally for |A| = (n- 1)! forj = 1, 2,

The permutations in A|n A2 are of the form 1, 2, 13....in where /j ....... i,,is a

permutation of (3........... n). Thus.|A|n AZ=(n- 2)!
Generally. |Ajn A,|=(n-2)! for any 2 combinations (i .j) of (1.2......n).

For any integer k, with 1<k < n, the permutations in Ain A ..... rv\kare of
the form 1.2....... k,/k 1 in-where /'*-/....... /,, is a permutation of (k+1......... n). Thus,
|[Ain A2n....r»AKk| = (n- k).

Generally. |Ai,n Ai2n....nAiK = (n - k)! for any k-combination (/|. /2..... /K of (1.
2...n):

Since there are k - combinations of (1. 2....... n), applying the inclusion-

exclusion principle, we obtain:

= «-«)!
D= (Dt g g () (-gsiv.. FHIC ©7¢
n n\ on
S R
r. 1 1 1 ,
[ 2 2 3 A

lbus. from example labove.

1 1 1 1
_ 1 1 1 +1
Do=10t 1 . n g 4 5 6 7 & o

You should be able to supply the final answer for Dm

1
Note: (i) The series expansion for e'] =1 - 'i oWty
(iij— is the ratio of the number of derangement of (1, 2....... n) to the total

n\
number of permutations of (1.2..... n).
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rhus, —j- is the probability that it is a derangement if we select a permutation of (1,

2.....n) at random.

1.6.2 The Matching Problem

Suppose that an absent minded secretary prepares n letters and envelopes to
send to n different people. If the letters were randomly stuffed into the envelopes, a
match occurs if a letter is inserted in the proper envelope.

Example 2: Suppose that each of jV men in a room throws his shirt into the centre of

the room. The shirts are first mixed up and then each man randomly selects a shirt.

1) What is the probability that none of the men selects his own shirt?
2 What is the probability that at least one ofthe men selects his own shirt?
3) What is the probability that exactly k ofthe men select their own shirt?
Solution:

1 From our discussion on derangement, the probability that none of

the men selects his own shirt is

PN ,_1 +1 _ i +(-D"
M 1 2 3 (-D" W
2. The probability that at least one of the men selects his own shirt is

1- Prob [None selects his own shirt]

1-1 +- - - + L (-0
23 M
H-1-- + - ... - kA
21 3 M
I +1 (-0*
2 3l M
3. The probability that exactly k of the men select their own shirt is as follows:

First fix attention on a particular set of k men. The number of ways in which this and
only this k men can select their own shirt is equal to the number of ways in which the

other N-k men can select among their shirts in such a way that none of them selects
his own shirt.
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The probability that none of the N-K men, (selecting among their shirts), selects his

own shirtis 1- 1+ —- —+

It follows that the number of ways in which the set of men selecting their own shirts
corresponds to the set of k men under consideration is

(1)

(N-K)! 2 A+ + {N-K)\

Also, as there are possible selections of a group of K men, it follows that there

are

N
K (N-K)A 21 3 (N-K)\

ways in which exactly K of the men select their own shirts.
The probability required is thus

. L NK
fN i (-ir-
- 1—H
K (N-KOA 21 3 (N-K)\
N\
21 3 (N-K)\

K\

e
This result is approximately rE forlargeN. k=0,1..............

Example 3:
Suppose there are a group ofsix men and six women. They are to be paired in groups

of 2 for the purpose of determining roommates.
0] What is the probability that both groups will have the same number of

male and female.
(i) What is the probability that there are no male and female as

roommates?
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Solution:

L. 6 men. 6 women divided into 2 groups
0] two groups of 6persons each

14.4375
924
= 0.0156
(i)
61 6!
X
All males and all females 2S3!3! 233!3! 12,
263!13!
_6!_y
1233131/ (2-5)2 6.25
12 144375 1443 - 04329
266161

Example 4:
@ State the principle of inclusion and exclusion.

(b) Suppose 15% of apple and 10 consignments were toxic. If the consignment

consists of 60% apple and 40% mango, what is the probability that a fruit
selected at random is toxic?

Solutions:

(b) 15% ofapple are toxic, 10% of mangoes are toxic
Consignment: 60% apple, 40% mango
Let F represent fruit; A: apple, M: mango
Let T represent toxic fruit
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(i) P(T) = P(A\T)P(A) + P(M\T)P(M)
= 0.15(0.6) + 0.10(0.4)

= 0.09 + 0.04
= 0.13
(i) PWT) =~
0.09
013
= 0.0117
Example 5:

3.(a) Give the Stirling’s identity.
(b)(i) In how many ways can 10 labelled balls be distributed among 7 labelled urns
(i) What is the probability ii'the urns are unlabeled and non ofthem is lell empty.

Solution:
(a). Stirling ldentity

r
=N\
) =" | (- IOtV
wherem and r are positive integers
b(i)h = 10 labelled balls

n = 7labelled balls
Number of ways isnm = 710

= 282,475,249ways
(uses the principle of inclusion and exclusion)

b(ii) 5(10,7) =
£[(j) 110(-1)8+ Q 210(-1)9+ (3) 3°(-1)>° + Q 410(— )1l +

Q 510(-1)12+ Q 6°(—1)13+ Q 710(—I)14]

29635200
“ I
= 5880ways

Therefore, Pr[5(10,7)] = S~ "-

5880
" 282475247
= 7.369 x 10~14

Example 6:

Suppose that each of the 10 men in a room throws in their cap into the center of the
room to be picked by 10 ladies in the annual marriage fixing ceremony. What is the
probability that

(1) No lady picks the cap of the man of her :hoice.

(i) At least one lady picks the cap ofthe man of her choice.

(iii)  Exactly 7 ladies could not pick the cap of men of their choice.

Solution:

I0Omen and 10 ladies
NA=f] -1 +--- +- - - +—J]
[

n 1! 2! 3! 41 10!
(i) Pr(Noladypickedacap)=[1- 1+ 0.5- 0.1667 + 0.0417 - 0.0083 +
0.0014 - 0.0002 T 0.000 - 0.000 + 0.000]

= 0.3679
(i) Pr (at least one lady picked a cap) = 1- Pr (No lady picked a cap)
= 1- 0.3679
= 0.6321
(iii) n - kwheren =10,k =7
10-7 =3

PR “ (*)<" " V'I1~11+21“ 3+ *(n-/0l]
7! 7

1- 1+0.5-0.1667

7!
0.333
5040



= 0.00006
= 6.61 x 10"5

Therefore Pr(exactly 7 ladies could not pick the cap of men of their choice) is 1 —

i.el -6.66 x 10”s = 0.9993

Practice Questions
@) Show that () = (n " r)
2) IfCn_4 = 15; find n.

3) An examination question is divided into three sections A, B. C with 3. 4 and 5
question respectively. A student is required to answer t questions each from.
Sections A and B and 3 from Section C. In how many ways can he write the

examination?
4 In how many ways can he solve one or more question in Section C.

(5) Ifthe paper is one of the professional examination papers where candidates are
required to attempt as many questions as possible, find the total number of
ways a candidate can write the examination if must attempt at least one

question?
(6) In how many ways can a person purchase two or more items out of 5?

(7) A nursery school pupil learning simple arithmetic is given 5 counters with
digits 2. 1,3. 0, 4. 5 to form numbers. Find the probability that the pupil is

about to form a
(a(i)) 3 digit number
(i) a number greater than 400.000

(b) Using all the digits except 0. how many numbers can be formed and what is

their sum?

(8) How many ways can the letters of the sentence “Daddy did a deadly deed” be

formed?

9) A boy found a keylock for which the combination was unknown, but correct
combination is a four digit number dI(cl2, d3d4, where d,,t = 1,2,3,4 is
selected from 1, 2, 3, 4. 5, 6. 7, 8. How many different lock combinations arc

possible results in such keylock?
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(10)

(11)

(12)

13.

14.

fen children are to uc grouped into two clubs in such a way that five will

belong to each club. If in watch club a secretary and a president is to selected,
in how many ways can this be done?

A shelf contains Chemistry, Mathematics and Economic text books. In how
many ways can S books be selected?

Show that:
a nP(n- I,r) = P(n,r + 1)
b. P{n+ I,r) = rP(n,r - 1) FP(n,r)

In how many ways can lour elements be chosen from a ten-element set:
a. with replacement iforder matters?
b. with replacement iforder does not matter?
c. without replacement if order does not matter?
d. without replacement if order matters?
In how many ways can six balls be distributed among four urns if:
a. the urns are labelled but the balls are not?
b. the balls are labelled but the urns are not?
both balls and urns are labelled?

neither balls nor urns are labelled?
how that Ds = 44

c
d
S

Seven gentlemen check their hats at a party. How many different ways can
their hats be returned so that:

a) no gentleman receives his own hat?
b) at least one gentleman receives his own hat?
c) at least two gentlemen receive their own hat?
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CHAPTER 2
ELEMENTS OF PROBABILITY

2.1 Introduction
The definition of probability is as varied as the values of any random variable. Its
definition depends on the extent to level one is knowledgeable of the use and power
of probability concept.
Probability can be defined as a measure of uncertainty concerning a phenomenon. It
can also be defined as a real value that measures the degree of belief one has in the
occurrence of a specified event. Probability is also described as the study of random
phenomena. Most phenomena studies in the Physical Science. Biological Sciences.
Engineering and even Social Sciences are looked at not only from deterministic but
also from a random point of view. Therefore the theory of probability has as its
central feature, the concept of a repeatable random experiment, the outcome of which
is uncertain.
To the Statistician, probability remains the vehicle that enables him use information in
the sample to make inferences or describe a population from which the sample was
obtained. I'hus the study of probability prepares a strong background for reliable
statistical inference. No wonder Professor Sir John Kingman remarked in a review
Lecture in 1984 on the 150th anniversary of founding of the Royal Statistical Society
that “the theory of Probability lies at the root of all statistical theory”.

2.2 Definition of Terms and Concepts

Before we define probability as a concept, it is necessary to review the definition of

some probability terms that shall be employed in our discussions.

@) A Trial: Is any process or an act which generate a number of outcome which
can not be predicted a priori. A trial usually results into only one of the
possible outcomes e.g., A toss ofa coin once, will lead to either a Had (IT) or a
tail (T) turning up. The selection ofa card from a deck of well shuffled cards
result in one of the cards being drawn.

(b) A Random Experiment: Is any operation which when repeated generates a
number of outcomes which cannot be predetermined, e.g. A toss of two coins
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(©

(d)

(©)

®

©)

at a time; draw of two cards from a deck one after the other; a random
selection of a ball from a box and examine the colour.

An outcome: This is a possible result of a trial or an experiment. In a toss of
two coins, an outcome could be any one of HH, HT, TH, TT. The possible

outcomes in a throw of a die are, 1,2, 3,4, 5, 6.

Sample Space: Is the totalily ofall possible outcomes of an experiment. Itis a
set of all finite or countably infinite number of elementary outcomes
ex,e2, - ,enlt is usually represented byS = [el,e2, ...,en}
The sample space in a toss of a coin and a die is represented by
H1H 2H 3H 4H 5H 6H
T IT 2T 3T 4T 5T 6T
1 2 3 45 6

ie. S =[IH, 2H,3H ,5/1, 17\27,37,47,57\ 67}

The sample space when a die is thrown twice is

s=4{11,1,2,1,3,1,4, 1,5,1,6,1,2,22.... 66}

An Event: Is a subset of a sample space.

It consists of one or more possible outcomes of an experiment. It is usually
denoted by capital letters A, B, C, D, .... It should be noted that a subset in a

given set could consist of all the possible outcomes or none of the outcomes of
the given set.

e.g. When a die is tossed once, we define. Set

A ={setof even number}=1[2,4,6}

B ={s-etof prime number}={1,3,5}

C ={setof number greater than 7} ={0}

Mutually exclusive events: Two events A and B are said to be mutually
exclusive, if the occurrence of A prevents the occurrence of B. This implies
that the two events can not occur together i.e. A n B=e.g. the occurrence of H
prevent the occurrence of 7 in a toss of a coin.

Mutually Exhaustive Events: Events Av Az,A3,A4,..,Anare said to be

mutually  exhaustive if they constitute the sample space, ..
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However, some events could be both mutually exclusive and exhaustive. This implies

that they are disjointed and yet their sum is equal to the sample space. This would be

illustrated later in (1.8). It should be noted that the last two probability terms are

associated with one experiment only.

(h) Independent Events: Two events A and Bare said to be independent if the
occurrence of A does not affect B. This implies that the twoevents can occur
together, e.g. the event of an event number and a Tail in a throw of a coin and

a die at once.

0] Sure/Certain Event: The sample space S is the only sure event. The
probability of a certain event E is one (P{E) = 1)

() Impossible Event: This is the complement of the sure event. It is an empty
set 0.

2.3 The Approaches to the definition of Probability

The three conceptual approaches to the definition of probability (1) the classical
approach, (2) the relative frequency approach and (3) the axiomatic approach, (4)
subjective approach. These three concepts are explained as follows:

@) Classical or ‘a priori’ Approach
If there are nnumber of exhaustive, mutually exclusive and equally likely cases of an
event and suppose that nA of them are favourable to the happenings of an event A

under the given set of conditions, then (A) =~ . An example is the toss of a die
once. The six possible outcomes are 1,2,3,4,5,6. The probability of occurrence of a 2

is 5 The probability is ‘a priori’, that is it can be determined before carrying out the

experiment.
This method assumes that the elementary outcomes of an experiment are equally

likely. It defines the probability of an elementary event e{ as 1 divided by the total

40

number of outcomes for an experiment. There is no requirement that the experiment
be performed before the probability is determined, i.e.

p, .. Number of outcomes in favour of A _
} Total number of outcomes for experiment N

Where N is the total number of possible outcomes

ThusProbability is a measure of likelihood that a specific event will occur.

Example 2.3.1: Find the probability of obtaining any number in a simple thrown of a
die.

Solution: The experiment has six outcomes 1, 2, 3, 4, 5, 6.

P(a number) = -
Total number of outcomes 6

Example 2.3.2: Find the probability of obtaining an event number in one roll of a die.
Solution: Let A be the event ofan even number,

4 = {2,4,6};n (A)=3
5={1,2,3,456};n(S)=6

pr~\ Numberof outcomes includedinA _ 3 _ ~~
Total number of outcomes 6

This approach to the definition of probability only holds for finite sample space where
elementary events are equally likely. However this assumption is not always true in
the real life as all events are not equally likely. After all we are not equally endowed.

(b) Frequency or ‘aposteriori’ probabilityApproach: This method defines
probability as an idealization of the proportion of times that a certain event will occur
in repeated trials ofan experiment under the same condition. Thus, in an experiment

is repeated /Vtimes and n(A), is the number of times that A occur, then the relative
frequency is

n()
N

But relative frequencies are not probabilities but approximate probabilities. If the
experiment is repeated indefinitely, the relative frequency will approach the actual or
theoretical probability.

n(A)

P(A) = lim T
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However, there is a requirement that the experiment be performed before the
probability is determined. Hence, the probability is determined aposteriori. It should
he noted that some events in real life cannot be repeated before the probability is

determined. Even if it can be determined the limit may not converge.

Example 2.3: Fifty of the 800 cars that enters the University of Ibadan on a
graduation day are found to be Jeep. Assuming different cars comes into the campus
randomly, what is the probability that the next car is a Jeep?
Solution: LetN be the total number of cars and n be the total number of Lexus. Then
N=800, n=50

Using the relative frequency concept of probability, the probability that the next car
being a Lexus is

P(Lexus) = £ = -51 = 0.0625

(©) Subjective Probability: is the probability assigned to an event based on
subjective judgement, experience, information and believe. Such probabilities
assigned arbitrarily are usually influenced by the biases and experience of the
person assigning it.

For instance the probability of the following events are subjective:

1 The probability that Jude, who is taking statistics in the second
semester will score seven points in the course.

2. The probability that a particular Football Club win the maiden match

with another club.
3. The probability that Ade will win the case he has filed against his

landlord.
Since subjective probabilities is based on the individual’s own judgement, it is rarely
used in practice as it lacks the theoretical backing.
(d) Axiomatic or theoretical Approach: To circumvent the difficulties posed by
the earlier approaches to the definition of probability and based on the study of
random of random phenomena, researchers have developed a mathematical
expression of certain aspects of the real world. The probability of a certain part of the
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real wcsrld occurring at random is then determined satisfying certain properties (called
axioms).

24 Probability ofan event

If A is an event from an experiment E with sample space  the real valued function
P(A)\s called the probability of A which satisfy the following axioms:

(1) 0 < P(A) < 1forevery event A

(2) PCy =1

(3)P(A, UA2U ...) = P(/la) + P(A2)+...

co

1=1
for every finite or infinite sequence ofdisjoint event Av A2 ...

2.5 Consequences of Probability’ Axioms
Theorem |

(@) If-lisagiven event and Ac is the compliment ofA. then P(AC) = 1- P(A).
Proof: AUAc = S

P(A + Ac) = P(S) = 1 by axiom (2)

~P(A) + P(AC) = 1/1 and Ac are mutually exclusive

=P(AQ =1-P(A).

(b) Theorem II:

Given that g) ¢ S,then P(A) = 0
Proof:

SU0 =S

P(SUO0) =S = 1 byaxiom (2)
P(S) + P(0) = 1since P(S) =1
1+P(0)=1

=P(0) = 0.
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2.6 Rules ol Probability
Theorem 1. Let 5 be a sample space and P (.) be a probability function on S: then the

probability that the event A does not happen is 1 - P(/l) i.e. P(A") = 1- P(A).

Proof:
From definition. /I n /"= 0 ; /lu /l'=5
P(/l UA") = P(S)
P(/lUAY) = P(55) =1
P(/TUAY = P(i4)+ P(A) =1
P(/IN = 1- P()

Theorem 2: Let S be a sample space with probability function P (.); then 0<
P(/l) < 1llorany event AinS.
Proof:
M property (1). P(/1) > 0
We need to show that P(/I) < 1
I roni theorem (I» P(/1) -f P(/T) = 1
Mt P(A') >0
So. P(A) = 1- P(A") <1

fheorem 3: Let S be a sample space with a probability function P(.). If O is the
impossible e\ent. then P(0) = 0.
Proof: Observe that 0 = S'
from property (3). we get P(5 US') = P(S) + P(S")
P(S) +P(0)
MutS US' = 6fand P(S) = 1
Therefore P(0) = 0

Theorem 4: 1>l and /12 are subsets of S such that Axc A2 thenP(/li) ™ P (/12)-

I licorem 5: Commutative laws:

[ufi = flu/l
/InB =8n/i
Theorem 6: Associative laws:
AUBUC)= (AUuB)UC

An(B nC)=(Anfl)nc

Theorem 7: Distributive laws:
lin(Buc)=(/inB)u(auc)
Au(Bnc)=(auB)n(auc)

(AY)' = A
A'=S\ A
Thus
AnS =A
AuS =S
An0O=0
/TUuo =/
Also
i4 n/lT=0
/TuA'=5
An/l = A
AuA=A

Theorem 11: De Morgan's laws:

(AUB)' =A'r\B'

(AnB) =A'VB'
Theorem 12

A-B=AnB =A\B
P(A\B) = P(/l n B') = P(A) - P(An B)
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Theorem 13:

P(AUB) =P(A) + P(B) - P{An B)
if A and B are disjoint, that is P(A n B) =0,
then P{A UB) = P(/l) + P(5)

Theorem 14:
P(0)=0

Theorem 15: Multiplicative law of Probability

Ifthere are two events A and B, probabilities of their happening being P(/I) and P(P)
respectively, then the probability P(AB) of the simultaneous occurrence of the events
A and B is equal to the probability of A multiplied by the conditional probability of
B(i. e. the probability of B when A has occurred) or the probability of B multiplied by
the conditional probability of Ai.e.P(AB) = P(/1)P(P/A) =P(B)P(A/B

2.7 Venn Diagrams
A set is a collection of objects, which can be distinguished from each other. The
objects comprising the set are called the elements of the set and they may be finite or
infinite in number.
Venn diagrams are diagrammatical representation of sets. For instance, consider the
set A= {1,2,3,4,5,6,7,8,9}, suppose that A has a subsetB = {2,3,4,5}. The
diagrammatic representation of this is shown below.

A
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Solving Problems using Venn diagrams

Example 1: In a sample of 1000 foodstuff stores taken at an Ibadan market, the
following facts emerged:

200 of them slock rice, 240 stock beans, 250 slock gaari, 64 stock both beans and rice.
97 stock both rice and gaari, while 60 stock beans and gaari. 1f 430 do not stock rice.

do not stock beans and do not stock gaari, how many of the stores stock rice, beans
and gaari?

Solution:

Let: R represent rice stores
B represents beans stores

G represents Gaari stores

Let jc represents those that stock all the 3 food items

Those that stock gaari alone are 250 - [(97 - x) +Xx + (60 - x)] =93 + X
Those that stock beans alone are 240 - [(60 - x) + (x) 4- (64 —Xx)] = 116 4-x

Those that stock rice alone are 200 - [(64 —x) +Xx + (97 —x)] = 39 + X
430 did not stock any of the food items

Therefore. 1000 = (39 +x) 4- (93 4-x)+(116 4-x) + x + (64 - x) 4- (60 - x) +
(97 -x) + 430

Andx =1000-899 = 101

Therefore 101 stores stock rice, beans and gaari.

47



2.8  The Principle of Inclusion and Exclusion

2.8.1 The Second Counting Principle

If a set is the disjoint union of two (or more) subsets, then the number of elements in
the set is the sum ofthe numbers of elements in the subsets, i.e.

n(/lUB) = n(/l) + n(B) implying that \A UB\ = |/11 + \B\ if A and B are disjoint.

Theorem 1:|/1 UB\ < \A\ + \B\ if A and B are not disjoint.
This is because Ml + \B\ counts every element of A n B twice. Let us illustrate this

with the following example.

Example 2: If A = (2.3.4.5.6), \A\= 5andB = (3,4,5,6,7), \B\ =5
then. Ml + \B\ = 10

AUB =2,3,4,5,6,7

Mufl| =6

Since A and B are not disjoint, \ AU B\ < Ml + MI

Compensating for this double counting yields the formula

MuB\= Ml + Ml - Mn Bl....... eqn.()
From our example. An B =3,4,5,6
\Ar\B|=4

MUS| =5 +5-4

=6

thus proving equation (1)

Theorem 2\AUBUC| = M+ Ml + |C|]- \AnB\- \ADC|- Bn(C| +
Mn S n C| for three sets A, B and C.

Proof:
We know from equation (1) above that |[AU8|= |/1] + Ml - Mn B\
Then, for 3sets. WUB UC\ =\A U [B UC]|
= M+ MUC|- \An[B UC]|
Applying equation (1) to \B U C\ gives
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MuBUC|=Ml+[Ml+|C|- MnC[]- Mn[BUC]|.cco...... eqn (2)
Because An [BUC] = (An S) U(An C), we can apply equation( 1) again to obtain
MnMucCh=\WnB\+MncC|- \An Bn C|......... eqn (3)

Finally, a combination of equations (2) and (3) yields

MUBuUC|= [MI+ MI+ MI]- [Mna|+ MnC|+ Mnc|] + Mnsn
Cl.......... egn (4)

Thus proving theorem 2.

From this derivation, we notice that an element of An B n C is counted 7 times in

equation(4), the first 3 times with a plus sign, then 3 times with a minus sign and then
once more with a plus sign.

Example 3: IfA = {1,2,3,4}B = {3,4,5,6}C = {2,4,6,7} then
AufluC = {1,2,3,4,5,6,7}
LUEUC| = 7o ()
Ml = 4
Ml = 4
Ml =4
Ml + Ml + Ml = 12
AnB=34/InC=24,fnC=4,6

In this example, \An B\ = \An C| = \B n C| = 2 so that
MnB\+MncC|+ Mn C|= 6and

Anfinc = 4,MnfinC| =i

Therefore. \WuBuUuC|=MIl+ M+ M- \AOB\- \AnC|- \BnC| +
M nsnc]|

=12-6 + 1= T, (b)

Ibus. (a) = (b) thus establishing theorem 2.

Generally, the Principle of Inclusion and Exclusion (PIE) states that:
P AItA2 are finite sets, the cardinality of their union

Mi U/I2U ....UAN\ =
n

Y_lM ,|—_y'1<i<].<n p(n/|/|+l(l|,ii<j<k<n [4,n/ 1/ n -ese+ (-i)n+l|n |
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Proof:

On the left is the number of elements in the union of n sets. On the right, we first
count elements in each of the sets separately and add them up. If the sets At are not
disjoint, the elements that belong to at least two of the sets Ah or the intersections
A, ft Aj. are counted more than once. We wish to consider every such intersection, but
each only once. Since A{n Aj = Aj n At, we should consider only pairs (Ai.Aj) with
i <j.

When we subtract the sum of the number of elements in such pairwise intersections,
some elements may have been subtracted more than once. Those are the elements that
belong to at least three of the sets A{. We add the sum of the elements of intersections
of the sets taken three at a time. (Note: the condition i <j < k ensures that every
intersection is counted only once)

The process continues with sums being alternately added or subtracted until we come
to the last term which is the intersection of all sets A{ thus proving the theorem.

Let S = AxUA2U ...UAn and A* = S\Ai then the PIE principle can also be
expressed as

MiCn ..... DAnc| =
n

isi-y w vy \a,n Aj n Ak\ + mm

'ISi<jsn Al l<i<j<kin

- (-1)"HL|n 3K

Example 4: Let A be the subset of the First 700 hundred numbers 5 = {1,2,....... 700}
that are divisible by 7. Find the number of elements in 5 that are not divisible by 7.
Solution:
A= {7,14,21,28,35,42,49....}
\A\ = 100
\A'\ = \S\-\AN
=700- 100
= 600

Example 5: Find the number of integers from 1 to 1000 that are not divisible by 5. 6
and 8

50

are any two events of
rule

Solution: Let At. A2, A3 be the subset consisting of those integers that are divisible
by 5. 6 and 8. The number we are interested in is

nA\nAY = 1000 - |j4] - |[/i,] - V1| + |A n AL+ \ALr*Ai\ + \A, n A} -
[AnA2n AR

W=[IM J=200 W =4 J'=165 111 ="100 _

Note: The results for |/Il],]|.'l,| and |.4,| were achieved by using the round down,
notation [ J which involves the dropping of the fractional part.

To compute the number in a 2 and 3 - set interaction, we use the least
common multiple (LCM) i.e.

Thus. INIr\A\ n 7 j|

-—-— .Ju»un2
an experiment with sample space S. then we have the addition

ua? = P(At) + P(A2) - P(A] n Az)

Proof:

Ina Venn diagram

Fig. 11

P(AtUA2) = P(AI) UP(A2) =1
P(ALUAZ) = P(A,) + P(A2nAf)

but P(A2 n A\) = P{A2) - P(A2n a2)
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P(AXUA2) = P(/li) + P{A2)P{Ai n A2)Addition rule

=P(ALUA2) = P(/li) + P(/1I2~ (i n A2)Addition rule
However, if Ajand A2 have no point in common, that is when Atand A2 are mutually
exclusive
P(Aj n A2) = Osince Ajn A2=0
We have = (At UA2) = P(At) + P(A2)Special Addition rule P = (Aj UA2) =
P(A,) + P(A2)Special Addition rule
Using the same procedure fort any three events A. B and C.
P(AUBUC) = P(A) + P(/i) + P(C)- P{AnB)- P(AnC)- P(AnC)
- P(AnBnQC

Example: A coin is rolled three times, what is the probability of getting (i) 1 head, (ii)
2 heads, (iii) at least 2 heads.
Solution: Let H and T represent Head and Tail respectively.
Let the sample space be defined as
5 = [HUH, HTH. HHT. THH, TTH. HTT. THT,TTT}

(i)  P(L head) = {lITT, TUT,TTH} =

(i)  P(2head) = {HHT.THLL.HTH} = *}

(iii)  P(at least 2 head) = P(2 heads) + P(3 heads)
= atp=5p=05

8 8 8
Note: The events of 2 heads and 3 heads are mutually exclusive.

Examples: A bag contains 8 black balls; 3 red balls, 4 green balls and 5 yelkns ball:
all of which arc of the same size. If a ball is drawn at random from the bag. what ii
me probability that the ball is (i) black, (ii) either yellow or green (iii) not black, iv
neither black nor green, (v) black and yellow?

Solution: Let B R G and ) represent the event of black, red. green anc ‘ciiow bal:
respectively. Total number of balls = 20.

_ n(B? _ 8
n) KB) = n_(é =20 =0.4
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(it) P(YuG) = P(Y) + P(G)
5 4 9

(since only one ball is drawn P(Y n G) = 0)
@iiy)p(P)=1—PB)=1—" =06
(ivyPBUG)c=I-P(BUG)

=1- IP(B) + P(B)]

20

Alternatively.

P(neither Black nor Green) = P(Yellow or Red)
~P(Y) + P(B)

(v) P(B D K)=0 see note in (ii) above.

Example: A survey of 500 students taking one or more courses in Algebra. Physics

and Statistics during one semester revealed the following numbers of students in
indicated subject:

Algebra 186 Algebra and Physics 83
Physics 295  Physics and Statistics 217
Statistics 329 Algebra and Statistics 63

Astudent is selected at random what is the probability that he takes
(i) all the three subjects

(ii) Statistics but not Physics
(iii) Statistics but not Physics and Algebra

(iv) Statistics. Algebra but not Physics
(v) Algebra or Physics
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Solution: Let A. P and S denotes the event of a student taking Algebra. Physics and

Statistics respectively.
Presenting the information in a Venn diagram we have

nNAnAnBc) =n(AnS)- nAnPnS) =10
NPnSnBc)=nPnS)- nAnPnS)= 164
NANPnSc)=n(AnP)- nAnPnS) =30

Using the addition rule, we can find the number of students that takes all the three

subjects.
n(/lUPUS) =n{/)+nP)+n{/InP)- n(An5)+n(AnPnb5)

500 = 186 + 329 - 83 - 217 - 63+ n(AfIPNnS)
n(AnPns) =53
= P(All three subjects) =~ = 0.106

(if) P(Statistics but not Physics)
= P(Sn Pc)
=P(5)- P(SnP)
329 _ 217
500 500

=— =0.224
500

(iii) P (Statistics but not Physics and Algebra)

P(S) - P(AnP)

P(S) - P(/InP)- P(SnP)+P(AnPnb5)
329 _ 83 _ 217+ 53

500 500 500 * 500

£l
~ 500

= 0.164
(iv) P (Statistics. Algebra but not Physics)
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= P(s)- P(5nPc)
= P(5)- [P(SnP)- P(AnPnb5)]
329 217 | 53

500 500 500
165
~ 500

0.33
(v) P (Algebra or Physics)

= P(AnP)
ie. PUP)=P(A)+P(P)- P(AuP)
(186 + 295 _ 83

500 500 500
398

~ 500
= 0.796

29 Conditional Probability and Independence

If A and B are any two events, the conditional probability of A given B is the
probability that even A will occur given that event B has already occurred.

This is equivalent to the probability of events A and B (occurring simultaneously)
divided by probability of event B.

i.e. P{A/B)

provided P(B) * 0

= P(/ ns) = P(B)P (A/B) = P{A)P{B).
In general

P(A, n A3n ...An) = P(AI)P(AI/A2)P{A3/Al n A2) ..P {An)/(A,..An)

Let Al,A2, Az denote the 1st, 2nd and 3rd cards

P(ALn a2n a3) = P(/11).P(i42/-41).P(/i3Al n a2)
4 3 2
52 51 50
24
132600

= 0.00018



Example: A bag contains 10 while balls and 15 black balls. Two balls are drawn in (b)  without replacement
succession (a) with replacement (b) without replacement. What is the probability that HP(BCW) =P(B).P(W/B)
0] the first ball is black and the second white —15 10
~ 25%*25 = 025
(i) both are black

(iif)  both are of the same colour () P(B1 n B2) = P(BI). P(B2/BI)
(iv)  both are of different colours 15 14
~jl*N=0_
(v) the second is black given that the first is white. 3 5%
Solution: Let B and W denote black and white balls respectively. (iii) P (both black or both white) = Ptf*Pfa/Bx) + P(14L)P(I"21V1)
(@) with replacement 5 14,10 9
. _ 25 % 24 + 25% 24
(i) P(BDW) = P(B). P(W) 035+ 0.15
_ 15,10 _
= X5~ 024 = 0.50
(iv) P (both are of different colours) = P(B)P(W/B) + P(W)P(B/W)
(i) n S2 = P(B)xP(B) _15 10 10 15
25* 25 + 24*24
=© =036 = 0.25+ 0.25
= 0.50
(iii) P (both black or both white) = P(B* n B2) + n W2) (V)P(B/IV)="p
15 10 .10
25 * 24" 25
= 036+ 0.16 _05
0.4
= 0.52
= 0.625

(iv) P (both are of different colours) = P(B n W) + P(W n B)
[15 101 , [10 151

~ [25* 25) + 125* 25] 2.10 Statistical Independence
=2(0.24) Two events A and B are said to be independent if the probability that B occurs is not
= 040 influenced by whether A has occurred or not.

i.e. P(B) = P{B/A)
Hence events A and B are independent if
P(AHB) = P(A).P(B)
Three events are said to be mutually independent if

v v' ] P(W) 0.4
= 06
From the last result, we could see that the two events are independent, hence,
P(B/W) = P(W) = 06.

. (i) They are pairwise independent, i.e.
because the drawing is with replacement.

P(Ar B)= P(A). P{By, P (Ar\C) = P(A) cot P{C);
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P(B nc) = P{A). P(B).P(C) and
(i) P(AflBnC)=P(A). P(B). P(C)
It should be noted that mutually exclusive events are not independent as the
occurrence of one rules out the possibility of the other, i.e.
P(A/B) = P(B/A) =0.
Example: What is the chance of getting two sixes in two rollings of a single die?
Solution:

P (six in 1st die) = T P (six in 2nd die) = =

Since the two events are independent

P (six in 1st and 2nd die) = 66 T
Example:/! and B plays 12 games of Ayo (Yoruba traditional game). A wins 6 and B
wins 4 and two are drawn. They agree to play three games more. Find the probability
that:

(i) A wins all the three games

(ii) Two games end in a tie

(iii) A and B wins alternately

(iv) B wins at least one game.

Solution: Let A and B represent the event of A and B winning the game and D

winning the game and D denote the event of a tie.

(i) P(A wins all three) = éx\x\ =\

2 2 o
(ii) P (2 games and inties) = P(D.D.D)c + P(DC D.D) + P(D. Dc. D)
/17 5\ /5 1 1\ flI 5 1In
“kKV 'eM eV fiM eV "iJ
5
72

(iii)  IfAand E- Bwins alternately in two mutually exclusive ways.
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= P(ABA) + P(B.A.B')

X
*)+
5

_ 36
(iv)  P(B wins at least one game = 1- P(no game)

= 1- P(B1B2B3)

19

27
Example: An unbiased die is rolled n times

i) Determine the probability that at least one six is observed in the “trials.
p y

Calculate the value of n ifthe probability is to be approximately -
Solution: 2

P(a six in a throw) = 5

P(no six in a throw) =

I o

(i) P(atleast 1six in n trials) = 1 - P(no six in n trials)

(ii) Ifthe probability is”; then

© =7
nI®E(i) = i°g(j)
n _ log(V2
log(5/6)

n=4

Example: Determine the probability for each of the following events.

@) A king or an ace orjack of clubs or queen of diamond appears in a single card
from a well shuffled ordinary deck of cards.

(b) The sum of 8 appears in a single toss of. a pair of fair dice.
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(©) A7 or 11 comes up in a single toss of a pair ol dice

Solution:
(@) P(King)="; P(an ace) = »
P (Jack ofclub) = ~ ~

P (Queen ofdiamond) =

P (akind, an ace, J. of club or Q. ofdiamond)
"4 5
52 + 52+ S2H 52/ ~ 26

(b)
Dice 1 2 3 4 5 6
1 2 3 4 5 6 7
2 3 4 5 6 7 8
3 4 5 6 7 8 9
4 5 6 7 8 9 10
5 6 7 8 9 101
6 7 8 9 10 1 12
P(sum = 8) =*;

(O P(7)=£;P(H) = £

P(7°rn) =~ +~7

Example: A pair of fair coins is tossed once. Let A be the event of head on the first
coin and B the event of head on the second coin first coin and B the event of head on
the second coin while C is the event of exactly o head is events A, B and C mutually
independent?
Solution:

5= {HH.HT,TH, TT}

A= {/ll,HT),B = {/Ill, TH)

C = [HT,TH}
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AnB={HH),AnC = {HT},BnC = {TH),AnBnc=0
P(A) = P(B) = P(C) = fO'S

P(AnB)= P(A).P(B) =i;P(BDC) = P(B).P(C) =}

P(A fIC) = P(A).P{C) = P{AnBnC)* PQ4). P(B).P(C)
Hence events A, B and C are not mutually exclusive.
Example: An urn contains P 'white and 'q*black balls and the second contains 'C
white and d' black balls. A ball is drawn at random from the first and put into the
second. Then a ball is drawn from the second urn. Find the probability that the ball is
white.
Solution: This is a conditional probability.
Total number of ball in the 1st Um is (P + q)
Total, number of ball in the 2nd Urn is (c + d)
Total number of ball in the 2nd after the firstdraw isC + d 4 1
P (white ball in the 2nd um)
= P(W)P(W/B + P(W)P)(W/W)

iyl T s (prgd
_ o)
(c+d+\)(p+q)

c
~ c+d+1
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CHAPTER 3
CONDITIONAL PROBABILITY AND BAYES’THEOREM

VI Conditional Probability

Supposed A and B are any two events such that A is the prior event and B is the
posterior event. There is the possibility that there are points of intersection between
the two events such that the occurrence of one is conditioned on the other. Thus we
give the following definition.

Definition 1: Let A and B be two events in the sample space S with given probability
space IS. A. B. P(.)) where P(.) is a real valued function, the conditional probability of
event A given the event B has occurred denoted by P[A/B], is defined by

P(A/B) = ,P(B)>0 , this implies that

r(n)
P(Ar*B)= P(Al B).P(B)

Also P(B/A) — *P(A)> 0 which also impliesP (An B)- P(B!A).P(A)

I (A)
Example I: Two students arc chosen at random from a class consisting of 18 boys
and 12 girls. What is the probability that the two students selected are:

(@) both boys (b) both girls (c) of the same sex (d) a boy and a girl.

Solution: Let B| to be the event that the first student selected is a boy.
Let B> be the event that the second student selected is a boy.

Let B, o B, denote the event that the two students selected are both boys.

(i) P(Btn B2) = />(/*)),P(BJBI) where

P(BjBt) ="/ 9

3 17
Therefore, P(BtnB2) = - x —
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Y
- 145
i
() Let G, n G': denote the event that the two students selected are both girls.
PG.nC, = P(GX P(G2/G,)
12 J2
30 V29
132 22
870 ~ 145
(iii)

i, B2 vj G,G, is the event that both students selected are o fthe same sex.
P(BtB2v G IG2)= P{B,B2) + P(G,G2)

Since BtnB, and G,Gz are mutually exclusive

P(B,B2uG,G2) = °1 2%
145 145
73

145

(iv)  B,G, u G,B: isthe event that the two students selected are a boy and a girl.
(B,G, u G,B2) = P(B,Gj) + P(G,B2)

- P{B[).P(G2/Bi) + P(GX).P(B2IGY
21 N 12 21
30 A 29 30 V 29

=1 r 12 +1 x 18/ =72/
5 129 Sr 729 7145

Example 2:A boy has 10 identical marbles in a container consisting of 6 red and 4

blue marbles. He draws two marbles at random one after the other from the container
without replacement. Find the probability that:

(a) the first draw is red while the second is blue
Ib) both draws are of the same colour

(c) both draws are ofdifferent colours.
Solution:

@) Let R| be the event that the first draw is red
Let B: be the event that the second draw is blue.
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The event Rtn B, is the event that the first draw is red while the second draw is blue.

P(RtnB2) = P(R) .P{BJRX) where
PiR,) = Xo

p(bjrx =y9

4
PR, oB,))  5*g

15
(b) Let R| be the event that the first draw is red.
Let R2be the event that the second draw is red.
Let B| be the event that the first draw is blue
Let B2be the event that the second draw is blue.

Therefore
I>(?0?,u [?,/?) = P(RtR2) + P{BxB2) since /?,/?, and B{B2 are mutually

excusive.
Pi/?,/?,)= P{RX P(R2IRX)

10 " 9

P(Bt/?,) = P(BY x P(BJB))

_ 4 3
10 ' 9
12
15
, =1_
Therefore, n B\B* = »+ » 15

3.2 Independence

Anfil]
/W

Definition 2: Two events /! and B are said to be stochastically or statistically

Recall that P [A/B] />(£)> 0

independent if and only if any one of the following conditions is satisfied:

0] P(AnB) = P(A)P(B)

(i) P(A/B)= P(A) ifP(B) >0

(iii)  P(B/A)=P(B) if P(A) >0

It is easily shown that (i) implies (ii), (ii) implies (iii) and (iii) implies (i). See Post-
test (2).

Therefore. P(Ar\ B) = P(A/B)P(B) =P(B/A)P(A) if P(A) and P(B) are non-zero.
This implies that one of the events is independent of the other. In fact,

P\.UB\--P{AnB) . _ptBIA)pW = PMP{A)
P(B) P(B) P(B) ’

So. if P(A). P(B) > 0 and one of the events is independent of the other, then the

second event is also independent of the first. Thus, independence is a symmetric

relation.

Remark: Two mutually exclusive events A and B are independent if and only if P(A)
P(B) 0 which is true if and only ifeither P(A) or P(B) = 0

Also, if P(A) * 0 and P(B) * 0, then A and B independent implies that they are not
mutually exclusive.

Definition 2: Events A/, A:......... 4n from A in the probability space [S. A, P(.)] are
said to be completely independent ifand only if

0] P(/fn A) =P(A,)P(A,) forte/

(i) P(Atn Ain Ak) - P(A,)P(A,)P(Ak) fori*j,j *k, i *k
(iii) ?\1A. = 53(>(4)
Note: (i) These events are said to be pairwise independent if

P(AinAl)= P(A,)P(At) forall/*/
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(i) Pairwise independence does not imply independence
(iii)  .1and B mutually exclusive implies that they are not independent.

Example 3: Suppose two dice are tossed. Let A denote the event of an odd total. B.
the event of an ace on the first die, and C the event of a total of seven.

0} Are A and B independent?

(i) Are A and C independent?

(iif)  Are Band C independent?

Solution:

P[A/B] - 4 ~ P(A)

P[A/IC] I*P[A]-'/2

P1C/B| i=P(C)="/6

So, A and B are independent

A is not independent of C
B and C are independent

Example 4:  Let A| denote the event of an odd face on the-first die,

Let Ajdenote the event of an odd face on the second die.

Let A3denote the event of an odd total in the random experiment consisting of two
dice. Then.
P(A)P(A2) =jx j
P(A)P(A) =jx ]

P(A,nA2)
PfA2/A,]JP(A,) = P(A,nA)

PIA,nA,)=i=P (A2 PIAJ

lherefore. A|. A2and A3are pairwise independent.
But P(A n/l, n 4)=0*j =P(At)P(A,)P(A))
So. A|. A: and A3are not independent.

3.3 Haves Theorem
P(AnB)

Given that P(A/B) = P(B)
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P(BnA)
P(A)
This implies that P(An B) =P(Bn A) - P(B/A)P(A)

P(BIA) -

Therefore P(A/B) = ~ - - A)P('A)
P{B)
fhe above is known as Bayes theorem.

3.4  Total Probability Rule and Baye’s Theorem

If there are two or more events where one is the prior and the other in the
posterior event, it is often desirable to determine the probability that a particular event
has occurred given that the other event has previously occurred. Even though this kind

of problem can be solve by merely applying the addition and multiplication rule,
much compact procedure has been developed called the Baye's theorem.

Baye’s Theorem

Let a sample space S of an experiment be partitioned into n mutually exclusive
and exhaustive events AXAZ2. ... An. Let B be an arbitrary event that occurred after
the experiment been performed. Such that P(/',m) =£0,i = 1,2,..., n then.

BSB)=sr=i"HW A)
and
PWB) =

Proof: Let the events A,and B be depicted as in Fig. 1.3

By definition of conditional probability, we have
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AinB
P(B/A) p(P'J)

P(AinB) = P(Ai")P(B/AI)
We know thal P(Aj n B)

Such that P{Ai n B) = P{B)P{AJB)
But total probability is
P(B) = P(AinB) +p(A2nB) + P(A2nB) + - + P(/Inn s)
Using (1) in (3) we have
P(B) = PAJPCB/ZIO + P(/12P(B//12) + - + P(An)(B/An)
1
=Y jP(Ai)(.B/AI)
i=1
Using (3) in (2) we have the Bayes' formula defined as:

P(.Ai)P(B/Ai)
P(AY/B) ~ £" 1P{A,)P (S//1,)

Example I: The contents of 3 identical baskets B,(i= 1, 2. 3) are:

Bp 4 apples and 1 orange
B2: 1apple and 4 oranges

Ru 2 apples and 3 oranges ) o o
A basket is selected at random and from it, a fruit is picked. The fruit picked turns out

to be an apple on inspection. What is the probability that it come from the first basket
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Solution:
| et k be the event of picking an apple.
| sing the table below:

Slate of Nature P(B.) P(E/Bj) P(Bi)P(E/Bi) P(B./E)
B, (4A. 10) X X X
B:U aT40) X X Xs X
B3(2A.30) X X 715 X
Total 1 - x5 1

The required probability
P(B|/E) - '/,

"PIB"PIE/B,)

= X
VIS

Example 2:In a certain town, there are only two brands of hamburgers available,
Brand A and Brand B. It is known that people who eat Brand A hamburger have a
30% probability of suffering stomach pain and those who eat Brand B hamburger
have a 25% probability of suffering stomach pain. Twice as many people eat Brand B
compared to Brand A hamburgers. However, no one eats both varieties. Supposing
one day, you meet someone suffering from stomach pain who has just eaten a
hamburger what is the probability that they have eaten Brand A and what is the
probability that they have eaten. Brand B?
Solution: l.et S denote people who have just eaten a hamburger

Let A denote people who have eaten Brand A hamburger

Lei B denote people who have eaten Brand B hamburger

Let C denote people who are suffering stomach pains
We are given that

P(A)- X

P(B) X
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P(C7A) = 0.3
P(C/B) =0.25
S- A<JB
As those who have stomach pain have either eaten Brand A or B. then An B =tf
P(C)=P(Cn S)=P(Cn A)+P(Cn B)
= P(C/A)P(A) + P(C/B)P(B)
03x X +025x K

= %
P(CIA)P(A)
Ihen P(A/C) ---------
_03X(&)
% _
P(C/B)P(B) _ 0.25a (%)
AndPtB/C) — n

=%

So. if someone has stomach pain, the probability that they have eaten Brand A

hamburgeris X and lhe probability that they have eaten Brand B is X ¢

Example 4: Suppose 15% of apple and 10 consignments were toxic. If the
consignment consists of 60% apple and 40% mango, what is the probability that a

fruit selected at random is toxic?
Solution: Let B be the event of toxic fruit and. A1,Al be events of selected fruit being

an apply and a mango respectively.
=~ =0 ) 0.4
WI/Ad-g-0.1S; P(fi//l=~ =0.1
P{B) = P{AI)P{B/Al) + P(A2)P(B/A2)

= (0.6 x 0.15) + (0.4 x 0.1) = 0.13
Example 5: Every Saturday a fisherman goes to the river, the sea and a lake to catch

lishes with probabilities j; “and” and respectively. If he goes to the sea. there is an
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Si)"., chance of catching fish, the corresponding figures for the river and the lake are

40% and 60% respectively.

@) Find the probability that he catches fish on a given Saturday.

(b) What is the probability that he catches fish an at least three of the fire
consecutive Saturdays?

© If on a particular Saturday, he comes home without catching anything, where
is it most likely he has been?

(d) His friend, who is also a fisherman, chooses among the three locations with
equal probabilities. Find the probability that the two fishermen will meet at
least once in the next three weekends? (Any assumptions made should be
clearly stated).

Solution: Let S. R and L denote the event that he goes to the sea, the river and the
lake respectively and F denote the event that he catches fish.

P(S) = '-;P(.FIS)=%
P(R) = i;P (F/fi) = |
P(0 =P (P /)=

(a) Using the idea of total probability,
P(F) = P(5)P(F/5) + P(R)P(F/R) + P{L)P(F/L)

(b) Let the number of Saturdays on which he catches fish be a random variable X with

P{X > 3) = P(X = 3) + P(X = 4) + P(X = 5)
= (3) (0.65)3(6.35)2+ (') (0.65)4(0.35)1+ (j!) (0.65)5 (0.35)°

= 0.3364 + 0.3124 + 0.116
= 0.765

llere we need to calculate the probability that he goes to each of the locations without
catching fish.
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n _ p(snF)
P(S/FD) = pe)

= p(s)p(FVE) =M ="p.286

p(p) £ 1
Similarly,
P(«/F1) =M 2 =¥ =nr=0.%%
1 20
P(i/P) =PMZ \'R = =7=0286

So it is most likely that he has been to the river.
(d) Let S11S2 denote the event that the first and second fisherman goes to the sea

respectively, and define R1,R2,LIt L2 similarly.
The probability that they meet on a given Saturday (assuming independence)

is
P(SI ns2) + P(R1n r2) + P(LXN L2)
1 i,1 1,1 i
2 3 4 3 4 3
= -=0.33

Probability that they fail to meet on a Saturday is
(i-i) =1=0.666

The probability that they fail to meet on three consecutive Saturdays is

b -;) =£ = 0296
The probability that they meet at least once in three weekends is
= 1- P(failed to meet)

= 1- 0.296

= 0.703
Example 6: Suppose 15% of apple and 10 consignments were toxic. If the

consignment consists of 60% apple and 40% mango, what is the probability that a

fruit selected at random is toxic?
Solution: Let B be the event of toxic fruit and Av A2be events of selectedfruit being

an apply and a mango respectively.
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P(//I ) = 0 0.6; P(//IZ) = 10" 0.4
P(P//IL) = — =0.15; P{B/A2) = — = 0.1
P(P) = PdAjPiB/Aj + P{A2)P{B/A2)
= (0.6 x 0.15) + (0.4 x 0.1) = 0.13
Example 7: F.very Saturday a fisherman goes to the river, the sea and a lake to catch

fishes with probabilities and ”~ respectively. If he goes to the sea, there is an

80% chance of catching fish, the corresponding figures for the river and the lake are

40% and 60% respectively.

@) Find the probability that he catches fish on a given Saturday.

(b) What is the probability that he catches fish an at least three of the fire
consecutive Saturdays?

(c) If on a particular Saturday, he comes home without catching anything, where
is it most likely he has been?

(d) Flis friend, who is also a fisherman, chooses among the three locations with
equal probabilities. Find the probability that the two fishermen will meet at
least once in the next three weekends? (Any assumptions made should be
clearly slated).

Solution: Let S, R and L denote the event that he goes to the sea, the river and the
lake respectively and F denote the event that he catches fish.

P(S)=j;P(F/J)=i
P{R) = \-.P(F/R) =\
P{L)=\-P{F/L)=\
(@) Using the idea of total probability
P(F) = P(5)P(P/5) + P(P)P(F/P) + P(L)P(F/L)
14 12 1 3

T X ey

5:0.65
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(b) Let the number of Saturdays on which he catches fish be a random variable X
with B (s,~)

P(X > 3) = PCX = 3) + PCX=4) + PCX=5) = (1) (0.65)3(6.35)2 +

(1) (0.65)4(0.35)1 + (M (0.65)s(0.35)°
0.3364 +0.3124 +0.116

= 0.765
Here we need to calculate the probability that he goes to each of the locations without

catching fish

P(F)
PisW/s) _M -1 = n?R6
p(F) -0
Similarly.
P(P/n =« A =# =L 0.429
P(L/F") =

nL)PI"/R)=? =L 0.286
1 20

So it is mostly likely that he has been to the river.
(d) Let Si. Sj denote the event that the first and second fishermen goes to the sea
respectively, and define R/, R:. L/, *similarly.
.the probability that they meet on a given Saturday (assuming independence) is
P(SXn S2) + P{RXn R2) + P{LXn L2
111111
SX XXX -X-
27 3% 47 37 473

=8 =0.33

Probability that they fail to meet on a Saturday is

(i -jK = 0-666
lhe probability that they fail to meet on three consecutive Saturdays is

(L-j)3=" =029
I lie probability that they meet at least once in three weekends is
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1—P (failed to meet)
1- 0.296
0.703

Practice Questions

L

()

(if)
(iii)
(iv)

i)

I1f/11,/12, and A3 be any three events, prove that

3
PM, +/12-M3)=£ pMi)- Y,
1=1 i5

It is important to note that addition theorem can be validly applied only when

p MI + A2 +/13)

the mutually exclusive events belong to the same set.

A newspaper vendor sells three papers: the Times, the Punch and the Commet.
70 customers bought the Times. 60 the Punch and 50 the Commet on a
particular day. 17 bought Times and the Punch and 15 the Punch and the
Commet and 16 the Commet and the Time while 3 customers bought all three
papers. Every customer bought at least one type of paper. Using Venn diagram
or otherwise; find;

how many customers patronized the newsagent on that particular day?

how many customers bought a single paper?

how many customers bought Times but not Commet?

how many customers bought the Punch or Commet. but not the Times?

A random sample of 60 candidates who sat for Part 1 and Il of an examination
in 1984 is taken. The table below' shows the number of candidates who passed
or failed each part of the examination.

Part |
Part 1  Pass Pass Fail Total
Fail 20 35
Total 24 60

copy and complete the table
ifa candidate is chosen at random from the sample, use the table to
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a)
b)
c)
i)

(M)
(i)
(iii)

i)
i)
6.

find ihc probability that the candidate:
passed part Il
passed parts land 1
passed part Il but failed part I.
if a candidate is chosen at random from the subgroup of those who failed
Part I, find the probability that the candidate passed Part II.
Given that:
P(AnB) = P(A)P(B)
P(A/B) = P(A) if P(B)> 0
P(B/A) = P(B) if P(A)>0
Show that (i) implies (ii). (ii) implies (iii) and (iii) implies (i)
Consider the experiment of tossing 2coins. Let the sample space S = {(H,H),
(H.T), (T.I-1). (TGI)! and assume that each point is equally likely. Find:
the probability of two heads given a head on the first coin
the probability of two heads given at least one head.
Given that two dice are tossed. What is the probability that their sum will be 6
given that one face shows 2?
A certain brand of compact disc (CD) player has an unreliable integrated
circuit [/C]. which fails to function on 1% of the models as soon as the player
is connected. On 20% of these occasions, the light displays fail and the buttons
fail to respond, so that it appears exactly the same as if the power connection
is faulty. No other component failure causes that symptom. However, 2% of
people who buy the CD player fail to fit the plug correctly, in such a way that
they also experience a complete loss of power. A customer rings the supplier
of the CD players saying that the light displays and buttons are not functioning
on the CD. What is the probability that the fault is due to the IC failing as
opposed to the poorly fitted plug?
An electronic has 3 components and the failure of any one of them may or
may not cause the device to shut offautomatically. Furthermore, these failures
are the only possible causes for a shut-off and the probability that two of the
components will fail simultaneously is negligible. At any time, component B|
will fail with probability 0.1, component B? will fail with probability 0.3 and
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component B3 will fail with probability 0.6. Also, if component B| fails, the
device will shut off with probability 0.2; if component EL fails, the device will
shut off with probability 0.5. if component B3 fails, the device will shut off
with probability 0.1. The device suddenly shuts off, what is the probability
that the shut off was caused by the failure of component B|.

Stores X, Y. Z sell brands A. B and C of men’s shirts. A customer buys 50%

of his shirts at X. 20% at Y and 30% at Z. Store X sells 25% brand A. 40%

brand B and 25% brand C. Store Y sells 40% brand A, and 20% brand B and
30% brand C. Store Z sells 20%

7



CHAPTER4
FUNDAMENTALS OF PROBABILITY FUNCTIONS

4.1 Introduction
A random variable X is a real valued function that assigns values to every elementary
outcomes of an experiment. Let E be an experiment, with elementary outcomes
el,e2,e3 ¢e4, ... in the sample space S, thenS = (elle2,e3le4d............. ¥
A .random variable X can take values 1,2,3,4,........ for finite or countable infinite
elementary event.
An event may consist of one or more elementary events, for example:

A = {ev e3,ek+1l:e,eS}

B = {&} anull set

C = {1} asingleton

D = {ex,e3} adoubleton

Independent events: Two events A and B are independent if the occurrence of A has
no influence on the occurrence of B and vise versa,
i.e P(AHB) = P(A).P(B)

Independent Random Variables
The random variable X and Y are said to be independent if for any two set of real

numbers if for all A and B.
P{X <a,y <b}=P{X<a,)P{Y<bh)
P(Ar\B = P(A). P(B)

4.2 Probability Density Function (pdf)
Suppose X is a random variable and 3 a function /w such that

¢ M"O0

(if)  /u) has at most a finite number of discontinuity in every finite interval on the

real line

B» Cmf(x)dx=1
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ti\)  for every interval fa, b]
P(a<X<b} = {*f(x)dx

Then X is said to be a continuous random variable with pdf
Llowever. f (i) and (ii) above holds and

(iii) ~/(xo =1 and

I=co

(iv) foralli,i=1,d+ 1,...,b s.t.
b
P(a<X<hb)=
1=1

Then X is said to be discrete random variable with probability mass function
(pm O f(X)

Note:

d rx

rx
fad hx)dx ~ 9> %) - J /X)dx

Where /Jxj is the pdfofthe random variable X and FX) is the distribution function,
then

F[t) = /(Oancl

-/1=(«)]=lio

Consider a continuous random variable X defined on an interval (0. a]. Let x be a
pointon [0.a) i.e.a value ofx.

P(>a) = Pr{x0 <X < x0+ xa]

It follows that

p(2xa) = Pr{xo < X < x0+ 2*a}

= Pr{x0 < X < xQ+ x] + Pr[xQ+a < X <x0T 2xa]
“P{x) T P(x)

=2prix)
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1t follows that
P(nx) = nPw
If (0 < x < a) and we consider/5") to be contiunuious atx = 0, then it is
KmPw = Pm =0
It follows from the above that
Pr(x = x0) = 0 foranyxO.

Thus for a continuous random variables we define a probability density function (pdf)

f(x) such that
Pr{a <X < b] =tffMdx
For all real values a and b

Equation (3) can be rewritten as
Pri{a<X <a+h}=hfa + 0(h)

Or
Pria <X <x + dx}=fodx
Front the above, we can deduce the following
(Ofix) ~ 0
(i)Pr{a < X <b) =f* dw dx
(tit)J _f(Xdx =1 = Pr{—ec< A< -cc]
(iv) 0<f(x) <1
In term of the joint distribution function, the distribution of X and Y is
Hab) = (a)Fy(b) V-a.b.

Example: Suppose that n + m independent trials have a common probability of
success P If X is the number of success in the first n trials and Y. the number of
success in the final n trials. Show that X and Y are independent.

Solution
PX—Xx, Y=y) =QpV ~*(y)Py(l- P)my0<X<n
= P(X - x) P(Y =vy) O<y<m
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X and Y will be dependent if Z is the number of successes in the n + m trials i.e.
Z=X+Y

X

Example

If Xand Y are independent binomial random variable with respective parameters
(n,p) and (m,p). Calculate the distribution of X + Y
Solution

Let
n
PX+Y=K) =~ PX=tY=K- i)
i=o0
n

=YjP(X=)P(Y=K-0
(=0

D q m+n-k

where

cn-iora

and (y) = 0 whenj >r
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4.3 Distribution Function
Distribution function forms the foundation of the theory of probability and statistics.
If the value of.Vobserved in n-experiment is less than or equal to a k-times, then

F.(a@)=/>("<*)=-

IfA is discrete and m is the number of times X is observed in n trial, then

n
f x(x) is the (cumulative) distribution function
/,,, is the probability density function.
Let A be a real random variable on the probability space(n, AJ}). For xe 93, we

define
(N P(X<x)=FxXx)
(i)  Pxa.b)=P(a<x <b)

= fx(b)~fx(a)(b>a)

Kxuinplc:

Let X have the distribution function
0; ] A<-1
1- p\ &t -1 <A<C

a)= 1
F© 1-P+-PM 0<A<2

1- 1/ a>2

Find

w p(X = -i)

(») p(x =0)

(m)  p(X>)
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Solution

0] p{X=-N)=1-p\ 3ajump discontinuity at x =1

(i) p(X=0=0: F is contains at x =0
. P(x>1i) vV , 0
= F() - 0,

=\-p+"p-(\-p)="p
Theorem
The distribution function Fx(x) ofarandom variable is non-degreasing, continuous

on the right with Fx(-00)=0 and Ft(-00) =1 Conversely every function F, with the

above properties is the different from a random variable on some probability space.

Proof: For x<x'
[X <x']=[x <x]+[x <X <x']
p\x <y1]=p\X <a]+p\x< X <ai]
Sincep\x <X <all>0
Fx(x")-Fx(x)>0
I'his implies that F (a) is monotone non-decreasing in a
Considerg'j; al a
Since [a < X <>dlf]-> f~as all x
)- K(X) 0 asx),i a

Since this is true forevery sequence {1} then Fx(a) is continuous from the right.

For a continuous random variable X. the c.d.fis defined as
= PUX <x) = £ .f(c)dt
If X assumes a value between and b
Pri{a <X <} =P(X<b)- P{X<a)
= Ft» “ F@)



= £ft*)dx
From (5) we obtain

_ dh\)
1(*) dx
From (4) we can also define
Pr{X > x} = Pr[x <X < +co}

= Pr{-oo < X< +00} - Pr{-co < X <=}

1~HRX

This is often referred to as the survivor function
= 1" FX

Hazard function is a related quantity defined by

For a discrete random variable X. the equivalence of pdfis probability mass
(pmf) defined as

P(X) = P(X = x,)
t t
Ft, = £ P(X=xt)=£ Pr(X = xt)
t=I Gl

Example: o ) ] )
Let X be the number of success in single trial of an experiment with constant

probability P. When the trial is repeated n times then

P{X=x) = @) pxgn~x whereq= 1—P

1=1 1=1
=P+ 90" =1
Recall
£(X) = np, Var(X) =npq =az2
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which tends to zeroas vt M and F*is

FO=£ 'X*=*j)
i=0
Example:

Let the probability space by ('Jt./?.")and Xbe the identity mapping of$?toR. wherep
is the normal probability distribution. Then

It can be noted that Fyincreases continuously. Since /(+) represented the cumulative

probability at an event, its maximum value is unity and non-negative.
ie. F(-00=0 =tim Fy

F(i *)=1 =fim Ry
lim Fs)=>1lim/7 from the left

Uni /o[, => lim/7 from the left

4.3.1 Distribution Function for Discrete Random Variables

Let us define the distribution function for the discrete random variable as
fo (V)= [*(.\’ < V). then.
P(x<V<M)=7T(V<V)- P(X <x)

continuous from the left.
&' )h Fi(v+0) is the limit from the right

I'{x )- F (v-0) is the limit from the left

Itis known that f\.{x) for discrete random variable increases by jumps, and is called
the step-function.

F.(.q
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K.vainpic:
Consider a random variable .VVwith distribution function given by

0: x<0

L 0<*<1
4°

1.

fa l<x <2
Y- 2<x<3
Iy

L x>3

(i) Sketch the distribution function and hence or otherwise

h ('alculate Pr|,V =jly |

(iii)  Calculate Pr{.V - |j
(iv) Calculate Pr{A =2}

(v)  Calculate the conditional probability that X is greater than 2. given that X is

greater than

(vi)  Pr[2<X <3} (vii) Pr{\<X<I}
(viii)  PrIO< X <ij (a) Pr{X>2}; 0
Solution
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(«) 4'-=><)=4v =X )-4<>

(i) prev ~-\)=Pr(x* - 1)- Pr(v<n=1.1=0

M Fr(V =2)= Pr(A" £2)-/>("<2)=" +ij-"i+lj
v

v PX>2)x>D= >1) \-F(\) - 3/ :“9

(Vi)  F(i)-F(2)=\~y?i=y}

(«)  F(2-)-F(v)=14-14=0

(vii) f(i )-40")=% -0 =X

vy I-F(r)=1-% =%

(9] I-f(3')=1-1=0.

4.4 Jointly Distributed random variables

If the occurrence of event X that affects event Y we require the concept of conditional
probability.

The conditional probability distribution function of X given Y for discrete random

variable is given by: P(X/Y) = P(y)> 0
P(Y/X) = b0 PW > 0
While for continuous random variable: f(x/Y)=
1 fyly)

r(r/n-j& 8gp
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Definition: Lei (E2,e, P)be a probability spaceandlet B be an event with P(/l) >
O.Then the conditional probability of B given A is defined by P(B/A) = ©

o) P(A)>0 1*(*) = j f(xy)dy X, Y, continues
But P{AB) = P(B/A) P(A) = P(A/B) P(S)

Recall the Baye’s theorem

P(BK/A) =

00 =~ P{X=XJ =" pij X Ydiscrete

ZHs | P(A/BIiP(.Bi) i
the m.d.f. for random variable Y is

Two random variable. X and Y are jointly and continuously distributed if there exist a fy(y) = X Y. continues
function/(~defined forall real x and y and a two dimensional plane C such that:

PLy)e C}:\] .y \] e C1xy)dx dy B (y) = Y,jP{Y = yi)X,Y discrete

Example: Thejoint d.f. at X and Y is given by 2e~xe~2%y
{PX=xty =y{]=pu=>0 0<x<@®
ZXpij = 1 Compute (i) P{x < I,y < 1/2}
The function / (xy)is called the joint of X and Y. Satisfying the following conditions (i) P{x <y)
(0/o,y)>= 1, Vx.yeC (ItHR(X < a)
Example 2:
. . i 2(x +y - 3xy2)
(u)» =1,  for X Ydiscrete Given f{xy) = (O elsewhere  0<y < 1° O<x<1
Xy
1 N
fXx 3y o) = 1, for X, Y contiunes Find (0 Pr{0 < X < J4}(tv) P[X/Y < I/
For discrete random variable. GO Pilio <y <34}") Pr[X <3 4/k<V2)
The joint distribution function of X and Y is given by: @iy  P(*.y)
. J 451 Conditional Distribution of Jointly Distributed Random Variables
Py = | fxvax dy ) py)> 0
Xy Xy
t=1)=0 1

and the marginal distribution d.f for X. is defined as
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Exercise:
If X and Y are independent Poission random variable with respective parameters A,

and A2. Compute the distribution of X +Y.

Solution
LetP(x +y =n) = Pr(X=kY=n- k)
forO< k <n
and disjoint events
(X=k,Y =n-k)
Exercise
Given the following probability distribution function
X/i/ 1 2 3 4
V24 V16 " g Yq
2 i Vs V4 U
’ 924 516 7 48 58
v3 V2 V6 1
Find p (XY)

4.6 Independence of Functions of Random Variables
Two random variable’s X and Y are said to be stochastically independent iff:

hx.y) = A00/200; -co<Xx< @0

—0o<y<®

where f(xy) s the joint density function of X and Y and /a(x) and /2(y) are the
marginal pdfof X and Y respectively.
Theorem: Two random variables are stochastically independent if and only if the
joint p.d.f can be written as a product of a negative function of x alone and a with
negative function of'y alone.

Where /() is the pdfand random variable “Vand f(x) is the distribution function.
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Proof:
Let F"[t)~ Rl)  then

Two random variable’s .Vand Y are said to be stochastically independent different:
[(Ww))=f (fi()m  <x<wm
-co<y <@

Where /(.v,_y)is thejoint density function ofX and Land f(x) and /,(y) are the
marginal p.d.fofX and Y respectively.

Theorem: Two random variables are stochastically independent ifand only if the

joint p.d.fcan be written as product of a non-negative function ofx alone and a non-
negative function ofy alone.

Proof:

1 /[s,)-gix)h{)’) where g(x)aii(l li(y) are non-negative function of.r and;-alone
respectively, then the marginal pdfat X is given by

IM =£]/t,.,i*-
=J _s(x)h(y) dy, whereg(x)is a function of x alone

AW =7(-v)J h(y)dy

=c g(.t)
Similarly, the marginal p.d.fof Y is given by

=J s[x)h{y) dx, whereh(y)is a functionofy alone

AW =hyngy)dx
- ¢, h(v)

91



The last two integrals being iterated integrals w.r.t. two measures respectively and the

But since flt )is the joint pdf ofX and first then integral w.r.t. product o f two measure.
OR  If f[x,y)=9(x) h(y) for some function gaud h

J | fix.vfo dx ~ 1»by hypothesis then  Jg[.x\h | h(y)dy = Jf(x,y)d (vy)
s ' 1 B AXB
J £ fux(ixd/=['s ’SM hb ) dxdy Where A is a unique-infinite measure A X A2
Applying Fubini’s theorem to the finite integer we have: . . . .
Fubini Theorem (2): Ifh is a non-negative function on X Q, then
o { V] "N ady AMtdA =" ltdp, dp2
Letting C, *C3=1 =\\h dp2dp,
Ila.,=rx*"*"Kv)=i The above reduces to Theorem (2) above in the case of indicator function of
rectangles.
u'mfx.X)=CISI}) CXh(y)
=J\(x)f2(y) Lemma
which implies that X and Y are stochastically independent. Let X and Y be stochastically independent random variable the pdfof Z =X +Y is
Fubini’s Theorem: (1) A necessary and sufficient condition that a measurable subset given by g(2-)=[ f(x)h(j=)=j* f(x)h(Z - x) dx
Aof Q, X Q, has measure zero is that almost every w, - section (or almost even Where /(.v) is the p.d.fof X and
iv, seclion has //, - measure (or //, - measure), zero. h(v) isthe p.d.fof Y.
If A=A XA2 A(a)=jpfAwddp, W)
Proof:

=ip,(Aw,)d/i2w2)

=p(a,)p(@d
Fubini’s theorem gives condition under which it is possible to compute double
integral using iterated integrals. It allows the order of integration to be changed in

Let X have thep.d.ff(x) and y hasp.d.f h[y\

pdfof 2. p(\z<z}) =P{X Y <Z) thejoint pdfofX and Y is f(x) h(y) since Y
and fare stochastically independent.

».C(2=EETMMWV)<fcrf>-
Theorem — i» rn dx

Suppose A and B are complete measure spaces. Suppose f sy)‘’s AX Bmeasurable if Since < G(z)< I, by Fubini’s theorem

iterated integrals.

1.YS

Then Jf(x,y)d{x,y)=\ JI(Ly)<ly dx=][\f(x,y)dx \dy

AXB fl B\A J
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(7(2)=\j\x)H (Z-x)dx

(lit

IG(2) g (2-x)\dx
-\im di

By continuing of distribution function
*XE)- J' f(x)h(Z- x)dx

Example 1
Lct .Vand Y be stochastically independent random variables, each having the poission

distribution with parameter A Find the distribution of Z =X +Y1

Solution
o' AN
I (v)= h(y)=
ANY=Z 1 (vWI'W
)=/
v
=Yjl(v) -xl S'ncey =z - X
>

Applying Binominal expansion, we have

o( * S-vi(?-.n)!

= AT

, @AT -PeA)

04

Exercise
Find g(&) if A'and Y are independent with parameters A and A respectively show

that the random variable)' are stochastically independent

*'+x'aodl'-" 7 Z
from an exponential distribution.
Solution: Since Agind A; are independent, the joint p.d.f of v, and v,.//(.vr .v,) is

given
tx Yx {/(«')/(m-") O< <0
1 10 elsewhere
j 1 0<a <0<x2<@
[0 elsewhere

Nw 1, =V, Y)=1+Yy,
r2=/(vlx) = -L
v+*2
which defines a mapping (I - 1) transfonnation from the space
A-{vtx,)0<vy<x, 0<x, <=}
unto the space
B=(0i+J;)0<r <x, 0<*<I}

I he inverse transformations are given by

&, =y Vv, Xi=yt>2 = 30-)1)
dXi =y, dXi =V
dy2
d\ S,
=\ dy. =7
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1he Jacobian of the transformation

av, dx2
o, dv: M V
fa fa I-.v, -y
dx dy2

3 4 CV,- V)

. J a0.since v, is not ilentically zero

= 0<7,<00,0<y,<I

|0 " elsewhere
n NoJe-"1-v, 0<yy<co0O<y, <1
"1 10 elsewhere

0< <co.0<W<l

elsewhere

Kxercise:

h therwise show that
i inel the marginal pdf of y, and marginal p.d.f of w ence or ofnerwise show &

\ and \ are stochastically independent.

Yie" hCm)=1 O<v=<l

It should noted that
), has the gamma pdf with parameter a = 2./? =1

> has the uniform distribution over (0.1)
\, mill W have exponential distribution with parameter 1.

Definition (lor more than two variable)
lel A'A'.... V, /I mutually stochastically independent random variable s. each of

which has the same p.d.f f(x) which may or may not be known. Then
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A, o1 ~Ax)fUs)—ALL)
By stochastic independence, since the marginal pdfs
/(m*)=/('m,)./= 1. 2...n
The random variables are said to be a random sample of size n from a distribution
which has pdf / (v).
Exercise
et .V, mill X. he two stochastically independent random variables with p.d.f

_— c Il <x. <cc
I<tf)

-------- a¥ e -,a<., <CO re5||):ectivel))3.
Where r(-) is the gamma function.

X
Define Y= . By defining a suitable Y:, a function of X, and X,.
A, —Ai

Calculate:
(@ thcjoinl pdfof }j and )\ and
hence (b) the marginal pdf of }j.

4.7 Functions of Random Variables

Suppose X is a characteristic of interest, the p.d.f fx(X) may refer to the pdf of a
given population. Another characteristic V (which may be a function of X may be of
interest Therefore, there is need to obtain the distribution of the later variable.

Ibus. given the pdf or c.d.f. of therandom variableX. the pdf or c.d.f. of
anotherrandom variable Y may be obtained as a function of X.

There are two given major technique to achieve this. They are CDF technique and the
Fransformation technique.

471 The CDF Technique

Given the CDFofY (Fr(A)with some function of interest (say) Y = g(x) is of
interest.
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Ihe idea is to express the CDF of Y in terms of the distribution of X. Define set Example 2:

Ay ={X/g(x) <y) It follows that [{Y < y} and X 6 Ay\ Lel/*(x) = Lx 0 < < 1
ie. §(y) = Pr(g(x) <y) o andy =3a+ 1
In the continuous case ;m? :he distribution of g{y)
. olution
Myl =/'7, W dx
y = A+ y:/\x =N
= X(x2) - fxM
Pyiy) - P(Y <
and p.d.foffy(y) = dfdy Fy(y) yiy) - P(Y <y)
= P[3* + | <y|
Example 1 i
i =1- e~ y-I1
GivenFv(r) = 1- e~ 0<x<o00 0" 32 dx
Find the pdfofY =ex
Solution
ly(y) = pQO" *y)
= P[ex <y]
= P[X < Iny]
= PxUny)
but fxm  “
=—(l-e~2)
=2e~X

4.7.2 Transformation Method
and Fy(y) = Jon>2e 2xdx

Let X be a continuous random variable with pdf /(M) > 0 fora< X <bandy

Fy(y) = e~2x In r?2(x). If there is a one-to-one transformation from A = {x/fy(x) > 0}on to Il
n |[K/ly(y) > 0) with inverse transformation.
=elny-2+ 1 X = w(y) ifthe derivative d/dy w(y) exist, then
= 1-y~2, 1<y <co
Iy(y) =/>(y) Iy eli
/ =N N
yo) a ) Where 'W | is the Jacobian of the transformation

Y could be monotone increasing or decreasing fx(y) = Hx(y) |*;]
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Example 3: Using the last example
f(x) =Zx 0] <X <1 andy - 3x

cx _ 1
cly 3

3(y) = 2(t 1) *j
=|Cy-D, l<y<4

Example 3:

. N 0 < 30 < CO
Given = 11%
elsewhere

determine the pdi of y —X~
Solution
f(x) = 2xe~*2

y=X2=>X=yXi
dy 1 -1/

s00=fx(y)\~\
=2y'lie-y *V2y'1R2

= e~y O<y<owm

4.7.3 Transformation that are not one-to-one
If50) is not one-to-one over A = [x/fx(x) >0}; then thee is no unique solution to

equationy = g(x). Itis usually possible to partition A into disjoint subsets
Ay, Al, A3 ... such that f.i(x) is one-to-one over each Aj

fy(y) = M Ix (VI(y))

i.e. fy{y) =~ fx(xy)where the sum is over Xysuch that /tt((xy) =y
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Example

Icl/U)-57(V2). *=-2,-1,0.1.2.
Find the distribution of Y = |X|
Solution

ly(D)=«-1)+/i(l)=£ +i =
[, () =A(-2)+A(D=ir 0
4
77 y=0

Exercise

1 Let X have a Poisson distribution with p.d.f f(xy=--=*"

x!

x=01,2,..
l.et Y= 4X derive the pdfof Y.

2 A random variable X has pdf
f=1 0<X<l1
Find the pdfofY =-21InX
3 If the random variableX~ N (0,1), find the pdfofY m g9
Use the transformation method to solve the problem i example 1.
j4X' 0<X<1
10 elsewhere
Use the CL)F technique to derive the pdfof
(i) Y- X\ (ii) w = ex(iii) Z= InX (iv)p =(,Y-0.5)2
In the above example

P2y =9 = 5
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CHAPTER 5
SOME DISCRETE PROBABILITY DISTRIBUTIONS

5.0 Introduction
In this chapter, we will be studying some discrete probability distributions with a view

to obtaining their men and variances.

51.  Bernoulli Random Variable
A random variable X, that assumes only the value 0 or 1 is known as a Bernoulli

random variable. The values 0. or | can be interpreted as events of failure and success

respectively in an experiment usually referred to as Bernoulli trial.
Definition 1: A random variable X is defined to have a Bernoulli distribution if the

discrete density function of X is given by
(p*(I'- p)L*forx =0or1 ) . .
IM = = p*(1- pJT%{o, 10
0 otherwise J
Where the p satisfies 0 < p <I.| —pis usually denoted by q
Theorem 1:If X has a Bernoulli distribution, then
H(X) =p. Vcir(X) = pg
Proof:
E(X) =0.q +1.p =p

Var{X) = E(X2) - (E[X])2

=029 +12p-pz=pg
Bernoulli distribution is a special type of discrete distribution sometimes referred to as
Indietor function. This implies that for a given arbitrary probability
space[S, A, P(. )], let A belong to A , define the random variable Xto be the
indicator function of A; that is x(w) = then A has a Bernoulli distribution with
parameter p = P[X = 1] = P[A],
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5.2 Binomial Distribution
In Bernoulli distribution, there is just one trial that can result in either success or
failure. But, in Binomial distribution, we have repeated and independent trials of an
experiment with two outcomes resulting in either success or failure, yes or no etc.
The probability of exactly .t successes in /; repeated trials is given by:
pa"~ ; x=01%,2,... .,n
\-X)
0 elsewhere
where p is the probability of success
g = l-p is the probability of failure
X is the number of successes in repealed trials.
f(.v) is the probability density function (p.d.f).

52.1 Properties of Binomial distribution
0] It has n independent trials

(i) It has constant probability of success p and probability of failure
g= 1“P-
(iii)  There is assigned probability to non-occurrence of events.

(iv)  Each trial can result in one of only two possible outcomes called
success or failure.

522  Mean and Variance of 3 Binomial Distribution
) - p'q--' x=0,12, ... n
0) Mean:

E(X) =7z *f{X)

N
(7—edtia® 9
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*

"o T EHTEIT

(»-H! . o
S (ii-x)1(x-N! p'pxIg'~

-1
n (u_DI

P () Pd
Lets=ur- L, v=s+1
—m £ "N)!
"L s P
'1-P
g, ¢ P
=np (p+a)ff' =np
(i)  Variance:
Var(X) = E(X2) - [E(X)]2
E[X2] = E[X(X-1)] + E(X)

i
-z F("M)
N _ _/7!
=tx(x I)(/j-x)x}pv
=25 (*-1) n(n-\)(n -2)! 2 =2 ot

Gi- X)Ix(x- D(x- 21 PP
=n(n-\)p2T («-2) g2 nev
(n-\)p E o (cm)i(x-2) v/
Lets- x-2 X-s+2
(if - 2)!
U @-j-2 PO

a- 2>
-y - Hp2 £ ( y P’q"--2

=« («- D2

104

E[*(*-1)] = «(li-D)/r

/. £QTI) =4V (~'-1)] + E(X)
=n(n-1)p2+ np
. V(X) =E{X1- [E{X)]2
=n(n-1) p2+ np - np2
=n2p2- np2+ np - nQp2
=np- np2
=np (1-p)
=npq
Remark: The binomial distribution reduces to the Bernoulli distribution when n = 1
Example 1
It is known that screw produced by a certain company will be defective with
probability 0.02 independently of each other. The company sells the screws in
packages of 10 and offer a money back guarantee that at most 1 of 10 screws is
defective. What proportion of packages sold must the company replace?

Solution
Let X be the number of defective screws thus n = 1=, p=10.02

Pr (at most one defective) =1- P(X =0)- P(X =)

[>(">i)=i-m '<i)
"10N
=1 (02)u(.8y 0.2)' (0.8)9

What is the final answer?

Example 2:

A communication system consist of// components each of which will, independently
function with probability p. The total system will be able to operate effectively it at
least one-half of its components function.

For what value of p is the 7-components system were likely to operate more
effectively than a 5 components system.

Solution
A 7-component system will be effective
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If PE7>3) =P(E =4) +P(E=5)+(P(E=6)+P(E=7).
=1-P(E<3)=1-P(E=0)-P(E =1)-P(E=2)-P(E = 3)

PV #p'Gst3 a Lpe

A 5- component will be effective if
P(Es>2)=P{E=3)+P{E=4)+P(E=5)

P'g2+ P'Q" +PS

The 7-component will be better if
P(E1 >3)>P(E5>2); forqg=1-p.
Complete this
Try for 5and 3.

Example 3:
For what value of K will p(x =K P/(X =K - 1) be8reater or less than 1if X isa

b (n, p) and O<P<L1.
Solution

P(X =K)
A N IR
k-\j
(n-k-NP
k(\~P)
L P(X=k)>P(X=k -1 iff
(n-k+DP>A:(1-P)
ieK<(n+)P
This implies that for the binomial distribution b (n, p), as k goes from 0 to n, P (x=k)
first increases monotonically and then decreases monotonically, reaching its largest

value when K is the maximum.
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5.3 Poisson Distribution

When n becomes large and p is fairly small, the use of the binomial distribution in
calculating the various probabilities becomes cumbersome. To overcome this
problem, we use another probability function which approximates the binomial
distribution. This probability function is known as the Poisson probability function
which we shall be considering in this lecture.

A random variable closely related to the binomial random variable is one whose
possible values 0, 1,2, 3,.....represent the number of occurrences of some outcomes

not in a given number of trials but in a given period of time or region of space. This
variable is called the Poisson variable.

5.4 Properties of a Poisson Experiment
A Poisson experiment is a statistical experiment that has the following properties:
1 The experiment results in outcomes that can be classified as success or

failures.

2. The average number of success(A) that occur in a specified region is known.
The probability that a success will occur is proportional to the size of the
region.

4. The probability that a success will occur in an extremely small region is
virtually zero.

Note:

(The specified region may take many forms e.g. length, an area, a period of time,

volume etc)

A Poisson random variable is the number of successes that result from a Poisson
experiment.

The probability distribution of a Poisson random variable is called a Poisson
distribution.

Given the mean number of successes Athat occur in a specified region, the probability
density function (pdf) of Poisson distribution is given by

P(x: A) = e-*U’)
X\
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where .t is the actual number of successes that result from the experiment.
A~ np (// is the total number of observation in the experiment and p is the probability

of success).
Note that mean A and variance are equal i.e. A= mean = variance. Also Ais the

parameter of the distribution, with e=2. 71828

Some examples of random variables that obey the Poisson probability law are:

1 The number of customers entering a post office on a given day

2. The number of misprints on a page (or a group of pages) of a book.

3. The number of packages of instant noodles sold in a particular storeon a given

day.

ldentities:

Using the result, we have

e XA

55 Mean and Variance of a Poisson Distribution

(i) Mean
E(X) - YjiXP(x)
T=0
. e Ar o
r =a'-'.
Z 2 a'-'.a
e'm
Z - X\
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t
«= X ( x- 1!

= ay ZZfZ
(x-N!
Lets=.r-1
=* t .
0 Sl
=A

(i) Variance
Var(X)= E(X2) - [E(.nf
E(x2 = E[x(x-1)]+E(X)

E[x(x-N]= £ t(x-1) XA

X\
=p 2 A
i (r-2) rosr oA
let s=x-2
=y L-L
s.0 S\
=A2
Var(X) =A2 +A-[A]2
=A2+A- A2
=A
Example 1

The average number of homes sold by Assurance Homes Company is 2 homes per
day. What is the probability that exactly 3 homes will be sold tomorrow?

Solution: A -2 since 2 homes are sold per day on the average
X=3,e =2.71828
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1k
P(x; A=np)= eAs
X!
= 2.71828"2 (2)
3
P(3; 2) =0.180

Thus the probability of selling 3 homes is 0.180

56  The Poisson Distribution as an Approximation to the Binomial

Distribution
Let n and p be the parameters of a binomial distribution.

Therefore mean A=np
Variance a 2 =np(l -p)
If n -»00 and p -» 0 simultaneously, in such a way that A= np is fixed, then we can

say thatp = where Ais a fixed value.

Then as n increases, the binomial probabilities.

n
P(x) = ps( x =0, 1 2,.... Get closer and closer to the Poisson
probabilities.
Proof: Given that
X'
P(x)=-e:(—|——where A=np,x =0, 1,2,....
x!

PO n, p) = p(x:i«, M)

nin-Y(-2) (/;-x+D{-x)! Al
x!(/; - x)!

n(n-\) (n -2)....(Ji-x+1) ~
X! nx

_n(n-D(»-2).....(n-x +1)
nx X

but lim , -*?
n

lim 1-

n(n -1)(n-2)...(fi -x +1)

Therefore, we havegz%-, x=0,1,2....
X1

Thus, the binomial pdfapproaches the Poisson as n increases and p tends to zero.

5.7 Hypergeometric Distribution

Consider a lot consisting ofm + n items of which m of them are defective and the
remaining n of them are non-defective. A sample of r items is drawn randomly
without replacement. Let x denote the number of defective items that is observed in
the sample. The random variable x is the hypergeometric random variable with
parametersm + n and m. Then, the number of ways selecting x defective items from

m defective items is”); the number of ways of selectingr - xnon-defective items
from n non-defective items is(r ” Therefore, total number of ways of selecting r
items with x defective and r - x non defective items is. A

Finally, the number of ways one can select r different items from a collection
of m + n different items is (m * n). Thus, the probability of observing x defective

items in a sample ofr items (probability density function) is

n
%&w’\d forx=018,....rx <Am andr - x<n
r



Example &

In lottery, a player selects 6 different numbers from 1,2,.. .,44 by buying a ticket lor
t naira (N1.00). Later in the week, the winning numbers will be drawn randomly by a
device. If the player matches all six winning numbers, then he or site will win the
jackpot of the week. If the player matches 4 or 5 numbers, he or site will receive a
lesser cash prize. Ifa player buys one ticket, what are the chances of matching, (a) all
6 numbers (b) 4 numbers.

Solution: Let x denote the number cf winning numbers in the ticket. If we regard
winning numbers as defective, then is a hypergeometric random variable with
m+n = 44, m- 6andn =38

(38?
6. ,
@ Px=g=UiUJ L o8 !
n 2 1
a4 f447 “l i'anzg%orE\Z/.rm'on
Stfc.bnx; oriicrirob : 6] o] 76" . .
dtnobrm nwsv ;f6U38) fo sigrrtpa. A wfLeh arc
W  oX-4-F 17 0 onoc e >
- 44\ mol
A6J.

Example 2:.

As part of a health survey, a researcher decides to investigate prevalence of cholera in
Ssub-urban areas but ofa city’s 28 sub-urban areas. If 6 cf the sub-urban areas have a
very high prevalence rate, what is the probability that none of them wh! be includedin
the researcher’s sample?

Solution:
Srmy m\
Retail that we have fix) = & +-"X a5 the p. d. f for hypergeometric distribution

Here,x = 0,n =22, m+n=28and m= 6

28-6]
UJl 8-01
28]
Ul

T am, we have

Compiate this

7.»  Mean and Variance of ElypergeoriArk DistritosiJf/jn
® Mean:

HxX) =t xf(x)
.!:))
/nc nc
m+n
Cr

ml
@in- i

-s it
C
X m(-m- 1)!
(m-A-)Lv(.r-I)!

C

r-x

> — ke
W-J-1) 11

C

this implies
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~T - |C r-j1
= _m C
”‘"(": -+
m
m4+n\ (m+n- 11
{m+n- N\r\ [(m+n-1)-(r-1)) (r-Y
m
m+ n! (in+n-N!
_ (m+n-r)tr! (m+n-r)t(r-1)!
Simplifying gives
Ex) = mr
m+n

(i) Variance:
£(x3) = ex(x—X+ X]
= E£[x(x-1)] + E{x)

E[x(x -1)] = £x(x-1)/(x)
IH ne,
=Z' X(X~" —jh+n
C.

Continuing gives
m(m-I)(m - 2)!

v- o, A (Zii- x)Ix(x -1)(x -2)!
=2/ U - 0) s e
i2

I
3
3
N

>
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mm-1 * (*-2) .c
& LF (m-x)1(x-2)!

let s = x-2 X=s+2
m(m- 1) (m-2)
HHP s 250 12
mn(}:nn{l) * xca "cr,2

m(m - 1) bm?2

Mt~
r
m(m - 1)

m +n\ (m+n-2)!
(m+n-r)!r! [(mMm+n-2)-(r-2))(r —2)!
m(m-1)(m +n- r)lr! (m+/i-2)!

(m +n)! (m+n-r)\(r-2)!
m(m-1)r(r-1)(r -2)1 {m+n- 2)!
(m+n{m+n-1)(m +n-2)! (m+n-2)!

rm(m- D(r- 1)
(m+n)(m+n-1)
E(x") = £[x(x-1)] + E{x)
m(m - Dr(r- 1) rm
(m+ n)(m+nN- 1) m +n
Therefore, K(v) = E(x2) - [E(.t)]3
m(m—Y r(i—1) rm (m
(m+n){m+n-1) m+n \in +n

‘'m+n-r

Post-Test 2
m+n f+n) . m+n-] ( )

Simplify this last expression to obtain

Note: Ifthe sampling was with replacement, r and p = would be the appropriate

binomial parameter and its respective variance would be r en (/1 ——-——/).



The binomial variance is slightly greater than the hypergeometric variance because of

the factor ( ~ “ ) > the hypergeometric variance.
Asm + n becomes very large compared to r, the hypergeometric distribution tends to
the binomial distribution.

59 Binomial Distribution as an approximation to the Hypergeometric

Distribution
Suppose the p.d.fof a hypergeometric distribution is given by

then, we have the following theorem.
Theorem:
Let m, n ->ao0 and suppose that

=rm,-+p,o<p<\

in+n
n
then '~ PxqH\ X = 0,12..... /-
in+n
r
Proof:
We have
‘m) n )
(m+

I r ;

ml ft!

M w ! -x)1
LJ [r-x; _ Cn“'OdDI (r-x)!
m+n (m+/Q!
r (m+n-r)irl
ml n\ (m+n-r)lr\
(m-x)Ix\  {n-r +:C)(r—o! (m-\ n)\

r'j wWw (m-fn-r)i
K<) (m- x)\(n- r+x)\(m /)

_fronigin- Do B2- x+D) (M- o n(n- D...(n- r+x+D)(Gt-r X!

\A% (Mm=x)\(n-r-Tx)I(m +n)...{(m+n)- (/=-1))
f Iw(/w-1)....jm -(x-1)} n(n-1)ln - (r-x- 1)
_v-V
(m+ +n) - (r- D]
Divide through by m+n
" - 1) moox\ 1 f® /%]
(m+n)1{m+n m+nJ man m+nd " fifj+n)fniln it Amen ij+n
m+n m+n  r-1)
.m+n intn  m+n)
) m V. m i [ X -n
)Am +n)Am +n m+n) Im +h m+nd
T >) 1
,m+n) .m+n m+nJ \m+n m n (r-9)
T (men)
Since—T- P, Hence -------x N1
m+n in il

Iherefore



A1 X
m+n
P'c,'
m n
. A . A r-x
This result implies that we can approximate the probabilities —ym+n by
r
P by setting p = m Tn provided m, n are large. This is true for all x =10, 1,
-V

2, e r.

If m, n, are large, approximate the hypergeometric distribution by an appropriate
binomial distribution. If the need arises, we may also go a step further in
approximating the binomial distribution by the appropriate Poisson distribution.

5.10 Negative Binomial and Geometric Distributions

Negative binomial and Geometric distributions are two families of discrete
distributions that are very important in Statistics. The Geometric distribution is so
named because the values of the Geometric density are the terms of a geometric series
while the Negative binomial distribution is sometimes also referred to as the Pascal’s

distribution.

5.11 Negative Binomial Distribution

Consider a succession of Bernoulli trials, let P(r) denote the probability that
exactlyr +k (k > 0), trials are needed to produce k successes. This will so happen
when the last trial, that is, (r + /c)th trials is a success with probability p and the
previous (r + k - 1) trials must have (k - 1) successes with probability

r+~k- I iPk~lqr,whereq= 1—p
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P(r) = prob of (k - 1) successes in(x +k - 1)trials
x prob of (x +k)th success
=r+k -1 &IPk-1qT.p
=r+k- r=01,2 e, eqn. (1)

Pk(fe+r - DN(/c+r-2)...[k+r+1- (r+ 1)] ,
= H 9r

Pk(k + r —)(lc+r - 2) ...(/c + Dfc ,
= ri !

= Pk(-iy-kcrgr
= -kCTPK(-q) e eqn. (2)
Note that:
(i) r + k —Ilck IPkqr> r=012....
=r+ k- 1OPkaqr. r=20,12.....

(i) 2ZP(r)=PkZ?=0-kCr(-qr
=Pk[I-gq]'k
= pkp~k =1
Equations (1) and (2) for k > 0 are known as negative binomial distribution.

5.11.1 Mean and Variance of the Negative Binomial Distribution
(i Mean
Recall that the moment generating function (MGF) ofa random variable A,
M(t) = E(etx),
using the moment generating function approach, therefore, from equation (1), the
MGF of/? is

M(t) = E(etr) =Y JCOetr(r +r~ N P*<?

But(i - -y-» = z» o(-n) (-*)' = E"Ocnsii- 1.y for-1<«<1
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Therefore
MM="e"(~rk)pk(.-qy.

=EK., (“*)/>*(-*<')'m

=p (i-9ctr*
Now, M'(f) = k gecPk(1 - gel)-*1
kq
E(R) = =0=—
V
E(R)2 = M"(t)

= kgetPk(l - gt?l)-*1 + (fc + 1)gecP*(l - ge T kqgel
Complete the solution using V(/?) = E(/?)2—(E(/?))2 (see Post-test 4)

5.12 Geometric Distribution
If in equation (1), we put k = 1, we have
r+k -1CkIPkgr

=rcOP qr
= qrp,r = 0,1,2,
and q = 1 - p, we have geometric distribution.
The following describes the Geometric distribution.
Consider a sequence of Bernoulli trials with probability p of success. This sequence is
observed until the first success occurs. Let R denote the number of failures before this
first success. For instance, if the sequence starts with F representing failure and S

success, with F, F, F, S ........ then R=3. i.e. this distribution describes the event of
first success after nlh independent trials with probability p, O<p <1 .
Moreover, the probability of such a sequence is P

[: - 3= (D) =q'p =0- pYp
Generally, the p.d.f, f(r) =P[R = r] of Riis given by

f(r) = @-pYp. r=0,1,2 ...
f(r) = qrp, r=012...... )]
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Some authors define the geometric distribution by assuming 1 (instead of 0) is the
smallest mass point. The p.d.fthen has the form

«r)y={op(L 7 11'r=1-2-3 . @)

512.1 Mean and Variance of a Geometric Distribution
Consider equation (2)

@)  Mean

E(R)=Z "/ p(i*pr.l
etl- p=g¢
“ER)=Y " rp(qy-’

v-*°  d

dv 10

Sk j*or

=pdq" + R+ B+")
But(q +q2+q3+—) = q(I + g+ 2+ g3+ —)

-fe)

"(I-a)C )-q(-1)
(1~q9)2
((r-g + )\
=p\oTqy~)
/(

Therefore, £(/?) = P ~ ()

E(7) = 5,
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(i) Variance
£(«2 = 2( Ir2p(| -prl
_r:

=Y°®° r2 r
*Jr=l P (

Z d
V',

d
=Pjj(g +292+3q3+-")

d
=p-q(l +2q+3q2+4q3+ -)

Recall that 1 + 2X + 3X2 + 4X3 + e = (12

Therefore, we have p aq %—_ 2
(I-gm ) +2q(l-q)
(1~qY
[l —an][(1 -9 +20)]
(1-9)4
r h+d
=p (T3 9)3
ri+9
Pi(1-9):

(P)2J
f(p2) = ] sinceq=1-p
Therefore,l/(/?) = £(/1?)2- (f(/?)):

2-p \!
(p): HI)
1~P
r.2
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Thus, the mean and variance of this form geometric distribution are ~ and Ir -

respectively.

Example 1: A fair die is cast on successive independent trials until second six is
observed. What is the probability of observing exactly 10 non-sixes before the second
SiX is cast.

Solution: This is a negative binomial distribution problem. So,

pk(\-pYr = 0,1,2......
u-1
do+2-1n
Therefore, we have 0.049

Example 2:
Team A plays team B in a seven game with series. That is the series is over

when either of the teams wins four games. For each game, p(A wins)=0.6 and the
games are assumed to be independent. What is the probability that the series will end
in exactly six games.
Solution:
The game will end is either A or B wins the game series.

p(game ends) = p (A wins series in 6 games) + p (B wins series in 6 games)

~1(0.6)(0.4) +[~0.4)*(0.4)2

=0.207 + 0.092
=0.299
Note: that
p (A wins series in 6games) = p [A looses 2 games before 4 wins]
=P(Y =2)
=0.207
Example 3:

In a sequence of independent rolls of a fair die;
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i. Whai is the probability that the first four is observed in the sixth trial.
Solution: This is geometric distribution problem

PR=5)= =0.067 where R denotes the number of non-fours before the

occurrence of the first four.
i. What is the probability that at least six trialsare required to observe a four.

Solution: P[* >5]=\- P[RE£ 4]
= H[/>[/?=01+P[R=1]+P[R = ZJt-P[R = 3+/>[/? = 4]

7776
Complete the solution

5.13 Multinomial Distribution
We know from binomial distribution that each trial of a binomial experiment can

result in two and only two possible outcomes. In the multinomial experiment,
however, each trial can have two or more possible outcomes. So, a binomial

experiment is a special case of a multinomial experiment.

A multinomial experiment is a statistical experiment that has the following properties:

. The experiment consists of n repeated trials

. Each trial has a discrete number of possible outcomes

. The probability that a particular outcome will occur is constant for any
given trial
. The trials are independent

A multinomial distribution is the probability distribution of outcomes from a
multinomial experiment.

Definition: Suppose a multinomial experiment consists of n trials, and each trial can
result in any of k possible outcomes £1,£2" 3.....»E* Suppose, also, that each
possible outcome can occur with probabilities pa, p2,P3, ....., pk. Then, the probability
p that Ej occurs nx times, E2 occurs n2 times,......, and Ek occurs nk times is

P=[(n"Infc!)] fri"1P2"2.....Pk"™*] wheren = na+ n2+ n3+ - 4-nk

Example L

A bowl consists of 2 red marbles, 3 green marbles and 5 blue marbles. 4 marbles are
randomly selected from the bowl with replacement. What is the probability of
selecting 2 green marbles and 2 blue marbles?

Solution:

The experiment consists of 4 trials, son = 4.

The 4 trials produce 0 red marbles, 2 green marbles and 2 blue marbles; so

nred ~ o, Kgreen ~ 2 #W-blue ~ 2

On any particular trial, the probability of drawing a red, green or blue marble is 0.2,
0.3 and 0.5 respectively.

Using the multinomial formula, we have

"(0TATii)] [(0-2)°(0-3) z&5)z)
Therefore p = 0.135.

125



Example 2:
Suppose a card is drawn randomly from an ordinary deck ofplaying'cards and then

put back in the deck. This exercise is repeated five times. What is the probability of
drawing 1 spade, 1 heart, 1 diamond and 2 clubs?

Solution:

The experiment consists of 5 trials, n=5

The 5 trials produce 1spade, 1heart, 1diamond and 2 clubs; sorij = 1,n2= 1,n3=
1,n4=2

On any particular trial, the probability of drawing a spade, heart, diamond or club is
0.25, 0.25, 0.25 and 0.25 respectively. Thus, pl = 0.25, p2= 0.25, p3= 0.25,p4=
0.25

Using the multinomial formula, we have

P=[(nj nr....ntDH]™ lpa™ .. P*"*]

[(L'in! 2] [(° 25)1(0.25)1(0.25)1(0.25)2]
p = 0.05859

Practice Questions

1 Suppose that a fair die is rolled 9 times. Find the probability that 1 appears 3
times, 2 and 3 twice each, 4 and 5 once each.

2. In a city on a particular night, television channels 4, 3 and 1 have the
following audiences: channel 4 has 25 percent of the viewing audience,
channel 3 has 20 percent of the viewing audience and channel 1 has 50 percent
of the viewing audience. Find the probability that among ten television
viewers randomly chosen in that city on that particular night, 4 will be
watching channel 4, 3 will be watching channel 3 and 1 will be watching
channel 1.

CHAPTER 6
SOME CONTINUOUS PROBABILITY DISTRIBUTIONS

6.0 Introduction
Having studied some discrete probability distributions in the last chapter, this chapter

now deals with the study of some commonly used continuous probability

distributions.

6.1 Normal Distribution
A random variable X is said to have come from the normal distribution if its

probability density function (pdf) fix) is define as:

[w = 1 a M 2.-C0.*<00
\ Y2 Y, :
Withp > 0Oanda2 >0
The mean and variance of the normal distribution can be obtained as follows:

E(x2) = Jf_(Dxrf{x)dx

1 _i/x—H2
p. 2

- V27T(72 \VAM

dx
laz== "
X=H+8Z
E(x)=—— f (p+az)re Jdz
as2n J-00
1 f" z*

=~7rj=J (p+crdre 2dz
Whenr=1
1 r 22
EX)=—= (p+az)e zdz
\ 2u J-m
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i rr _£i

Ze~dzZ
=vf?l"Le I+al
r* 22 r 1 JL
=H ~T=e 2+cr Z-— e *dZ
J-mV2n J.® \f2n

Recall that~ e 2 is a standardized normal distribution with 0 and variance 1

Therefore
E(X) = /i(l) + o-(O)
Since -j=e~~ = 1 and therefore

«E(X) =n

* 1 22
E{Z2) = Z-=e~TdZ
B-® yj2n
To obtain the variance, setr to 2 inequation ( 1) and use

Var(X) = E(X2) —[£,(A")]2, we proceed as follows

E(X2) = ;Zn } Q fcrzye'rdZ

1 fo 72
== (p2+ 2i(0Z+ a2z e~dzZ

V2T
r 1 N i ® 1 2
=A T=e 2dz+2nd I Ze—tdZ+02\ —=7Z2 zdZ
J-00V 2T J-,, d ‘]'mylzn

= /22Cl) + 2/icr(0) + cr2(l)
[T(A) = [72+ cr2
Therefore

Var{X) = (n2+ a2)—p2

=<2

6.2 Exponential Distribution
The exponential distribution (also known as negative exponential distribution) is the
probability distribution that describes the time between events in a Poisson process,
ie. a process in which events occur continuously and independently at a constant
average rate. It is the continuous analogue of the geometric distribution, and it has the

128

key property of being memoryless. In addition to being used for the analysis of
Poisson processes, it is found in various other contexts.

The exponential distribution is not the same as the class of exponential families of
distributions, which is a large class of probability distributions that includes the

exponential distribution as the baseline distribution

A random variable X is said to have an exponential distribution if is probability

density function is defined as
fix) =Xe-~.X >0
Its corresponding moment about the origin is derived using

4 :E(xr):J(_ZqI))(‘mdx

= /* xrXe~Xxdx

=Ar~e-"dx

J—Cco

dy
o dx

dx =y andx =j

Lety = Xx,

=7Nio ¥ e vdy
= ~Niisincera = ya~le~ydy

Therefore, the rh moment about origin of an exponential; distribution is

The first four moments can be demanded as follows
When r = 1, we have the mean

SinceVa = (a- 1)}
When r = 2
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T3 (3-1)j 2
A X2 X2  ~A2
From which variance can be obtained as follows
VarQO = EV(2)-[EtX)]2

-2 OhY

=F-(1)2

1

7
Whenr = 3

_T4_(4-1)j 6
% A3 A3 A3
and similarly with r = 4
i_r5_((B“Di_2A
"4 M M M

6.3 Gamma Distribution

line gamma distribution is a two-parameter family of continuous probability
distributions. The common exponential distribution and chi-squared distribution are
special cases ofthe gamma distribution.

In each ofthese three forms, both parameters are positive real numbers.

The parameterization with k and Gappears to be more common in econometrics and
certain other applied fields, where e.g. the gamma distribution is frequently used to
model waiting times. For instance, in life testing, the waiting time until death is a
random variable that is frequently modeled with a gamma distribution.

A continuous random variable X is said to have a Gamma distribution if its probability

density function is defined as follow
X

fM =7~ p ,x>0.cc>0,p>0

6.3.1 Moments of Gamma Distribution

xre~ixa_l
e Pa
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Ifwelety = Z,:> dx = (Sdy

E(Xr) =Y ~ f “(fiy)T+" le-rt)dy

E(Xr) = I/ - yr*a2e-ypiy

Recall from Gamma function that
Ta = e~xx~1 dx, then

E{Xr) = 1T(r 4-3) This gives the rth moment about the origin from which the

first four moments can be derived.
Whenr = 1, we have

£tf) =~ r(r+a)

£(*) =" «ra

= ccp

Whenr = 2

E{XD) = .i;rz ra

12(L +a)r(l +a)
ra

1722(1 + a)ara
= To
=a(l +a)/?2
Therefore, we obtain the variance of X using the fact that
Var(X) = E(X2) - [E(X)]2



=a(l +a)?2- (al?)2
=al2+a2?2- a2?2
YarpO =al?2
Whenr =3

£(*3) = ’r‘a T(3 + a) and finally

with r = 4, we have

E(**) =Frr(4 +a)

6.3.2 Moment Generation Function of Gamma Distribution

The moment generating function of a random variable X distributed as Gamma i.e.

X~GA(aP) isderived as follows:
Mx(t) = E(et) = 1 _ellf{x)dx
(t) = E(e) | {x)

["or —h <t <h

T etxe Pxa~Il

= dx
M,(0 Tap®

1 C etxe~*xa-X
N\

dx

lFapa Va Pa

rapt | dx

1 rV'>(*' xa  dx

" EccPa Jo
_ B d
“Ta Jﬁ JE(( I "
P
*ox i-pt
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= fal" | “ery"~I »
Since Vx =/ “ e5}/®1 dy as before.
Then,

Mx(t) = (1 - /2t)-¢
Differentiating the above and setting t to zero, we obtain the first four
moments about the origin as follows
Mk(t) =apa-ptral
E(X) =M](0) = ap
M]l=-ap2(-a- 1)(1- ptya-2
E(X2 = ATJKO) = a2p2 + ap2
Var(X) = E(X2) - [E(X))2
=a2p2+ap2- (ap)2
=ap?
The characteristics function, the second characteristic function and the
cumulate generating function can be obtained respectively as
&(t)= (1 - Pit)-a, g¢x(t) = -a log(l - pit)and
Kx{t)= - a\og{\- pt)

6.3.3 Maximum Likelihood Estimation of parameter of the Gamma
Distribution

Let X\,Xi,...,Xnbe a random sample of size n taking from Gamma distribution, the

likelihood function is
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(Ta)npan '
The corresponding log-likelihood function is
R n
LogL = L + (a- 1) logxt- nlogr(tr) -an log/?

Differentiating this with respect to a and /? we have
dlogl _ w\}, gxi-n ral -nlog(8
i=i
3/o™Z, _ sr=i®l  an
J
pei . .
where <p(a) = — equation () can be written as

dlogL  v-1 )
A log*i _n - nlog/?
i=1

6.4 Pareto Distribution
The Pareto distribution, named after the Italian civil engineer and economist

Vilfredo Pareto, is a power law probability distribution that is used in description of
social, scientific, geophysical, actuarial, and many other types of observable

phenomena.
A random variable A'is distributed Pareto with parameters /? and K if its pdfis given

as

fW =% . K>p,x>0
It is interesting to show that
[ m(*) dx = 1, this is as follows

dx

dx

6.4.1

E-(*+i)+i
CRFTTT+T \p

X~K oo

-KGK— .n

K \P
pkloo_ -/?* pK
XK\P  00* pK

=1
Moments of the Pareto Distribution
The rth moment of the random variable X~PAR(p, K)

<PK 1 |co
K- rxK~rliIP



_ KpK/ | 1
K-r U K-r pK-.r_

—Ro 1\

o

= -
K-rV pK-rj

KpK
{K- r)pK-r

kpk
:\k - r)p«p-r

Kpr
EQD) = '_Or

The above is the rth moment of a Pareto distribution. .

When r = 1, we have
bw =JI!IL
K-1
Similarly, when r = 2, \we have

Kp2
K-2
From which variance can be obtained as

varQo = £2(*2) -[£(*) |2

W 2 =

kP2 f kp \2

K-2  \K- 1)
KP2  K2P2
K-2  (K-\Y

K(K - 1)2p2 - K2P2(K - 2)

(k - 1)2(K - 2)
KZ2\(K - 1)2- K{K -2)]
FY) (K-1)HK-2)
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Kp2[K2-2K + 1-K 2+ 2K)

(K—1)2(K —2)
KP2cp
(K- 1)20<~ 2)
oy KP2
A= (K-DKK-2)

6.5 Maxwell Distribution
In physics, particularly statistical mechanics, the Maxwell-Boltzmann distribution or

Maxwell speed distribution describes particle speeds in idealized gases where the
particles move freely inside a stationary container without interacting with one
another, except for very brief collisions in which they exchange energy and
momentum with each other or with their thermal environment. Particle in this context
refers to gaseous atoms or molecules, and the system of particles is assumed to have
reached thermodynamic equilibrium.

A random variable A'is said to follow Maxwell distribution if its pdf is defined as

It is required to show that the above is a time pdfand we proceed as follows.
Our expectation is that

f(x)dx =1; then

dx

ax



dx a2 X
Since x2 = 2a2y

azd
y =_-7=

= Clyr s (y[2y)a yl2y

j lclye dy

2V2a3 7 1 -v
NT IO >

2 3 211
JRV2~ JR2V2
Since P” = Vir, we have

2 11
FZinZZl « ED-

This affirms that Maxwell distribution is a true pdf.

6.5.1 Moments of the Maxwell Distribution

feon =( xvw X

V dx

mf n

\] r X2+re 227 dx
J0

Using the notates earlier, we have

Whenr = 1
Im-TTTrH

28ar2

...V/\T

2ia 272a

VZ~ ~jT
Whenr = 2

?14n2 3 2
E<D= v p242

4a2 5
2
2+r 2+r

E(XT

11

ih 02T-~~ a3+re-y

«3 )<

1
>T-'0

11
2?7yz

fco2l+ly 1+lare-y

11
2zy2

dy



25a32} -
mn = Since fa = (a- 1)3

5 n
22233 22a3
VIT T
214534 3 4

BOT =y Tm2+2

23a4Tj
i ' X =~VT-~"'
From which the first four moments can be derived
8ad: r- 8ad.- T:
$ince 12 =313 31 1_3 1 > 2 22 2
2 22 22f2_ 4f2
8a4--- I'-
sm -~ rn
= 15a4
yon 4 The third and fourth moments about the mean, i.e. n3and ~4 can then be obtained as
= 3a2
Var (X) = E(X2) - [E(X)]2 /16
/ M\ 2 *=z2a T "5 Ji
=3a>-fel
=a4(15--
Finally, the coefficient of Skewness and Kurtosis is thus:
n 5 = ~ 0.48569
Whenr =3 (3_|)1

5 -/ t-3 ~0.10818
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CHAPTER 7
PROBABILITY GENERATING FUNCTIONS (PGF)

7.1 Introduction

The probability generating function (PGF) for a discrete random variable is a power
series representation (the generating function) of the probability mass function of a
random variable X.

PGFs are often employed for their succinct description of the sequence of probability
P[X = /] and to make available the well-developed theory of power series with non-
negative coefficients.

Definition 1: The probability generating function (PGF) of a random variable X is
defined as:
G,(t) = E[t")

S f =Y
t

where:

GX{I) is defined only when X take values in the non-negative integers
P(X=x) is the probability mass function of X.

The notation Gxis usually used to emphasize the dependence on X

7.2 Properties of PGF
The probability mass function of X is recovered by taking derivatives ofG.

P(k) =P(X = k)= G'E)\(O)

2. If X and Y have identical PGFs, then they are identically distributed, i.e. if
there are two random variables X and Y and Gx = Gy, then fx = fy.
3 The expectation of X is given by
EXX)=G‘(1)
Proof:
Gt)=F{)=£CP(.r)
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dG{t)
dt
= £ 5" (%)

G\t)

= Yj xPw = G(i>=

4, The variance of X is given by:

Var [X] = g5,"+g;1)[g;..]2

Proof:G;,, =Y x P>

Gtn = 1(x 2-x)i>,,/'-2

0”, =
(7111": E(X!) - E(X)

G., “EX9 - g,
V(X)=E(X2 - [E[X)Y
r +

V9 =E<) gV

But E(x2 = <

Therefore Var [XJ- g,,i +g;.-[
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7.3 Probability Generating Functions

1. Bernoulli Distribution

The probability density function (pdf) of a Bernoulli distribution is given by

?[X =x]=P'q"-J
(i) Mean:
GxX(t) = E[t*]

=£jt'P[X =X]
=tp°g¥) +t’p'qll
G*® " g +pt
Gl)=P
Gn=P=E(x

(i) Variance:

G "«- Acﬁla
Therefore, G'(t) —p
G"(t)=0
But Var(X) =E(X? - [E(X)]2
And Var<X)=G"(l) + Gl,,,- iG'(i)]2
This implies that 0+ p -p 2 =p(I-p)
Var(x) =pq

2. Binomial Distribution
The p.d.fofa binomial distribution is given by

where:

n is the number of observations
7>is the probability of success
ij  the probability of failure
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x is the random variable

(i) Mean:
G()=E[O0
=£fP[X =x]
»»
= [p/+0-p)]"
G(t) - \pt+q\"
G'(.)="0
dt
~n\pt+qY p

G'(t) =n(pl+a)" P

G'() =n(p+a)‘ p

G1(1) —p=E(x)=Mean

(i) Variance:

p"(t) - n(n-I) (pt + q)r2p2
b"(1)~n(n-)P2

e Var(x) -G 1'(ij + Gl,u - [C'cuj2

- n(n-1)p2 i- np-n2p2

~n’p’ *np- np® - rp’

=np - np'
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=np(l-p)
Var(x) =npq

3. Poisson Distribution
(i) Mean :
G(t)=E (¥
e~AX*
X\

G(1)
Gt) = Xex”
G'(t) = /Uflw
~Xe°® =
GA(t) = X.Xe-*'*
= X2e~i+il
G"(l) = x2e~i+i = X1
(ii) Variance :
Var (X) = GII(1) + [GI(1) - [G'(1]]
=G"(1) +G'(1)-[Gi(D)]2
= X2+ X - X2

= X
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CHAPTER 8
MOMENT GENERATING FUNCTIONS

8.1 Moment Generating Function
The moment generating (m.g.f) is one which generates integral moments when these

moments exists.
0] For the univariate random variable X, the mgfis given by

<)=
«,(<) o
Where t is a dummy variable
(i) For the bivariate case -'e have corresponding

Where tkand t2are dummies and the random variables X x X2 are jointly

distributed.
(iii)  Ingeneral for multivariate case, we have

(<uply-()= E{enn e -m)
The moment generating function Mx(t) of a random variable X is defined for all real
values oft by
Mx(l) = I£{etx)
( YixetXPX> if X isdiscrete
[/~ etxf(X)dx; if X is continous
Mx(t) is m.g.f. because all the moments of X can be obtained by successively
differentlaity Mx(t) and then evaluating the resultatt = 0.

Example: If/(x) = X =1,2,3,4
MM =ZUie*fw
=-el+-e2t+-e+-e4
4 4 4 4
If Aj and Xx have the same pdfand Y = X2 + X2
My(t) = £[et(*i+*2)]
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= E(e"*.e"¥)

«,« =[M,(0]2 For the discrete distribution. If X has a pdf /(X) with support {al(a2, ...) then

—jie» +i.e3. .+ e« +i.eci.c« +i e«l e« +i eet

6 16 16 16 16 16 16 16
«,C0 =X e"dw
Example: R
_ ) ) iy = /(e )« m+/(ad«", + -
Let Y be a discrete random variable with pdf x—0,1,2, Hence, the c.d.f. at effll is = P(X = aj). Thus, the probability of any value X
say af is the coefficient of etVI.
Example: Let the moments of v. be defined by E{Xy = 0.8, r = 1,2,3,...)
yo yi Then . r . .
y Mx(t) = M(o) +~ 08(—) =1+08 08
_ et(Aet)
=1 i
=02+0870.8 ~ ??
= 0.2eot + 0.8e“
y=0 —m = -
Thus, P« X=0) =02, P(X=1+=1038
= = pA(ef-1)
m;(0 =" e(O
v(rfly,t a«r) _ N f(A02
Smce=2Z “7T-Ae=— =1+1T—
y=0 :*[£«(*u)]
= E[Xetx)
MJ(t) = Ae(exp{(A(ef - 1)} Since the interchange at the differentiation and Expectation operator is allowed, we
m;(0) = a can assume that;
My(t) = (Aec)2exp{(Ael - 1)} + Aecexp{A(ef - 1)}
=24 A
Var(y) = m;(0) - (AflyO2=>mR+A- AR
= A for discrete case

Obtain the I/ar(r) given that
Yar(x) = M;(0)-fM.;(0)]2
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e"I»*]-/s « Bim»*
for continuous case

Example 3:
From an Exponential Distribution

M(t) = £(«")

= J etxXe~" dx
)

= al <T(€-t)x

A
A-t
The above function is only defined fort < A

fort <A

A m; co) = F

Var(X) =M » - [Mi(o)J

="-9)2
Vi
Example 4: Given prove lor (i)Normal Distribution
(if) Standard Normal Distribution
An important property of m.g.f. is that the m.g.f. of the sum of independent random
variables equals the product of the individual m.g.fs.
Let Z = X + X2 where Xi and X2are independent with m.g.fs Mx(t) and My(t). The
mg.fofZis
Mx(t) = £[ef(x+y]
= E[etx.ety]
= K(etx) E(ecy)
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= 0x(0- 0y(O

Also, the M.g.f. ol a random variable uniquely determines the distribution.
Example:
If X and Y are independent random variable with parameters (n,p) and (m,p)
respectively. What is the distribution of X + Y.

Mx (t) = (Pet + Dn; tfy(t) = (Pec+ <)m

. t) = AK(t). My(t)

(Pe* +<?)n (Pec+ gq)m => (Pef + £)n+7n

Example
Calculate the distribution of X + Y when X and Y are independent. Poisson random
variable with means Aj and A2 respectively.
Solution

Mx(t) = e et~»

Mx+y(t) = Mx (t)My (1)
= e Aitft-1) e A(et-1)
= eWw ,-A2)(e’-1)

Hence, X + Y is Poisson distributed with mean (A2 + A2)

Example: If X and Y are independent Normal random variables. The distribution of
X+Yis

M*+y(0 = Mx(t). My(0

= exp + (px+ p2t)
If X and Y arc independent discrete random variable with non-negative integers
{0,1,2,...} as range with geometric. Distribution function
= q’P- with
m.g.f Mx(t) =
What is the distribution of 7. = X + Y



Solution
MAO = MAOMy (.t

| - 2qect+q2e2t
Replace ef by z we have

MO = (j-qz)2

=P22_"k +1 gkzk
k=0
The distribution of Pz is a negative binominal distribution.

_IX
Examples: Let fa = e~ x=0,12,
e~l Ax
Mx(t)= %,Loe «\

8.1.1 Moment Generating Function for Normal Distribution

_ i(¥)2
~ vans2

co

fw

Mao = E(e")= s eafadx

[0 0]
= /e _1 e-x*zb£>7dx
'find2
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Note that

0 [N ~2BAx
1 f" ©—

VSijii\loe dx

K*- /O. A2]2= « - /t)2- 2(x - n)a2t + a2t2
=(x ~P)2—2x62+ 2[i02+a3t2
(x - n)2- 2S2tx = [C- H)- aX]2- 2\i6zt- 62t2

uj

\[(X-n)~(T\2-211S2C-T2@]
Mx(t) = / - —— dx
V 2 tc8 2

A2na?2

Ifwe Pfry = 82"_6'i£

d
dfz" =>dx = Sdy
w
MAO = e"t+— / - e fidy
pVvTn
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R LTI B S {

-5 d
J 0V2u y
The function in the integral is a standardized normal distribution.
Therefore.
Mx(t) = ere+ 2
since

f—l=e~ynrdy=1
7J00 (pV2n )
Lei X~Nn(jin, A), then the moment generating function of X is given as
Mx(t) = e*V +

Proof
We know from Alternate Integral that

«CO 00

| .3 e 24Axdxi..dxn = @24 2

-00 -00
Where A= 1 = variance - covariance matrix
= (27T)'1|/iri J . | exp[~-i(x-/i)2i4 1(x-/i)] dxi..

Ifwe Icl
L=1tx" (x —d)U! 1(x-/i), then simplifying this we have

L=-"(x- y- At)x(x - y - At) + tV

.dxn

f\H+rt At

M*(£) = (2ton2uiv2/ eees/exp[-5

00
r

00
r r 1

-At)] dxa...dx,,

Ifwelety = x -y - At

ec»y+'-1t%<At'§D f i,

(2MN2IAV2_.

By examining

J \] e~i/>ly dyl..dyn
-0 @

= (2wW2|A|l/2 i.e. Ankens inTeyrat

MX (1) = == 77 r-(2t) 12AR

QTIN2A=

M(X) = e‘*y + ; t XAt

8.2 Bivariate Distribution

Let A'and Y be jointly distributed as

= exp{- (*+>)}
Obtain the joint m.g.f.

Solution: M, ,.(/,,/,)=

)
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= \\e e ™ * rdydx.

= npq

=JJe-4"-" )-r<l- i Jeaxdy Practice Questions
1 Obtain E X\E X\ hence Kurtosis and Skewness of X

2. Them.g.f. of arandom variable is (/) a(a- )1 (/iNexp{ur+{rY }
Obtain the mean and variance ofX for (i) and (ii) above.
Exercise 3. For the bivariate case

@ Obtain thejoint m.g.fif
M =ep|~N(j:2+y) | -C0<X,>'<00

2 Obtain thejoint m.g.f. if
fury=£e A 0<x<y

8.3 Obtaining Moments from m.g.f
Since m.g.f. continuous and differentiable in/, it is easy to obtain r hmoments e {x ') 4

from m.g.f.
0] The Univariate case

E\X‘): fj/pHr MX[O\ where r is a posterior integral

Example
The m.g.f. for the binomial distribution is

w,(0=(?2+/v)r
40 =JIMM = jt[q+Pel)

M, [ =n(q+Pe‘f '(Pe'j

(0)=nP ®)

£'(.v)= M\\t)= n(n- fa +Pe")" ~(Pe')” +n(q +Ped)" ' (/V)
M['(0)= n(n-\)P2+nP

—n(n- HP?+nP —+~P'
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fe)=S " @

K,.',(o.o)

For r and s non-negative integers.

ror K ,,,2(tl,t2)=ala2(at

Obtain E(X,),E(X2),e[x x) E{x\)Var(XA Var(X2)and Co"XxX?2)
Obtain the m.g.f. ifthe joint distribution is given by

v 1 2
0 0.2 0.3
1 04 01

Obtain the estimate of the means as in the above table.
For MXX(/,,/,)= expjl.m, +ttm2 + X (/,2r,2)+ 2pr, r2/,t12+1]X]

Obtain the same mean as in (4) above.

157



CHAPTER 9
CHARACTERISTIC FUNCTIONS

9.1 The Characteristic Function (c.f.)
The characteristic function (x(t) of a random variable X is the expectation of a

complex function of X. It is defined as <x(t)= E(e'u)
(i) for the bivariate case

(i) for the multivariate case, through characteristic function is given as
ol

Unlike the ordinary expectation, the characteristic function always exists.

This is because

|€X(/](=\Ee[\ =\E(Costx +iSintx)j = 1

Examples:
The characteristic function for the binomial distribution is given by

= (/v +9)

Exercise
Obtain the joint characteristic function for the following:

(™) /(xy) =exp{-(jct V)|
/hH  f(x,v)- e expj[- —2(r" fy’\

(l«)  P{x,v) =

PR

X/ 0 | 3
Iy
| 0.1 0.2 0.3
2 0.1 0.05 0.25

).1.1 Moments from Characteristic Functions

@) for univatiate case: The rlhmoment can be obtained as: E (xr)=prrf'fO)
This is obtained by differentiating tpfyr times w.r. to / and evaluate the result

at 1=0, then divide by i[r).
(i) For the bivariate case

E(xrHy g1y f'r yodL

r(yr) 1 ~,r> a(00)

1 m00)

9.2 Exponential Distribution
The p.d.fis given as

X < X < 00
The CF. is
eitx-e~x/°d7
dx
_} { o X X >
=6\ & od-it
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L [F—

=(n- D(n-2)..33f() andf(l) =/0V xdx =1
(1-iflt)
01(t) = +£0(1 - iot)~2 The Characteristic Function of the Gamma distribution is obtained as:
mil=010)=7=0 0(0 = E(eicx) = / eitxf(x)dx
0*(t) = 2i292(l - i0t)~3 .
on (0) = 292i2. AeiAX (Ax)K-1 e A-"CAX)*"1
m2=011(0) = 262 (A r(/c)
Var(r) = m2- tn\ = ir(L);J(%it-ic-a-iodx
= 2d2- 92 Fooe-(A-“)x Akxk_1
=e2 =Jo - roo------ dx
o 0(0 = ' WHx <=
9.3 Gamma Distribution
A random variable is said to have a gamma distribution with parameters (t, A), A> . .
. . L Using Laplace transformation, we have
0 and t > 0 its density function is given by A
>0 (A-it)k
fix) - r(*) X AADK K )
0 x<0 01(t) = iUf(A-tO k"1
. T ARAKL K
where mi =01() = . A
m2=01J)(O) = + )AKAK-2
T(t) = e-yyl Idy ez
0 = +£
integration by parts yields var(x) = m2 -~ <
fk\2 k fk\2
-G e) + » ~ (|)
=-e-v 1llo+J t_ 1)yt _ E
e-v 1o e_y(t_ 1)y .
= (t —1) J0°e~yyI~2dy
= (t-Dr(t-"1) . If X is a random variable of the discrete type [i.e.x = 0,1,2,...] with probability
If follows that function. P(X = x,) = P(X, then the characteristics function of X is define by
Tn)=(n- Dr(n- 1) «KO = £(eltx)=1*Pfee' Dk s ()

= —N)(n - 2)f(n —2) If X is a random variable of the continuous type with pdf/(x)
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then 0(t) = E(eitx) = f*™fw eltxdx (2)
since [eic] = 1and TkPk =1 or fAfadx =1

then / ¥Ax)feftrl dx = 1

The summation in (1) and the integral in (2) are absolutely and uniforming converged.
Thu, the characteristic function 0 (t) is a continuous function for every value oft.

Properties
(0 0(0) =E(e°)=E(1)=1
(if) [0(01 = |E(e™ )| S E-le“ ) =1
Hence, [0(t)] < 1
(iii) 0(—t) = E[e~Itx) = E(_Cost X - iSintx) = E(Cost x) —iE(Sint x)
0(-t) = E(eitx) =E(Cost X +iSintx) = E(Costx) -
iE(Sintx")
thus, 0 (—t) = 0(t); a conjugate to 0 (0

All c.f. must satisfy the above condition.

Example:
Let X be a random variable from the Bermoulli distribution. Obtain the Characteristic
function
Solution
0=V,
=Z i = o *=01
_ gItOpQgl | eiQl)plg®
=q +Pell
=1- P+ Peu
=1+P(e€- 1)
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Example: The moments of a characteristics function can be obtained by continuous
differentiation of the function (discrete or continuous) r time and dividing the result
by ir

ie. pr= : rthmoment

Thus, = 1st moment

Second moment p2 = 1; P3=m/3 ;

Since 0 r(t) = irx rf(X)eltxdx

and Or(t) = ZkirxrP(XK)e itxk

Example 1
= iPeicp = i2Pelt
0"(0) = i2P

E(x2)=$%$r =P

E(X2) - (E(X))2
p2 =Var(x) =P- P2

=P(1-P)

=pq

Example 2: Suppose X is from a Poisson distribution the characteristics function is
given by

co

,tO(/IXG -
ow =1 x|

it-*x
-ooY M)
=e L ~*-
x=0
=e-*e*'U=e*<-e-V

<p'(t) = \teu.eeit-V
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Pi C e s o A
0 (1) = Afe't.e Agit
o AN e N -DA + ]
0*(0) = A?[A+ 1]

2= M=£(*2) - £0Q2

= AA+ 1) - A2

=A
Example 3: The characteristics function, and moments of the standard normal
distribution is given as:

00

0(0 = j eitrf(x)dx

-00

(o0}

=0(0 = | e*txe~* dx

1A _ fx2-1tx\
=F"J-e (— J dx
By completing the square in the experiment

=JL.Je-Ulz£)\M !.dx
mF2n J vo2 ) 2

00

1 f -i(x-it\2 -t2
=f2n Je ,(— ) e '2dx
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0'(0=-tet220(0=0
eW =A =f£=o

m2=E(x2) =*M =t2e-t22- e-t2,

Var(X) =m2-m |
- 1. 0=1

Exercise:
Obtain m3 and 7d4whatare your observation(mz2,7n3)7n5)ableto equal to

Zero
For Binonial distribution

0(0 =~ eltxPx(1- />)»-*

X=0 X
= Ex (*) (P <fO)x(I - />)"-*
= {Peu + g)n

<tXt) = n(Peit+q)n-LiPelt

0'(0) = inp
ma:ﬂ'o): np
Far (A) =n(n- 1)P2+np - n2P2
=nP(l - P)
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0*(t) = n(n - aXPelt)2(PeuA- q)n~2+ in Peu(Peu + g)n"1
=in(n- 1)P2+inP
m2=n(n- a)P2+ np

9.4 Characteristics Function of the Sum of Independent Random Variables
Let X and Y be two independent random variables with characteristics function’s

elCXand e ‘Grespectively. Let Z = X+Y and let 0z(t),0%(O ancl Oy(O denote their
respective C.F.S. then

02(t) = E(elt2) = E[elk*+y)]
= E[eltxelty]
= E(eitx) E(eity)
<PxMy(t)
This can be extended to any arbitrary number of independent random variable’s
ie. ifZ =Xl +X2+ - X nwith C.F.S.as 0z(t),01(t),02(t) + -, 0,,(t)
then
02(t) = 0i(t)02(0020 - <A

Example: Suppose two independent random variable Xi and X2 have POl (A*) and
POI (A2). Determine the characteristics function of Z= Xi - X 2

Solution

Wi=r) = 1R (X 25@56’;}"52

0*x(t) = 0Xt) = n
But the C.F. of (-X 2) is

0x: (O = n

0Z0 = g'**.")

e[Ae‘ctAe IG/ti-A2)

01(0 = a, - Ae(AettA2e' “- K-"]
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rij —01) w2
02(0 = t2(Ai -A 2)2¢( 1
P2 = A+ A2

Example:
Let X, Y and G be two independent random variable with binominal distributions and

let the characteristics function of X and Y be respectively.

MO =Ti+P(«“- 1)]"1

02ct) = [1+ - X

wo=[i+p(«“-ir
‘Considertheryz=X+Y +G
Because of independent of X, Y and Z

0z(0 = 0I(002(003(0

= fl + P{elt —I)]n»*n*+n3
The above is a binominal distribution where the addition theorem for the binominal
distribution holds.

9.5 Some Special Probability Distribution

These are probability distribution of special importance in either theory or practices.

9.5.1 The One-Point Distribution

A random variable X has a one-point distribution if there exista point x0 such that
P{X=x0) =1 (degenerate distribution)

We say the probability mass is concentrated at a point.
The distribution function is given as
_ fOx < x0
~ UX>x0
The characteristics function is defined as
Ot(O —eitx®
m, = 0'(0) = x0
mk = 0 (k)(0) = xEK
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Var (X) = m2- m*

Xg- xg =0
It can be shown that if the variance of a random variable X equals zero, then X has a
onc-point distribution.

Proof

Since expression [X- £(X)]2 > Oi.e. non-negative
Var (x) = £[(* - £(x)]2=0
Iff. PX- E(X) = 0] = 1 or

**t-tl.

PIX=£(*)] =1
Thus, we find that the random variable X has a one-point distribution.

9.5.2 Two-Point Distribution
A random variable X has a two-point distribution of there exist two values xxand x2
set.
PX=xa) =P, PX=x2=1-P (0 <P<1
Ifweputx, = 1and x2 = 0 we have
P{X=1) =P, andP(X=0)=1- P
Then the above qualities as a zero-one distribution.
A very good example of a zero-one distribution is the Bernoulli Distribution
0(0 = Peltl + (1 - P)eu0

=Peil+ (1- P)
=1+Pfeu- 1)
0'(0=pP
0(0 =P
0" =P
For every K
mk =P
Pi = Par(x) = m2- m2
=P- Pz
=P(1-P)
168

Show that /j3= m3- 3mIm2+ 2m\
= £(1 —P)(I —2P) and

Exercise
Obtain the mean and variance function for each ofthe following:

(H rf =expji>/--irVj

(m ffl=ala-ity
(ui)  (pth)= -a.rfa

9.6  The Inversion Formula

The characteristic function corresponds to a family at distribution which is obtained
by adding an arbitrary constant to a d.f. of a random variable. The inversion formula
is a tool that can be used to get back the original distribution function on the entire

real line if the characteristic function is known.

Theorem
Let F{¥and tf] be the cumulative distribution and the characteristic function

of A respectively, then for given real numbers aand b, the inversion formula is

defined as
-F - Pim— f-—0o 4t
Al-Fy- pimos [ 4T

Proof

First we need to show that || that ¢ is bounded.
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< E*Costx+ 1S intx\

£ E[Costx+iSintx) [Costx+iSintjd
< e (Cos2x+iSin2x)

ia<f] 1

<lje “*<fc|
a

c
o

<jdx Sinisle"y <1
4
<b-a hence bounded.

Now it is possible to apply the Fubini's theorem to Icas

-J re""x-* R
2 it  ieudr{dr, (a<b)
S5 i 1 ®

Where ey e°>_e"(r "scan be written as
Car/(x- c)+iSint(x- a)- Cost(x-b)+ iSint(x-b)
J_j Jj Cosd(x - a)+iSin/(x - a)-Cost(x-b)+iSinl(x- a)dt)”

multiply numerator and denominator by i

I r2i(Cost(x- a)+iSint(x-a)- Cost(x- b)+/Sint(x- a)dt)\ ,
=2tthx i[ it y
asC ->x>
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=—J —/ Cost(x-a)- Sint(x-a)+iCost(x-b)-Sin t(x- b)dt}JF*

Since the integration of a Cosine function gives a Sine function which will later
vanish
-J.j Sint(x-a)- Sint(x- b)»

By complex integration {" tVdv=—
v

2
and N dv=~SgnP  where
1 it P>1
SgnP =0 it F=0
-1it P<1

Corollary: (Modern Probability Theory, (1985)
(1) Distribution function F of a random variable and its characteristic function

determines each other.
2 If FXJis the d.f. of a random variable then by definition, it determines the

characteristic function uniquely.

Proof:
If Fand F lare the two d.f.s. corresponding to a given characteristic function

then from the above theorem.

NN =N LA (*><.)

At all the common points of F and F 1
Allowing b to vary for fixed a

K.\ - = =a constant

Bui F"-F (+ q0)—9. Allowing b to increase infinitely through continuously points

of F and F 1 This implies that F~ - Hu - 0 and hence continuity points of both.
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\e*(@+pe”n

2*-]

---|2f+%:0; x<a, x<b _ £ J ' £ C K LIS 3

0+ = \x=ax<b - PV JJcojf(x-y)-iS (wi(x-y)rfl

j Sinf(x-a)- Sint(x- b)" YA +yA =x\a<x<b
Let //=/(.r-y)

-*[M +0=y" -, x<a,x=b

/™ /M=0;x>a’'x>b _
=A'Z 13- pV _12iCay/(x-y)-ISw/(x-y)*

1 - Jo-dru)+ j +jW,,, +J - A,
* a1 % « But
_rS&i/N-y)*  rC<»/(x-y)
| (xy) 03 6&T)
=/r-0
=Notd“ Mu-0+1fa) ~V .) +" [No0—0 .*-rSAj'r >V
@ /\*) 13 /\(u rim
II'(i and /) arc points of continuity of F .
( /) arcp y NN SVE
i*a\J,
Example:
/>Vv"
If 9]=[q+pe")", calculate the p.d.fofa random variable X. 7,
Solution OR / - v (%vv/v
T->® _
[/m ™ (f-x) fir-*
Given N'1= (@+pe")’ J?2(f - x)/ws | t “##”

JO ? (CisLfiaj-
e >>(/m-xj/*wli
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PART TWO

174

CHAPTER 10
INTRODUCTION TO MEASURE THEORY

10.1  Introduction

Probability theory is a part of mathematics which is useful in discovering the regular
features of random events or phenomenon. In probability theory, the sigma algebra
(which we shall define later) often represents the set of available information about a
phenomenon. A function (or a function of a random variable) is measurable if and
only if it represents an outcome that is knowable based on the available information
about the experiment, the event to which it belongs and the probability function.

For us to understand how a probability measure can be obtained, let us develop an
abstract model for the probability of an event particularly for infinite sample space fl

from a specified experiment.

10.2  Abstract Model for Probability of an Event

I.etfl be the sample space such that H = {w*i = 1,2, 3,........ }

w, are called indecomposable outcome or simple events.

The isa decomposable or compound events, thatisEx = {wji= 1,2,3}

The elementary definition of probability is
r,(r\ _ Nooffavourable cases
At Total number of caffles

Since events are subset of H , it follows that the union and intersection of a finite
number of events and the compliments are also events.

1) For the model of mirror reality, the operation above can be represented by
A B,AUB,An B, A, B. That is all statements about events can be written in terms
ofu,.n.

2 A random for defining probability in term of weights is to allow for the fact,
that some events are more likely to occur than others. The weight of a set is just the
sum of the weights associated to each point in the set.
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Let ft be sure event, the impossible event will be (p. Let A be a non-empty class of
subset of ft called events. Let P(be the probability) be a real-valued function defined
on A. Such that P(E)denote the probability of event E.

The pair A, P is called the probability field and the triplet (ft, A, P) is called the
probability space.

10.4  Axiom for Finite Probability Space
() Ifg 6 Afori= 1,2,...,nthen

n n
|J e<G Aand f~|EtG A
<i i«i

00 IfE G A.thenE 6 A
(il IfEe A.then P(E) > 0,also P(ft) = 1
(iv) IfEand Fare any two disjoint events, then P(E + F) = P(E) + P(F)
(v) If A, B and C are any events, then:
PiAi) + P(A2) + A3) = P(Af) + P(A2) + (PA3)
= P(AX + P(.A3A2) + A\A\AI + -

The number of possible outcomes of an experiment (E) may be finite ot infinite.
Let wdenote a sample point (an outcome) from the experiment.

Let ft denote the totality of outcomes of E i.e. ft = {wi(w2, ...}

Let event A={w: w< eft}be a subset of ft. e.g

0] B={Wj - o0 < w < co); all values on R-

(i) C={wi:a < w < b}, all values in the range (a,b)

(iii)  D={w,: w0); a singleton.

(iv)  E={w,: Wj, w2, }; a doubleton.

(V) F={w: iv. = 0); an empty set.

The class of all subsets of ft is called the power set of ft such that if ft contains n
points, there are 2nsubset of ft.

Thus, ifft is finite, the number of all possible subset is also finite.

The power set of ft when ft = {w,. w2, w2.w4) => 24 = 16
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Any collection of events is a class of events. Classes will be denoted by A, B, etc.

Example
Let ft be the real lineR containing all the real points w. i.e. ft = {w: —e0 < w <
oojalso let
A - {w:we(—0,a)} and
B = (w:we(c,d)}
Define:
(0 An B ;(ii) Au B\ (iii)Acand Bc and give your assumptions
(iv) Show that the compliment of an interval need not be an interval.

Solution
Ar\B = gifa<c<d
= (c,a)ifc<ax<d
= (c,d) ifc<d<a
AUB = {w: either WCA orc<w <d}will notaninterval if (a<c <d)
Ac = (w:a < W < 00)
Bc = (w: < worw > d)
AcnB=B ifa<c<d

AcUB=Ac ifa<c<d
BCAc ifa<c<d

On your own. define the above ifc < a<dmr ifc<d<a

Sequences and Limits
A sequence of sets is an ordered arrangement of sets in order of magnitude

.Monotone increasing sequence: A sequence of {sets {/In} is said to be monotone

(increasing ifAn Q An+, for each An.
If the sequence {/!,} n = 1,2,... is monotone increasing (non-decreasing) if for every

n, wchave An+l 3 An
Then the limit of (/In) is the 3mm of the sequence i.e.
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i A
or
i'a o
(J'4*=An;y 4+ =, I& AnTA
k=1 k=|
= {w: iv belonging to all Ak except Av ...
Sup ”
= i>
k=T

For any arbitrary monotone increasing sequence {An), the limit is
o O

C=linAn = lisup Ak =|~| Ak [J Ak
k=1 k=n

Monotone decreasing sequence: A sequence of sets {An) is said to be monotone

decreasing if An+1 Q An for each An.

If{An)n: 1, 2,...) ofevents, is monotone decreasing (non - increasing) and for every

n we have An rj An+l , then the limit is the product of event [An) i.e.

A —Final An —limn_coAn or
= {w:iv belonging to at least one of An, An_i...)

®
=\ k_rli4:‘4'ieAnlA

For any arbitrary monotone decreasing sequence {An},the limit is

n

00

Inf
k=n

Limits: B - UmAn = liminf Ak =
k-1k=i
Note that

(0 linAn £ linAn
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(i) The limit of {An} is said to exist if imAn = limAn = A,
(iif)  If {A"} is not monotone and A exists then An —»A i.e. An converges to A.

(iv)  Even iflim An does not exist, limAn and lim An will always exist.

Example:
Consider the sequence {4n} where

A,= w.0<iv<b+ A~ 2"n ; (b>1)

Does the series {An} converge?.

Solution

V.o <w< b+ ‘ifniseven,
Let (h = * nJ
[wW:0<w<b+ (7 (n+x))j;ifnis odd
limAn= {w: 0 < iv< b)
Similarly,
W:0<w<b- (Vn)]ltfns
[V;o<w<b- (V(n+ X)];if niseven

limA,, ={0 < w< h]
Therefore, lim An * limA,,
Hence. {/1,.} does not converge

Exercise:
IfAn=A: n=1,35,..
=B:n=24,6,..

Show that imAn=Au B, limAn=AnB
When docs lim An exist.
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Exercise:
Examine the following for convergence, if convergent, derive the limit;

W A-=(0,V2n).A"« = [-1. V(2ntD)]

tb) An = |the setof rational in (I - Y*n+ "~ 1+*/n)j

(c) An=2-1/n,2+ 2/n), n is odd.

10.2  Obtaining Countable Class of Disjoint
Lemma 11: Given a class = 1,2....n}ofn sets there exists a class
{?-i= 1 2...n) ofdisjoint sets such that U=i At = Ef=1 Bt

Proof: By induction

AN U A2 = Al + ARA?2

= Bx + B2 = E?=I B( (say)

This is true forn =2

Suppose itis taie foralln <m > 2
Then = (UANE) U/lmil e

=Zr.i»i + (EA"M mti
m

=" Bi+ Bm+l
i=t

Where /im,, and are disjoint. The lemma holds forn = m + 1. So Bi ¢

v
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Corollary:

p |/l = idx+ A\A2 + ABACAN + -
£

If
®

W 6 Pj Aitthen w belongs to some /If

i=i
Thus w may belong to Ax or Ag or Agor A2 or A\A\ ie. w G Ak for some k.
=» iv £ U?.i  establishes equivalent of both sides of (*)

10.4.1 Definition: Additive Set Function
A set function /u is said to be additive if V A,B,sJ. = <p(A) +<p{B) and by finite

induction.
= ), VHit-j Al =(f
Note
e Once the value +oc,-00js not allowed i.e. <f>*co
e Ifall the values of <p are finite, then (pis said to be finite i.e. |¥j< o0

e Ifevery set in a given class d is countable union of such in d and which is finite,

then (p is said to be z - finite.

10.4.2 Continuity of Additive Set of Function
An additive set function is said to be
(i) Continuous from below if

for every increasing sequence \En}t

(i)  Continuous from above if
Af EJF- (f (ENA
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For every decreasing sequence {En}1
Theorem

s.t. (E,,) <co for some values n =n0 and hence for all n i>n0.
The probability function Pm is a set function that has r - additive property and hence

A set function is said to be continuous if it is continuous from above and below.
is @ measurement space.

Theorem

Let cp be finitely additive and continuous from below, then fiist - additive. Krample: Let (O..F) be a measurable space on which a sequence of probability

measure A,PI,...Pu... defines a set function.
<]

Proof
Show that P[E)d ./"JE‘ /™, (£)is an additive set function.

Given a sequence of disjoint sets{£,,}, then
Solution
It is required to show that

Let N be a finite number, since (p is finite additive, then (0 0</2.,<l

(i) Am is counrably additive and is a measure

N (iiiy  Prove that P(f2)=I
N Nl
5 X)X 6) "= ~NE) + 7 rPi(E) + ITPIM+
v .
Let Sv= En be an increasing sequence but P m20.-Lp2E)>0..
bd
(p\?imSy J= Cimtp(Sn) and + ,

y - i - . s-2
nr2n “fl  * i-r T_y2

mH#m) 0</>.,<1
(i) ¥ 16,i be a sequence of disjoint set, it is required to prove
By finite additively [ i L » . A> 2
* TV, _ »
sl ns| from ilc

(pist - additive.
1S3
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Since each of %, is a measure and 0 <P(t)< 1

-l “4'W iy

N —
B~ o=

e Sin6SK =.— =-N =1

o -1- N

10.5 The Halley-De-Moivre Theorem
Theorem: Let {fjbe a class of events each of which belongs to a r- field 91,and

each of which may or may not occur. Then

P\at least oneof theeventE\ occur}

=/fO E£)=!>(£.)- Z~.nEj+ Zra.nf/nE*+(-T I« ’(nE))

Vi=| / »al 1slij&n 1S1<7<*S»i
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Proof: (Using mathematical induction on n)
forn=1: P{E,) = )
forn= 2: P(E,[JE2)= P fc)+P(E2)-P (ExV\E2)
The result is true for n =2
»=3: [>E UEL2UE,)=/>(£)+ P(E2)+P(E,)- P(E,RE2- P(E,RE,)-P(£2R£3)
+p(EInE ,nEJ)

Assuming it is true for n and also tme for n=m-1, we have

p(E,UEIu..UE.,.i)=/{(u £.1=Z /HE.)- i>fenfy)+ Ifen”nsy)

Vi-i i</<y<oc+i isi<y<i&n+i

t(-irlp(£,nE£3n...£,.))

«=m:i{yE,I=/([JE,UE.]-ip(E,nEynf )+ X~ n-™~n"n=*.))
)

Vi-i y Voi-i is<sys*so»-i

Ir £(E,ne2n..n )

Assuming it is true for it = m, we need to prove that the theorem is true for n= m +1

m

LetE=[jEn then
[-1.

N"QeJ=P(EUE.

(E')_IS§/<E>(E'H£')+(_“ + z~"M ~n £)+...

=1>
-l I1S/<j<kSm*i
+ (- irpv.[_li‘Vy

This implies that the result is true for all positive integers n.



Erwuupie:
Lei 11 be events which belongs to a r - field % shew that”e probability

that exactly K events occurred out of n is given by

1< -
r.0
|
n+k\
-1 K
m
Where S, * flEaf|..DE»)

From Halley-De Moivie theorem
)E.] =Si-S2-+Si-... +(-1}-'Sl
<« J
If k=0, no event occurred:
“&UE,U.UE | - Im/’(fTUE, U-U£n)
=1-3rV o .tf-S .,

- P{nOnoftheevents occurred)

Example 2:
Suppose /r letter and corresponding envelopes are typed by a typist. Suppose
further that the messenger, who is in a hurry to leave for the post office, randomly
insert letters into envelopes, thinking erroneously that all the.letters were identical.
Finch envelope contains one letter, which i.e. equally likely to be any one of the p
letters. :
li) « Calculate the probability that at least one of the letters is inserted into

its correspondence envelope.
(it) Find the limit of this probability as N -» o

o

Sotuttrn:
)] Let I\ denote the event that ihe ih letter and envelope emarch

64 *
C(MyV-I)/ C\ n(N-1)N-2);*'" A >/!
r y~ r3 X4
al-r1Sinceex=1 X+ ——F+ —
w2 3lea

{i.e.Pmi?(qg/'l or 2or3or...or N match) envelope m

Vop()Ji, j - i-er'l= 0.63212

\ei >
= 0.6
(n) Takirfe limitas N —=¢
For 1,
23 4
1+1 1 71.1. 1
20 3 4
10.6.2 Countable Probability Space

Sometimes it is impossible for all the sample points in a fi to be equally likely.
Hence, each P, is viewed as unit probability mass among the sample points following
a certain rule or law. This law is sometimes referred to as probability distribution.

Example: Fora geometric distribution
Suppose Q ={0.1. 2. ...}and
I»,,*(\-6)0\ x =0.12....(0<" <)
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Then Rt - PR >0, £ /)=

If ACO”then Pa]=YjPa"
04
Poisson Distribution

Get <fi=fo, 1 2,...} and A isaclass ofall subsets of £1 IfP specifies that

e IX
R = « (X>0\x =0, L 2,...

T~en Rs\ is a Poisson distribution and X is a Poisson random variable

Definition 3:

A class of sets A is called a field or a - field if and only if the following conditions
hold true.

1 If E,6 A then USIEi6 A
2. IfE 6 A, thenE' G A

From the above, it follows that
3. IfEf 6 Aimplies U=i E G A
Example h

A = {fi, 0}is a field.

B=[AA }is a field

C = {A H 0} isnot afield, since A g C

G=(AB.AB.A UB.AUB,a UB,A UB,AB,AB,AB,AB, fi,0 }is a field.
The class ofall subset ofa given set fi is a field.

Example 2:
(1) Letfi = fa, b ,c d}and 5= {{a}, fb, c, d}, fi, 0}
i-e. ?a field? Yes P(a) =~ , P(b,c,d) =~

s QQ I;, P) is a probability space.
Yes, since ~ forms a field.

2) From (1) let\ = {{a}, fb. ¢}, fd}, fi, 0} and P{a} = P{d}= V4  ¢) =5

Pffi} = 1L,P{0} = 0.
The triplet (fi, LP) is not a probability space since ” do not form a field.

Exercise
Q) Iffi = {wl,iv2}and IF= {fi, 0}
Show that Fisao - field.

(2a) Is f = {fFt, £2»£%} afield.
(b) Hence or otherwise obtain all the elements ofthe a - field of t.

(3) Consider the sample space

F = {O{w!, w2}, {w3, w4}, fi}
\fA = = {w3tw4}
Show that F is a field; e

Exercise:
Let Er,Ei,"..,En.denote an infinite sequence of events in a —field A.

Define

, "W
m=n °
00

B,,=
m-n

(a) Prove that BnCEnANnVN .

(b) Show that {/4n} is monotone decreasing.
(c.):show that {fin} is monotone increasing.

10.7 Sigma Field (o - Field)
A non-empty class of sets which is closed under complementation and countable

unions (or countable intersection) is called a field.

Note:
. A field containing an infinite number of sets may not be a 0 - field.
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Into section oi an arbitrary number of a —fields isa o - field.

10.8 Borcl Held
Hus is a subset of the real line. Let C be a class of all intervals of the term
(--00,.v).* G IR as subset of the real line '/R_Also let (0 = Tl be the minimal field
generated by d
fhen 'ft contains the intervals of the form [x, 0o) (i.e. compliments of (—>, a), it also
contains the intervals.
(-<»,al =n (-0 a + “). by coutable intersection
, ' (a.00) = (-00,a|“ by complimentation
(a.b) = (—eo0,/;) n (a,00),a < b
(a,b\,[a.b).etc fora.b G K

I enuna
lct  be the class of ail intervals of the term ({,b),(a > b)a,b e IK but arbitrary.
Thena(t\ = V).
Proof: By (*) (overleaf) a.b.cty forall a, b. Hence,
By definition of minimal field. a (tx) c
fo prove inclusion
Let xe (a.b) then.
U“ i(-n.x)eo(ex),V
=> (-00.Jf) a (et)"x
I' ¢ rr(/')) as defined in the last example.
If is also possible to prove that die Bore! field is the minimal field containing any one
of the following-
e, = {(—o0,x|.x 6 IR}
fi=((aftl.fl <b.a.b er’
f,- ([abla <b.ab <m
C, - {la.b),a < b.a.b el)

— Na co), v t- IK) .tc.

10.8.1 Borcl Set
Borel field and Borel sets play a very important role in the study of probability.
Monotone field: A field A is said to be a monotone field if it is closed under
monotone operations, i.e. if lim Ane IFwhenever {IF} is a monotone sequence of set F.
i.c. Ane F./t,, TA=>AeF
Ae¥.Anl A=>AeF
Theorem: Aa - field is a monotone field and conversely.
Proof: Let A be a a —field and Ane A. If An TA, then A = U,, An\s a countable
union sets of A Hence Ae A Similarly, if Anl A.A = CnAn is a countable
intersection of sets of A
«Ae A hence, A isa monotone field.

Conversely, let A be a monotone field and let Ax,A2 ... be sets belonging to A
n n

Then (J Ak and j™j Ak belong to Asince Ais a field.
k=1 k=1
These are monotone sequences whose limits (J Ak and p |A k must belong to A
k=1 k=1
Thus Aisaa - field.

10.9Kandom Variable in Measure Space
l et ft be the sample space with sample points w. Interest is usually in the value n*)

associated with w.
@) Point function: function on the space ft to a space ft assigns to each point

w eft a unique point in ft denoted by X(W. Thus X(\X) is the image of the argument w

under A i.e. value of Xatw ft ——» Q'

i/rnuwn rungr

The set Q* = |X(Iv): we ft| which is a subset of Q’ is called the strict range of X

Ifif £1"=> X isa mapping from ft to ft.
The symbol X(w), etc will be used to denote functions even though they denote

values of functions.
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Kxample 1:
Letn = |0, £1, £2,... |; ft' = (0,1,2,... |
ft =10,1,4.9...]; ifX{w) = w2
Thus .Vis a mapping of ft into and onto Q*...
0 0

;
W N e

i i
i 2
+ 3

iv, = w2 =>X(wl) = X*jone - to —one
In this case X(wl) * XW2) A w, = w2
X(w) = w2is not 1 —1 function
Since w, = 4-2, w2 = —2 have the same image
x(wi) = 4 = X2
If ft is the real line (-co < w < co)and ft = (0 < w < co)then X(W) = exp(w) isa
1-1 onto function from ft to ft and 1-1 from ft to ft. If the range space is & or its

subset, the function is said to he a .numerical’ or ‘real-valued’ function.
(b) Set Function

Il the arguments of a function are sets of a certain class, then we have a set
function. Suppose Z- E A, we associate a value p(/l), (say) then n is a set function. fi
may represent entity such as weight, length, measure, etc.

The interval (a,b) may be associated with b- a\f(a, b) Uf(c.d) =(b- a) +

(d - ¢),etc.

Iwo real valued function X and Ton ft are said to be equal iff X(iv) = Y(w) Vwe ft.
i.c.X=Y

Or XY iff. X(\WN Y Iw)

Il X(W) = CF weft, then X is degenerate.
(c) Inverse Function

Ihe set of all points w e ft whose image under X is w1 is called the inverse of {w1}
denoted by X~“({w}). The

X_I(w}) = {{wc'ft}: XW) = wl)

Note that for a point w' e ft12 one or more than one points in ft whose image under
Xiswl. Let/I' ¢ ftl The set ofall point for which X(We/?1 is called the inverse of
/Sunder Xdenoted by X-1 (H1)- % ,
With every point function X, we associate a set function A*1 whose domain is a class
§j of subsets of ft and whose range is a class'* (say) of subset ft. Then, X-1 is called
the “inverse function' (or mapping) of X
X(B) = |X(W):WE B\.BCa

X~1(y) =\B (B®Bey |

X-1(ft) = [w:X(Ww)cft] =ft

Lemma:
Inverse mapping preserves all set relations.
Proof: Let Wc Cc ft’, then

X '(«) = \Ww:X{WweB\c \w.X{weC\ = X~\C)
(d) Indicator Function
Areal valued function IAdefined on ft as

xa _ (= lifweA

A (=0ifwei
is called an indicator function (characteristic function by some authors). The strict
range /,,is /,,(ft) = (/,,(w): weft} = {0,1}. IfB is a set function and B ¢ R, the range
space then IAI(B).= $»ifB does not contain '0' or T

= AifUcontain 'T but not'0'

- A\ if Bcontain '0" but not'T

= ft, if Bcontain both '0' but not'T
Thus 1ZI(B) = {<p.AAc.n} = <x(/l)
Clearly Cl/Xlakes value Con Aand 0 on Ac

Hence. (C1.JJU = In(LA)

Properties
(i) fAc H<>IA< IB
Ar= B\ =1m



L, = 12(/t) = IA(A).In = 1
(i) IAQ) = 1- (A IBA=1B-
0 n el
mu.u = fArl=1 >
j=i t=i
= min (lai*—Un)
OV*(AR) ~ U + B~ IA'b “ maX Oa-'b)

n

*(A+B) = *A+ 1[J Ai= N IAINIATAAI + A JAINYATAA] + AK
i=i = i=i

Let Bk ¢ fl ,then w eX_1(n BK) <=X(Wg€ n Bk
<> X(WEBKR
<>w €X_1(BK)ft
« wen X 1(BKk)

Hence, X''1
K¢
Similarly,
(as above)
(iii)  weX~'(Bc) « X(W)EIc ~ XM € B
<>weX-'(B)

B X~'(BQ = (X-(S))c
Clearly (ft) = [w:XMyft) ~ft
X~'(<f)) = 0. (prove)?

Corollary: (A)

If Ais a field, a class of subset of ft, then the class of IBofall sets whose inverse
images belong to A isalsoao - field.

Proof:
I¥IBe e cA

=i

=P | BelB

1
Thus, B is closed under countable intersection. Hence, IBisa o - field.

109.1  /(A) as a Measurable Function

Since IA'(B) = {qdA,Ac.d} = 4d)

Let Abe o - field in fl. If/IfA, Acalso belong to Aand IAL(B)eA =* AeA
Thus, /,,is A - measurable iff AeA .

10.9.2 Induced a - field

Let X be a real valued function on ftand Bis a Borcl field. By corollary A’(overleaf)
the class of Sets X~x(B) = B cB} is called the o - field induced by X.

10.9.3 Function of Function

If X is a function from ftto fl and X is a function from fl to fl , then the function

X (X(w)) fromfl to fl denoted by X X or X (X) is said to be a function of function e

or composition of two functions X and X .

Its inverse (X X)~I isa function on the subset of fl to the subset fl such that for any

BC fl".
WxXyKB)=\w:XI{XM )eB] =
= [w:XM e X'-"tf)  (XIX)~l = X~ X1'1
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1094 Measurable Function

1.0 X bo a real valued function on ftto R.

Dctlnitiun 1. Lei

Hisa a field ofsubset of ft. If X“1(li)e A for Il Borel sets B e IB then x is said to
bo function measurable with respect to A, i

DefinationZ: If ft is also the real line R or its subset, and If A is measurable w.r.t. the
Morel field 18on the domain; then X is called a Borel function.

10.9.5 Random Variable (Economic Definition)

Suppose ft be a sample space. Let A\ao —fieldofevents associated with a certain

fixed experiment. Any real value A - measurable function defined on ft is called a

random variable. Thus,’X is a random variable iffB~x, the a - field induced by X is

contained in Al

Suppose we define two non-negative functions

XW) =*wp *Xw) "~ 0
=0,itXW O
and
XW ~ Nw)> <0
=0ifXw >0

The above are respectively called the positive and negative parts of x. Then

A’ and X are Borel function of X and will be random variable if X is a random

variable

Note:

111 These functions play an important role in the theory of integration of
probability function.

(2)  To show whether a function is a random variable, it is not necessary to
determine whether X~1(B)e A for every B in 33. It is sufficient to verity
x~ 1(f) ¢ Awhere cis any class of subsets of R given in sub interval on
page 8.

1%

Lemma: Aisarandom variableiff A"'(f) ¢ A.where f is any class of subsets of

R which generates 33

Proof
Show that X 1(f)c A»X-"(S)c A.Sinccfc Aand X "'(33) ¢

A\ X" (f) ¢ A conversely.
Since Alisa a - field and
X~I(t) c. A=*a(X_1(-)) c A
= X~I(a(f)) c A
=> A

10.9.6 Vector Random Variable

Suppose weft, the associate X(w) = (X\wy, KW)) a point in the 2-dimensional
huclidian R2. The Z define a function from ftto R2. Consider the class of 6 of all
rectangles bounded by the lines xx = a.x = b,y = ¢,y = d,a < b,c < d arbitrary,
flic minimal o - field containing f in Borel field (332)in R2.

/. is called a 2-dimcntional random variable ifZ"’(332) ¢ A\.Z~(®2) «aa - field
induced by X

Illustration
@ .

S, =£ Xt E(Sn) =nA.a(Sn) = VTil
i- 1

flic moment generating function of Znis given as

M_ .0, (VJ

log/W/(t) = <t'fnA- nA - e

=-tV5*-U (i-U +js+s5+5"r+-1 )
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”|IrC]XI log W(E) = 17 => Wy{t) - e’2*,2

=mgf of A/(0,1)

Problem

Suppose that S,, has the binomial distribution b(n,p)- show that
distribution

%oN----------- »N (0.1)

Theorem: Let Yn,n > 1be a sequence of real converging to YO Then the sequence
MAY2 Yz, Ybhy2+-yi
n

X' o2 ! |
Also converges to YO However, the inverse is not true.
Proof:

Let > 0, wefindn,stn>n= (V+e/)—K|<E
Since Yn-» KO3 no s.t. [Tn- K| <e/2K >
lind >n0s.t. —HK0| < e/ 2 for convinence
We claim that n >n, = - "0l < £
Then irifj il = [V+¥0)+-tymonb)

) +i-t !+(y"0*‘y0) + (y,,OMﬂO):*-NMtM)

no n
. . \Yi-Y 0\
= "0 1y
x%[2 +'-Tel2
SEI2+el2

<e

Thus, (V' “ KIVn ~ 0 i.e. WI.LAN holds.

Cov (XY)- H(XY)  E(X) E(Y)

CHAPTER 11
LIMIT THEOREMS AND LAW OK LARGE NUMBERS

111  Introduction

The law of large numbers is concerned with the conditions under which the average of
a sequence or random variable converges (in some sense) to the expected average as
the sample si/.e increases.

11.2 Concept of Limit S
Let v, be a point in some intervals oflhe real line "H Let / be a function which is

delined at every point of / except possibly at .v,,. The limit of the function as x
approaches W0 is /, written as

im /\,=Lov /(ff >Lasx—x
If for any positive number X (no matter how small) there is some 8 greater than zero
such that

/(i Z|<oy, for all O<|v~v{d<S
I rom the above definition, the number e > O is first given, then we try to find a
number d >0 which satisfy the definition.
Example 1. Prove that <ini (3r—4)=14
Solution: Given A>0, find 8 >0 [dependingon 1.1s.t. 0 <jv- §<d. we have
\f - 14 <e
->[3\ 4 14 |3(.v-6] 3jv 6/ <38

Note that [\ 6j< A

IRS



Example 2:
Prove that ’(2 x+1
'*23*+4 10

Solution: Given £0>0, we went to final

O<|x- 2| <£, we have <
[(x) A - *+] 3 X+2 X-2 *8
J 10 3*+4 10~ 10(3*+4) 10(3x+4) ' 10(3x+4)

If x is sufficiently near to 2 so that

3r+4> 10, thus L <1
10(3*+4) 10

Thus I/'M — | 10(3.r-4) 100
8 = 100£
Theorem: Let / be the constant function defined by = C where C is a constant

tint f(x)-C

Proof: Given s>0, find 8 >0 suchthat 0<|*-t7|<5 =>|y|T)-Cj<£-

The distribution of certain statistics of interest are too complicated to derive for
differing sample sizes. In many cases, limiting distributions can be obtained as an
approximation to the exact distribution, when the number of observation N is large.
Thus, most important theoretical results in probability theory are limit theorems.
Let consider some useful limit theorem.

11.3 Markov’s Inequality

Markov’s inequality can be used to obtain approximate probability of an event given
that the mean of the probability distribution is known.

Theorem: If X is a random variable that takes only non-negative values then for any

value u >0

200

<_/\
p{x> 0} a

Proof
Suppose X is continuous with density function

=[VwW *+«EV (X a
> £ xf(x)dx
>j~af(x)dx

=0 " f(x)dx
>aP(X £ a)

/.aP[X >a) <E(X)=>P(X ga)<_/\a

The above is for a single variable X. Suppose we have a sequence of variable
{X.};n=1,2,...n, then we have the Markov’s inequality for a sequence of {A,}as

PX.

114 Bienayme-Chebyshev’s Inequality
Theorem: If A is a random variable with mean n and variance a 2,then for any value

e>0:
o

Proof:
Since ( x - r t is a non-negative random variable applying the Markov’s inequality

with a =k \we have P{{X - /j)> K}<—<r~ ~

but since {X - ft)" =K" iff\X -| > &,then the above (*) is equivalent to



The above inequalities are important in that they enable us:

0] derive bounds on probability when only the mean, or mean and variance of
the probability distribution are known.

(i) Determine the convergence of a sequence of random variables or sum of
independent probability distribution.

(iii) Prove important results in statistical theory

Example:

0] Suppose it is known that the number of eggs sold in a poultry farm in a
month is a random variable with mean 75 crates.

(i) What is the probability that the sales for next month is greater than 100
crates.

(iii) I1f the variance of the sales for the month is >5, determine the bounds on

the probability that sales in the coming month will be between 50 and 100

crates.

Solution: Let X be the number ofeggs sold in a month
0] by Markov’s inequality

P(X=ViOyE 7 =3
(i) by Chebyshev’s inequality

/>).*‘-75H> 25 =—
1 252 25

\x - 75|<25}>1——=—
P 1X h % 25 25
So the probability of sales of eggs for this month is at least 3

Definition: The sequence {Xn} of a random variable is said to be stochastically

convergent to zero if for every e> O the relation

lim P{XNI><r}=0 is satisfied.

Note: It is only the probability of the event tends to zero as n->00, it does

not follow that for every e>0. we can find a finite nO such that for all n >n'; the

relations \X,\ <e will be satisfied.

Example 1:
Let {AJ be a sequence of binomial random variable with

=0 =(")/>"(i-I>r
To show that u‘m pfx,|>e}=0
Solution:
By Chebyshev’s inequality we have

E(Xh)- n.p\ Var (x)= or

vin
. . anq
But Chebyshev’s inequality states a = o

a2/
P\X -p\>e}<”- fore>0.

avVv ,

o PYGP KAriES
\Xn\>k \
pAXn\> o}<A

Lotting  11—- wc have

P\X |>e}<-n- =
ne

203



PriX.-np\>e}< &

Chebyshev’s Inequality
This theorem is often used as a statistical tool in proving important results in statistics.

For example:
IfVar(x) = 0 prove that
PX = B(x)=\

Proof by Chebyshev’s inequality, forany 0 > 1.

Pr(kK—ml> —o
as n —» 0o and using the continuity property of probability and Chebyshev inequality.

"P(E2.{1-"i>"} =0
=p[x*n\=o0
This implies strong convergence (Strong convergence)

115 Convergence of Random Variables
Convergence in law denoted by
Xn 5 X ifat every continually of X through distribution function F of
Limn_/y,(x) X
Where M (x) denotes the distribution function of Xn

116 Laws of Large Number
This refers to the weak or strong convergence of sample mean

X#= % t0a corresponding population mean (/j).

11.6.1 Weak Law of Large Number (WLLN)
Let Xx,X2, ... be a sequence of iid random variable’s each having finite mean E(Xi) =

H. Then for any G> 0
>6j 0

asn >0

This implies that Xn - fi
Proof: suppose the random variable has a finite variance a2
£ A yar fXHR.XN _ E

It follows from the Chebyshev’s inequality that

Thus, as asn -» 00

. X\ "hX2...xn
nI-I’!poPE 'A*>€}:

Xn-*n

Convergence Almost Surely
Xnis said to converge to X almost surely, almost certainly or almost strongly

denoted by X,—— if Xn(w) —" Mfor al w except for those belonging to a

null set N.
Thus X,, -*+->X iff X,,(w) A,,)<o

Thus, the set of convergence of {Xn) has probability unity.

Lemma:

Xn——>X iff as n->co

->0 V an integer
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Proof:
Now  AyOv)-* ~A(w), if for arbitrary r>i, there  exist  some

R r)s..VK>n,, (w,r), \X,,(w)-X(w] </r
Moreover Xm—  >X implies that P[Xn- X]=0

Using de-Morgan rules,

[»:\X.(w)-XM\>y$\=0

r n

i.e. foreachr
[wAXA»)-x(.w]z.yA\x<i

Equivalently for each r

& tfuk-*1*X 11=0

Replacing the above by the complimenting condition we have

Hnk-*i<x])->i

Note:

Lemma 1:A sequence of random variable’s converges a.s. to a random variable iffthe
sequence converges mutually almost surely.

Lemma 2:If Xn—— >Althen there exist a subsequence{Xnk}of {Xn}which

converges a.s. to X.

Convergence in Distribution
If F,[X). is the d.f. of a .random variableX,, and KX the d.f of random variable

X . then }Xn} is said to converge in distribution or in law or weakly. It is denoted as
X" ——>X, Fn->F weakly or m(x) -> F(x).
Theorem 1: If X,, — >X,thenF, F(x), xe C(f)

206

Theorem 2:1fX,,—-~>Cimplies that Fn(x) -»0forx <G, Fn(x) —1forx>Cand

conversely.
Proof: If Xn——»C, Fn(x) -> F(x) where F(x) is the d.f. of the degenerate random

variable which takes a constant value C since
fO, x<C e«
Sl x>X

Conversely, let Fn(x) —=F(x) as defined above.
Then PrjjT,-C|S;e]=P[A", £ C+s]+Pr[X,, SC]
=1~r[Xn< C+e]+ P X £ C]
=1-F,,(C+e-0)+/;i(C-e)
which tends to zero as n—>co.
Hence A‘',,--
Suppose Xn's are discrete random  variables  taking « values

0,i,2,...s.t.p(x,,=;)=/>,.if p,,->p, asn-»0and Stakes value

/ with probability R (i=0,1,2,...) and hence = 1mthen

ACT

So that Xaconverges to X in distribution.
Examplc:Let A”be a binomial random variable with index hand parameter

P,s.t.as n->co, "Pn-> X >0and finite. Then we can verify

(K=0, 1, 2,..)

The binomial random variable leads to Poisson random variable with parameter X in
distribution as n-*co.
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Convergence in rhMean

A sequence of random variables is said to converge to X in the rlhmean, denoted by

Xu ~x~>Xif H\XU- X\r ->0 asn ->«.
For r = 2,it is called the convergence quadratic mean or mean square.

For r = l.it is called convergence in the first mean.
Lemma: If X ,, ~F>X =E\Xn\ -> E\Xf
Proof: For (r <[I)put(Xn-X) and X for X in tyheincqulaity

4 ' frsEK -*r+4*r
Interchanging X nand X in inequality and combining, we have

E\XI-E\x\< E\Xa-X\
Thus Xn—¥-*X => E\X,\ =>E\X\

.|
Then *{¥, - X\ >e}<

Xm-~ * X as n.-Ft>

Lemma
The binominal distribution b (k; n. p) approaches the normal distribution as n <-ac
ie. ?2(kn,p)~-=T"“—-e "
Jin npg
Proof
n\
Let A(k;n, p)= “ for large values of n.
(kin, p) KI(n-K) pq 9

The above represent P[SK- K) where St is a random variable which denote the

number of successes in n. Bernoulli trials with probability success for success in each

trial.

we let n >xandkeep /’ fixed then p\Sn- np\>np) ->0 ¥e>0 by the law of

large number. Accordingly \K -np\jn -» 0.
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Nowlet yp="7""u )

Jnpq
Since nand k are large, we can expressed the factorials in (*)above by means f the

Stirlings formula/approximation as
e*"'1l

b(k, m,p)—

p kq"'kee

@ @nYnky>(n-k) KM

» nq
@2nY~k(n-k) U A n-k

Where 0 -OIH -0(k)-0(n- k)

WingVK I[1+H + |

I from(..) the above can be rewritten in the form
Substituting for k

1 1
+ —

tf|<-—--
+P
i Xk Kgoog ot XV

-> °° *
If we assume that \f« ->Vﬂ ggﬂ >, theng —0and ¢* —>1m

which can be approximated by

J— for large n
Jnpq
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To estimate the quantity " J |’\—an

Taking logarithm of the above gives

«'oe[y'y(n-K)iog{yn_k)

Which can be rewritten in the form

-tip \+xk ~  log 4% 3__

\np PJ
f

NG 1+m%/—  log |+x* )~
np inPJ

Upon substitution for K.

Since x¥7 ~ is small, we cam expand the Logarithmic function in power series.

Using the Taylor expansion then a reminder
logJ+x)=x-y+"-;  (0<[ed<x)
(* *) above becomes
-|*; +CXVi !
Where C is a constant

If we assume y -» 0 then can be approximated by

Hence (*ii)is asymptotic to e ™ X
Gathering the estimates (i), (ii) and (iii) above, we have
bl np)~
Jin npq
The normal approximation to the binominal distribution.

11.6.2 Criterion for Convergence in Probability

The following lemma gives the necessary and sufficient condition for convergence in
probability.

Lemma

x-W E (£1i)”" 0asn*

X wire KAl 0ansaw
UwlJ

Proof

X1 ’ o |x_I
Forany X, ther.v. is bounded by unity. Taking g(x) = rj|-77 1for €>0
»

\W»\
J W _ 1—-1-< e[-17)/
li+KIl) e * I +w J/ rHe

FromRHS E M

b+wj
From LHSp\x \>e]-» 0 => i O
u K is a non -negptive r.v.so

K
E\ >0

Theorem:  Iff ¥ is a continuous real valued function and
X,— X, thenf®

11.6.3 De Moivrc-Laplace Limit Theorem
If S is the number of occurrence of an event in n independent Bernoulli trial, with

probability E for success in each trial, then
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If wan bvary so that a3n**2 -»0and C2<'A ->0 as n -»00.

11.6.4 The Weak Law of Large Number
Let Al X,,...Xnbe a sequence of independent and identically distributed random

variables each having mean E[X,)=/u and finite variance a1 Then for any e> 0
PAX - p| >£j—0, asn-»00

Proof
It follows that

efx ]- // and Var (x)= —
n

From Chebyshev’s inequality we have

’ 1 ns"
1.lim pjx-//|>e}-0

This theorem was first proved by Jacob Bemowlli

11.6.5 Bernoulli's Law of Large Number

Let fc} be a sequence at random variable with pdf

\

P'O-P~for O<P<1 and r=0,1,2,...

Further let Xn=Yn- Psequence of random variables {A,}is stochastically
convergent to 0 forany e> 0. i.c. limP(jiXn>e)=0

Proof:
W have E(XJ=10
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Now using the Chebyshev’s inequality

L p\Xx\>e)<zr

= >} mm" e |t follows that lim P(jXn|>e)=0 as n-»co.
ns' =

11.6.6 Strong Law of Large Number (SLLN)
This refers to the strong convergence of the sample mean to the population mean,

i.e. Xn => E{Xi) = p

1
o

i.e Jim P{sup \Xn- p| >e)
Or
Plim[Xn=ix]= 1

n —*on

Note that SLLN holds iffthe population mean exist.
Theorem: Let /V,,X?,.-.X nbe a sequence of independent and identically distributed

random variables each having a finite mean // = E{X,). Then with probability 1
el fjoas n-»

Or Prjim (X, + X, +...4Xn)/n=pj= 1|

Theorem: Let [Xk),k = 1, 2,... be an arbitrary sequence ofrandom variables with

various ok and first moment Mk. If the Markov’s condition (i.e.limn_mak = 0)
is satisfied then the sequence [Xk - MK) is stochastically convergent to zero.

Proof
Suppose Xk arc pairwise untouched (i.e. independent). Consider the rhvariable
4D teet
\f‘n =
Wec have
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I A
E(YA =nk:||/\

Such Xk are pairwise uncorrelated, we have

~20'n ):p4 A\

k=i
If
n n
Ifl i — -
n IR)n 2%9’ at-o
Then by Chebyehev’s inequality (theorem) it follows that

b />[I -E ()'n)|>e]=0

Thus, the sequence —MKk} is stochastically convergent to zero

2M

CHAPTER 12

PRINCIPLES OF CONVERGENCE AND CENTRAL LIMIT
THEOREM

121 Introduction
The Central limit theorem is concerned with determining conditions under which the
sum of a large number of random variables has a probability distribution that is

approximately normal.

12.2 Convergence of Random Variable
A sequence of random variables {Xn} is said to be converge to a random variable A" if

W w)} converges to X(w)<co asn —>co for all w e fl Thus {Xn} is said to
converge to X everywhere.
If Xn(w) converges to X(w) only for w'EQf* we A, then C is called the set of

convergence of X,. If Ce A, then tim Xnis a random variable clearly, C is the set of
all we ClI, at which whatever be £ >0, \Xn(w)~ A'(w)! <e for all n greater than
n = NO(w) sufficiently large symbolically for =n+m, m>1

C=[w:Xm(w) "X (w)]

= unf[~|*~w-*wH
« n

Equivalently, replacing “for every £->0 by for every k_k =\, 2, ..e

Since C is obtained from countable operation on measurable set, C is measure from
CeA

Now |/(.v)-C|=|C-C|=10]<E
Hence \f(x) —Q\ < sVx
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This theorem tells us that the limit of a constant 8 that constant. . . . - . y: .
This lemma provides us with sufficient evidence/condition for the convergence in

probability.

Remark: ) .
The proofofthe above follows from Markov’s inequality.

If fa hasthe limit Las x->x then fa issaid to converge to /.
OR ie P[

If Cisthe limitof fa as x a then fa issaid to converge to a constant C written as n—2m

as AX) ~*C as x-> a Theorem: LetX be a k-dimensional r. vectorand g >0 be avalued (measurable)

Note that the constant Lor C can also be a random variable. function defined on 97*, so that g(X) is a vector random and let C >0, then

Convergence in Probability
A sequence of random variables {XK} is said to converge to X in probability, denoted Poof: Assume X\s continuous with pdf Then

by —~->X, Ifforevery e >0, as n ->00

= fo{xItXi.... Xt ) f (X, ....xt )dx,...., dxk+J(gX, ...... XE) (% xt)dx

A

equivalently, if for ¥me >0, as n <- 00

PDXmX<e]-¥I.

Note:
. . . S . N Where A=

This concept plays an important role in statistics, i.e. consistency of estimations, weak
laws of large numbers.

g (x)] - & (xi7 —>xk) [ (*p » JA»~A
Equivalcntrandom variables: Two random variables X and X' are said to be A
equivalent if X -> X 1 a.s [almost surely] Using the result from Markov inequality
Lemma: X n— and Xn——>X' =>X and X" are equivalent.
This lemma shows that a sequence of random variables cannot converge in probability CA ; P\ c

. . . =CPfeWeA]=CP\g{x)>
to two essentially different random variables. eweAl 9t)>Cl
Lemma: Xn -0, if c\Xn\ ~>0 N fW2C]SE M
Replacing Xn by (.Xn- X) we have:
Note:
Xn-+X<*> jff Xn-X —" 0 If Alis of discrete type, the proof is initial analogous.
1\X" - X\ 0 implies Xn— 1 Special Case I: (»)

Let X be a random variable and take g[x)-\X~L\ ,/j -Ji(X\ r >0. Then
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p\X-"\>c]=A
Cr e

The above is known as Markov’s Inequality

Special Case 11:
If r in (*) above is replaced by 2(i.e. r =2) we have

4*%--Aacl=pw - riic!]s"L A .s

This is known as Tchebichev’s Inequality.
In particular, if C =Kg then

OFpj\x -~ > K ali-L
A

Remark

Let X be a random variable with mean ” and variance cr2=0. Then the above gives
p\x - //|£ c]= 0 forevery C>0
This implies that p(X =/j)=1

12.3 Cauchy-Schwarz Inequality
Let X and Y be two random variables with means u, ,/i2 and positive variance

a' and a2 respectively. Then

Or equivalently,
-ofof <E[[X- n )(Y- AA]E ofo}
and E[{X-"){Y-")]=g-g\

|ff (*:*) =i

Proof:

Then X, amd W are standardized variables hence

iff-\<E(X,>'"))<!
Which becomes (replacing X, and Y{by their itandardized variable)

Note:
A more familiar term of Canchy-Schwarz inequality is

e-[x N)<E(*E(r:)

124 Borel-Cantelli Lemma
In the study of sequences of events A,,A}... with Pk =P[Ak); a significant role is

played by Borel-Cantelli Lemma.
ie. () If the series converges, then a finite number at events

Ak occurs with probability 1

(i) If the events are (completely) independent, the series diverges,

then an infinite number of event At occur with probability 1

Theorem:
Let {An}n=1,2,... be a sequence of events and P{A,,)denote the probability of the

event An where 0 < P(An)< 1 Then if

L
0] If £ p(Aii)< oo with probability one only a finite number of event

An occur.
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0

(i) Il the events {An}n =1,2,...are independent " P { A nj=<¢ with prooaouuy
A

one, an infinite number of event Anoccur.

a

Proof: Suppose o)
i=
Let A denote an infinite number of event An occur

"-nik
=AC (JAn
nr

Meaning that P{a)<A (Ja, <

asn o P(An) 0
=

hence, P(a)=0 " P(A,)<®
fid
(i) If Anare independent and
£>(4,)=¢

nor

then A -1-A iffat most finite number of events Anoccur.

X X

hence, A=\Jf)An
<l -

In view of the independence of An, we have

\-f(a)=p{a)"p(i ()a,

krn| «=r
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i.e. The infinite product of the r.h.s of the above is divergent. Hence, P(a)= lwhich

X

shows that » P(An) =00
9=

125 The Central Limit Theorem
Theorem: Let X1,X2, ... be a sequence of independent and identically distributed

random variable’s each having mean p and variance a. Then the distribution of

A+ +,+X4—A
adn

what intends to the standard normal as n -» co. 'fTat is

as ( >
In simple language, the theorem states that a large number of independent random

variables has a distribution that is approximate normal. It provides a simple method
for computing approximate probability for sum of independent random variable’s and

explain the fact that many natural populations are normally distributed.

12.6  The Central Limit Theorem
Let {Xn,n > 1} is a sequence at random variable Define
Sn = Xi + X2+ "Xnia(Sn) as the standard deviation of Sn and Zn

- Srg;(qs(ns)n)
Then Zn converges in distribution to ///(0,1). This is an example of SLLN.

Example
Suppose Xs above are i.i.d each with the Poisson distribution with parameter X. Show

that the SLLN holds.

12.6.1 Central Limit Theorem for Independent Random Variables

Let Xi,X2,- be a sequence of independent random variable’s having means p, =
E(Xf) and variance a? = Var (XL). If (a) the Xvare uniformly bounded, that is for
some M’,P$\Xi\< M) = 1 for aHTaad



We will show that with probability I,

uu co

(h)~ of = co, then

1=1

ZUCXi-fi) Let X1,X2...Xn be independent random variable’s with E(X[) = 0, Var (X,) = a2
P< <a-e**0() as 1 -*co we have for some a > 0 by Kolmogoro’s inequality

ZT=i°?

Kroncker’s Lemma (Proposition)
Ifal(a2, ... are real number such that
co n

Z-lr < 00, converges, then ry;gozén—:o

12.7 Strong Law of Large Numbers for Independent Random Variables sg X 0p=°

Let Xi,X2, ... be independent random variable’s with E(A") = 0, Var (X9 = a? < °o. 15
By Knonecker’s proposition, we have that

If i < 0, then with probability i.

X +Xa+-+Xn =1
0 as n —»co
t=i

Note: It can be observed that Kolmogorov’s inequality is a generalization of

Chebyshev’s inequality. 1f X has a mean n and variance a2, then by letting n = 1 in o Pr < Max % >a} =0
Kolmogorov’s inequality we obtain | |“5ksn |1:J
P{\X - n\ > a) < -jj{which is Chebyshev's inequlaity) : This implies that
] n

Where XI,X2,—Xn are independent random variable’s with E{Xf) = 0, Var (X9 = > im ) *Un = Oor equivalently that
of; then Chebyshev’s inequality yields : 0

n 2 %
f{fi+- +Xn|>a}s2]" Iimz)_ --------- =

o n-ccZj n

-1 1=
Kolmogorov’s inequality gives the same bound for the probability of larger set of and that
variables. The theorem (Kolmogorov’s) is used as a basis for the proof of the strong pf\,||i£nu Xk = 0;' -

law of large numbers in the case where the random variable’s are assumed to by
independent but not necessarily identically distributed.
Proof: (Ofstrong law of large numbers for independent random variable’s)
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Definition 1:
Two sequences h{Xnw)}, {/,, W)} of random variables are said to be "Trial

Equivalent™ a finite number of terms,
i.e. foralmost all w Q, X n(w) =Y,,(w)

forall but a finite number at n

Lemma
if rr% Pr-x,M *y (w)} <00 i.e. trials

Then Pr{w:X n(w)* Yn(w) infinitely after }=0

Proof
Let En=[Xn(w) * ~ (nD)=>Pr[En occursinf initely after) =0

Since X P\En}—v 00 in converges

PriPmsup EnV=0o0r 1

Definition 2 . .

A sequence {y,}is said to be a truncation at the sequence {A'Jat [an)where {a,} isa

sequence of positive real number if

We know: \X,\ <an=>-an<Xn<an

YIIIX Y/ cutoffthe {an}at {Aj inorderto obtain {T,}
’ 0 n

Lemma:

Let the sequence {/,.} be atruncation of sequence {Xn} at sequence {a,} be finite i.e.

Yh- XPrlA™ > an}<

then
Y, (W) — X n(w) as n —vo

224

A, (W)-vAWw) asn "~co
Proof
Given =X, Pr{x,\ > a,}<c0

=>PrlEn occur infinitely often} =0
Prjlimsup Enj= 0

PLANE, =

=1 byde-Morgasloa

Pr nuA?
[.Pr =1
=>Prjlim infE,j =1

Pr{A\(w) = y.(w) V except a finite number of n}
=>(jT.}and{Yn}are Tail Equivalent.

Examples
Let En={w: h(w) -> A,,(w) as n->»}

=*P(E) =1
ie. A- [A* - Y, Vnexcept finitly inany nj
P(/1) =1

If weEamdwe A
we EflA=B={w:Y,(w)—A,(w)as n->coamd X,, =Y, Vexcept finitrly many n)

r=.weA'f|[A=e>weB
(EflA)<B
thus P(E) =1P(A)=1 P(B)=1
where V and A arc defined on the same ample space.

225



Hence, they are tail equivalent.

12.8 Bolzano-Cauchy Criterion for Convergence

Lemma: Let C be a fixed real number. If |C| < ATefor some K >0 and every€>0, it
follows that C = 0. By Bolzano-Cauchy criterion for convergence

Proof: suppose not. Then C* 0 £/>(£,)<
(63

Since € ; ; - _ . L
is chosen arbitrary, put e into let e ok >0, since Kiis given. given any e> 0,3 an NO(e)

Such that V\n> NO.

Then |C|J = K e which is clearly a contradiction except for |C| =0
HhK
N | XE,,I<e and lettingK -» co

12.9 First Borel-Cantelli Lemma
Theorem: Let {£,} be a sequence of events each of which is a subset of ft such that

£ F where Fis a a - field of sub-events of ft defined on the probability space Now z

A = pili =
(ft, F.P), then AP (E En)< co=> pjlim supEnJ= 0. PE)< z p(e. <&>0

[iffE.} isasequence of events we are often interested in how many of the event occured] Where ecan be taken arbitrarily close to zero
i.e. only finitely many Enoccurred.

OR
If fc) is a sequence of events in a a- field F, where ft, F, P is a probability 14 BC-Lemma does not require independence of the event En.

12.10 Second Borel-Cantelli Lemma

space. Then P({Eon})< 30=5/4im supE,, }=0
Let {£,) be a sequence of independent events on the same probability space

(fl, F,P)then if £ = Hqﬂs”p En;

Proof:
=i | =«
Let £ j}_r(QSUPEn i}f(£') «

=>£(£,, occur infmtely often) =1

Then £-f)|j£,,; clearlyEc (JE,V-m e N
ie. £jiimsupEnj= 1.
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Proof:

Recall that hmsupEn=p [\Je,,s

y mm

im*W (En)] i =P{minf Eo}=pjlim (fl

Forany N> Oand every K> N

Since E, s are independents Ef's are independent too.

amN / m N
Since J~[(I- P{En))<J"Je ,[Kl1=e "" by exponential property
mN mN
asK oo £ P(En)-» wie. £ P(En)=m
"»N n=N
) -IP(E.)
= lime"™ >0
Af-w:

= 1-P{E) =0" P(e)=1.
Theorem:
pr{limsup En}= according asJP (E n)= <®

Ico

Whenever Et,E 2>..., En,... are independent

le-(]) J’\g]lE(A n)<oo, p(iim An)=0

(i) 1 of J=o0oand A/jrare independent

p(tim (Aj)=1.
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Corollary to 2n B.C. Lemma
If A7 fareindependentandX,, ->0(a.s)

Then2>|jr, [>c]<<x>
ml L ex,

Whatever be C> 0, finite

Proof:
If Xn's are independent random variables /1, = [jx,,[]> C are independent. Since

X 0 as. iff.

i3]

>CJ]<oo asn-»0andforany C>0

We have /’(lim SUP AnJ=0

Since PE(A,,)< co.

Note:
The converse of Borel-Cantelli lemma is not true if An's are not independent.

1211 The Zcro-Onc-Law
Let A,, A-,,..., be events and let A be the smallest cr- field containing each of these

events. Suppose E is an event in A with the property that, for any integer j\,j2, jk

that events.
E and Aj, f) Aj2,fl...fl Ajtare independent.

Then PIE) is either O or I.
Exercise 1: If P(An) 2—V neQ; ]nfi"PAn: ®

Does [An}converge??
=>/'(limsup A3)=1

Bui +P(.4,, J~rc=> PAlim inf Anm-0
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Thus limsup An* liminf An
Hence {An} dos not converge.

Exercise 2: Let X have the uniform distribution (X~p (0, I)) consider the sequence
ofevents {An}.

Where An= jW X(w) <—. Are{An}independent.

Proof: f(t)=1 O<x<1

ThCn 5 PMA"A~5 n ~ +°° Harmonic Series Diverges
But En” A nHz>AnH=>.,

Fimsup A, )- -~ =0
LB/

Clearly the above violates the 2rd B-C lemma as the sequence {/*,} of events is
overlapping and the therefore not independent.

Proof:

on Q-A(
on Al

Let
Then J IAJ{, fAI2...../[N* dP = P(Aj, f| Aj, fl.-Tl AJKf|£)
=p(AjlnAj;n....nAjjlI’(E)
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By independence of E and A, f| Aj, D...fl Ajk

=jAjl'Aj,... AjkdPP(E)
n

But (fl, A, P)is a complete probability space.
.m.p(/fnf)=.pM"*ple)

Forall AeA, inparticular A=E.
. P{E)={P(E)R2

Then P(e)=0or 1

Completeness
A measure space (H, 0, P) is said to be complete if Acontains all subsets of sets of

measure Zero.

Note
0] A non-empty event with zero probability is negligible
(i) Every subset of a negligible event have-zero probability;

Lemma
Q) Given a probability space (H.A, P)and a sequence {£,.u - 1.2,..} of event

where EnCH and E T \n

Prove

@ liminf EnC I_ifm supEn

(ii) lim inf P(En)< I_ilr<n inf P(En)

2 Let (Q, F) be a measure space, on which a sequence of probability measure is

»

1
defined. The set function P(e) dA Pn(£)

0] Show that 0</},< 1.
(ii. ii) is countably additive and is therefore a measure

(iii)  Prove that Fj(f2)=1
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Solution Now let Au{w:\X,(w)|~ e zTn}, then Anl<p

0] P(E)=— Pn(£)> 1.Since Pn(e )" 1 and 0 lim(En)=0 and iimP(An)=0
2n 2" v IN-X
(i) Show limj; Py(£)= P.(£) and %/nc JfX]dP =0
- 1> A Am

M P(f)=ZjrP.(n)=i:A (i) This verifies the 4hL.T. so by Lindeberg’s theorem
)=ZjrP.(n)=i;"(i
n=| ~ n

X,+X2+- +Xn " in distribution
tTn
+..
~2+4
EWE Lindeberg’s Theorem (The Conditions of Lindcberg Theorem)
T~2 Let 1 XitX2,.:Xkt

I->/\n>eee\23

Be a rectangular array of random variable satisfying the following condition.
12.12 Limit Theorems for Sums of Independent R.V’s

Lirideberg-Levy Theorem

1 V-n>1Xn,Xn,..Xnt_ are independent

Ll Xr.\... be a sequence of ij.d.rv each with mean 0 and ygriance 2. e(*j =0;
rJ(0<r <co) Then +*74+—+X*  W(O, ) > BI=r#rit s rid wiA 5;>0
ZTn
Proof:
_ _ *0
Consider an array Xi Ke>0.

Let S,, =X,, + X,, +...+#X . and N arandom variable with standard normal
* ' * | . * ,

distribution

Then ——— _»Q{ZL: Te "N
5, 2n of

The above statement is basic to the central limit theorem

However, if E(XiL)=0
n
A J -m p an \Xdp dt

Since X sare i.i.d.

Condition 1,2 and 3 of Lindeberg’s Theorem are satisfied.
We only need to verify condition 4.

Let e> 0, Bl =nr:, then

and
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Lyapunov’s Theorem

LetXibe a sequence of independent random variables. If a positive number 8 can be

found such thatas n—co; /> 1.

k= V2jr

Proof: offe 0o

The random variables, define above satisfies 1,

also satisfies the following:

2, and 3 of Lindeberg’s theorem. It

(i) for some fixed & > O>E\X»k\2+S < 00

(>0 (im gni Ei £ir-*r+ =° then

We now need to show that condition 4 of Lindeberg’s theorem is satisfied.

Let Var(X,)=bfor /=1 2 then Bn=bTn

Setting E(X,) =ar, condition 4 becomes
/ \ X a*hvn

Vrb2| L atdFM =g

which approaches zero since the Var(Xt)< coanc/ 6=0

Now wc need to show that condition (2) implies condition (4)

This follows from the inequality
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eoW-.i

By hypothesis (ii) above
1 et
«” 6d \ad

iS1L g 5% Qi _»#(0,1)
"5
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CHAPTER 13
INTRODUCTION TO BROWNIAN MOTION

131  Brownian Motion (Weiner Process)

Brownian motion describes the macroscopic picture of a particle emerging in random
system defined be a host of microscopic random effects in d-dimensional space, Peter
& Yuval (2008). At any step on the microscopic level, the particle receives a
displacement caused by other particles hitting if or by an external forces so that it’s

- * H

posterior at time-zero is So, its posterior at time n is given by S,, :SO+Ai(' where

the displacements Xt,X3,... are assumed to be independent, identically distributed
random variables with value in TRd The process {S,,:/*£ 0}is a random walk, the

displacements represent the microscopic inputs. Thus Brownian motion is a kind of
stochastic process.
Any continuous time stochastic process {#(/):/£0} describing the

macroscopic feature of a random walk should have the following properties:
0] For all time 0</,</, <...<tn.
are independent, we say the process has

independent decrements.
(i) the distribution of the increment /A(W)-/? ()does not depend on t, we say the
9

process has stationary increments.
(iii)  the process {3{l):/ > 0}has almost surely continuous paths.

(iv) It follows from the CI.T that these feature implies the existence of and
a matrix le'.R”such that for every t>Q and h>0, the increment is
multivariate normally distributed with mean h/.i and covariance matrix /?XXr

Any process {.V;} with the above feature seem be represented by

&i=Ai+M+£/W J7t>0
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Where /2(lllis the initial distribution

/1, is the drift vector

N i s the diffusion matrix

13.2 Brownian Process
If the drift vector is zero and the diffusion matrix is the identity, then is

termed/referred to as the Standard Brownian Motion. Hence, the macroscopic picture
emerging from a random walk can be fully described by a Standard Brownian

Motion.

13.3  Multinomial Distribution and Gaussian Process

The most important joint distribution is the multivariate normal (or the multinomial)
distribution. It arises in many applications and has some properties that makes its
manipulation very simple.

If Alisany (/jx»)symmctric matrix, consider the quadratic form

= AX
n n
=X 2>* xxj

L dw

Where x e 91 is the point which has coordination xf and a column vector with
transpose/. If A is positive-definite, then (2n) * [defA) “expj--/ Ax" isa

probability density on 91",

Let V=AY then V is also positive-definite and symmetric.

Definition 1:
A collection (X,, Kjwhich has the joint density.

(2x)%n(def.V)T
is said to have the multinomial distribution A'fO.K)
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Definition — 2:  If//,, are finite real numbers then X =
CMNi+M A2 + ["2»->"~n+A. )joint p.d.f
(27r)/"-(det.P )™ exp ~(xJ Y~'(x~m)}a°d | * sa>dto have the multinomial

distribution n (4, v)

Definition 3: Letr be any set (usually a subset of the real axis). For every tferret
A”be arandom variable defined on a probability space (Q, A,P). Then the family

,\W):re r} at random variables is called a Stochastic process.

Definition 4: Let V(s,t)=e\X"-"/y\x” - J} be the autocovariance function at
M M for all relevant values of t and s and pt=E]x"\ ps=ZjAQ)]
Definition 5: A stochastic process Af(r,w)with the property that all its. finite-
dimensional distribution are multinomial and E(X,}=0,

E(X,X,)=V{s,t)
Where K(v) is a positive-definite function on r, is called a.Gaussian Process with

autocovariancc function

Remark:

. Two Gaussian processes with the same autocovariance function have
the same finite-dimensional distribution

. The most important example of a Gaussian process is the Weiner (or

Brownian motion) process.

Definition 6: A Gaussian process is said to be a wiener (Brownian) process
if ) r=(0, ao)

H -Tih=0and

(iii) =min(j,/)
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13.4  Properties of a Brownian motion (B. M)
The following are the properties of a Brownian motion.
1 The Brownian motion is a Gaussian process with autocovariance function.

V{s,t)=E(x,.X,)

=min (5,/)
2. The autocovariance function
P(.v,r) = min (i-,/)

i.c. symmetric for r = (0,co)
3 Let A”be a B.M. process and define A'(.s,f)= XIt)- X{5), the increment
process on the interval' (s,t\ Then A(j,/) ~ A™(0,/-i)
4, Given the Brownian motion process
£()=4K/+AM d )
=3/r
5. The Brownian motion process is continuous everywhere but is nowhere
differentiable.

Definition 7: Let The any set (usually infinite) and possibly uncountable) and let
P{-, *): TXT -> 9?be a function with the two properties.

(i) for any finite subset }er and any real numbers  Z2,...,Zn not

all Zero

RN

then P(v ) is called a positive-definite function on T

Lemma:
P(/,.1,) - min(r,,r,) is a positive definite function on r



Proof:
) Clearly V(/,,1,)=V(,, 1))
()} 1fO<|, </, then

Z./E Noiste *, =Z.Z.min0 /.te
</l <

Wi i
<.l)
*S/rar min(/i./()-/. /dr /= j and

Since b> symmetry, we may interchange / and7 to cover cases in which f

-1 T +22.L *,
ol /ni
Expanding the square bracket gives
:*'-+221 2 ;*y

=*7+22,(2,.,)+ 2% 1% )+ +22,2.0 +2(2,.2.)

mft*,

'™
1>, 1-Il e-ltl’
Writing the expression in full, we have
-1,k 1Z. (3, +*+... +2.f}
1CI(™ +-H Y- (£ £, +..+  }
- e M .,'*] 2w}

Hut / w . by hypothesis, rewriting

The above expression we have

zZ*.

+(z -0 +(1>-")[Z*, 2>+«

*Zfc '.-iJEI*/

Where /,,- ()., >
Clearly the last expression in the “curly bracket] is a positive number.

J(.v,/)=min (.y./) is positive definite.

Theorem:
Let V(/)be a Wiener process and let X(.s.t)- * lit *A',.,denote the increment of the

process on an interval (.v,/), then

0]
/)

Proof

0]

mi)

A(v/) - iV(O,/- V)
// (v, /) anil (a,,/.)arc disjouit intervals.then X (st. txyandX(s,, ©2)are
stochastically independent.

A#is Gaussian, therefore the joint distribution of A\f,and .Y# is
multinomial and so .Yjg- Aj,, - A, N(o.r’)
wherer - lar(X(sj))
-4*1.1--0 "
=4 N, - 2avv, +v,;]
~r(t./)-21(s.t)+ V(v.v)
-/-2MW v
-l eV
'Ac ;*-<unie without loss of generality that v, <tt<v.< Then A(v, /,) and

(~ . inave nuiltinormal joint distribution with covariance given by



Ir[A(v 1) (A, )= ELV(a)- A'(V,)][A'(/,)- Xss]

- E [T (KM (IL)AV .5) " X (>, KA(/; 1+ A (a, 1
« V[U. /\(I, A 1."),)_'_/\ **2)
—0

Since Cin>{s,I)=0, there exist stochastic independence.

Exercise 1: For any real set of number C,,C,....C,(and real values random variable

4V, J. show that ]T]T((EmA, -//JiA',-p) is positive scmi-dclinite for
i A

Hint for Solution: Let “m= A -//, then £()") =0andVur\*CiY, ]=4j~C,)"

Example 2: Calculate the autocovariancc function of the Gauss-Markov Process

Hint for Solution: Assuming /T()7)=0;

1> /[)e- A-[(c"A>:-)(e - Ye-")]

: )]
ad e> forl>s
it <M1 forl<s
* 1 forl=s
-f I/ I-s.f

Example 3:
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Let ,Y,,bc a Wiener process (B.M.. then consider the B.M. process

[, t=0

I/
Show that is a Brownian process.

Hint for Solution
Calculate !'(s. Yo/

Note that for a B.M. process // =0
NH0;  IN=£[0:.)(>:..)

= .v/»n'n{u C
S)
—min (.v./)

Exercise 4:
1cl AUfbc a Brownian motion process and let rr,,, - A,,, — A(ll;

Find the or I',(.=>)

Hint for Solution
Nolo that /:(-/*,,,)- 0 nm/
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AE[AT sX X {D)-t(xJ]

=£[aW)X U - sX{X{) - XX R+ tsX

=P M -.sI'(1,0-/P (Lj)+&K (V)
=Min(sj)-S min(it)-t min(l,.?)+/smin (1,$)

= V- st- is +st; for s<1
-t-ts-st +st; for t<s
=Min(sj)-st; V-sJ

PART THREE
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CHAPTER 14
INTRODUCTION TO STOCHASTIC PROCESSES

141  Basic Concepts

Researchers in science, engineering, computing, business studies and economics quite
often need to model real-world situations using stochastic models in order to
understand, analyze, and make inferences about real-world random phenomena.
Finding a model usually begins with fitting some existing simple stochastic process to
the observed data to see if this process is an adequate approximation to the real-world
situation.

" " om

Stochastic models are used in several fields of research. Some models used in the
engineering sciences are models of traffic flow, queuing models, and reliability
models, spatial and spatial-temporal models. In the computer sciences, the queuing
theory issued in performance models to compare the performance of different
computer systems.

Learning stochastic processes requires a good knowledge of the probability theory,
advanced calculus, matrix algebra and a general level of mathematical maturity.
Nowadays, however, less probability theory, calculus, matrix algebra and differential
equations arc taught in the undergraduate courses. This makes it a little bit difficult to
teach stochastic processes to undergraduate students.

The mathematical techniques and the numerical computation used in stochastic
models are not very simple. In an introductory course, the hope is to teach students a
small number of stochastic models effectively to enable them to start thinking about
the applications of stochastic processes in their area of research. These small numbers
of stochastic models are the core topics to be taught in an introductory course on
stochastic processes directed to researchers in the physical sciences, engineering,
operational research and computing science. These researchers have a stronger

background in mathematics and probability than researchers in the biological
sciences.

Definition

A stochastic process is any process that evolves with time. A few examples are data
on weather, stock market indices, air-pollution data, demographic data, and political
tracking polls. These also have in common that successive observations are typically
not independent, such collection of observations is called a stochastic process.
Therefore, a stochastic process is a collection of random variables that take values in a
set S, the state space. The collection is indexed by another setT, the index set.

The two most common index sets are the natural numbers T ={0,1,2,...}, and the
nonnegative real numbers which usually represent discrete time and continuous time,
respectively. The first index set thus gives a sequence of random variables
(X0,XVX2,—)and the second, a collection of random variables {AT,, t> 0j, one
random variable for each time t. In general, the index set does not have to describe
time but is also commonly used to describe spatial location.

The state space can be finite countable infinite, or uncountable, depending on the

application.

1411 Applications of Stochastic Processes

The followings are some areas of Stochastic Processes:

0] Marketing: To study customers or consumer buying behaviour and forecast.

(i) Finance: To study the customer’s account recordable behaviour and forecast.

(iii)  Personnel: To study and determine the manpower requirement of an
organization.

(iv)  Production: To study and evaluate alternative maintenance policies,
inventory, and so on, in industries.

(v) Transport: To effectively control flow and congestion in the transport

industry.

142  Discrete-Time Markov Chains
You arc playing a lotto, in each round betting N13 on odd. You start with N30 and

after each round record your new fortune. Suppose that the first five rounds give the
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sequence loss. loss, win, win, win, which gives the sequence of fortunes, 9, 8, 9. 10,

11, and that you wish to find the distribution of your fortune after the next round,
18
given this information. Your fortune will be 12 if you win which has probability —

and 10 if you lose, with probability ? .80ne thing we realize is that this depends

only on the fact that the current fortune is Nil and not the values prior to that. In
general, if your fortunes in the first of rounds are the random variables”, ...,Xn. the
conditional distribution of ~n+l given Xv ...,Xn depends only on Xn. This is a
fundamental property and we state the following general condition.

Definition
Let X0,X1,X2, ... be a sequence of discrete random variables, taking values in some set

5 and that are such that

p(x,,, ..... X.oom] X, ;|\X,,

For all i,j,i\.....t,,_iand all n, the sequence jAj,} is then called a Markov chain. In
ucncral. the probability P(Y,. /jA',,) depends on i,j andn. It is however, often
the case that there is no dependence on n. We call such chains time-homogeneous and
restrict or attention to these claims. Since the conditional probability in the definition
thus depends only t and j, we use the notation Ph- P(sY,,, —\X,,=/) i, jeSand
call these the transition probabilities of the Markov chain. This, if the chain is in state
i, the probabilities p,”describe how the chain chooses which state to jump to next.
Obviously, the transition probabilities have to satisfy the following two criteria:
0] P,>0 v 1~=1, for/;eS

forall (eS

1421 The Transition Matrix
In changing from one stale to another in any Markov system, a measure of probability

is always attached. li is the collection of all such probabilistic measures which are
arrange din rows and columns that ids called the transition matrix.

For a transformation matrix, a 2-level change of state will produce 2 by a matrix, a 3-
Icvel change produces 3 by 3 matrix and so on

14.3 Classification of General Stochastic Processes

The main elements of distinguishing stochastic process are in the nature of the state

space, the index parameter T, and the dependence relations among the random
variables XL

1431 State Space 5

This is the space in which the possible values of each flie. In the case that S = (0, 1,

2. ...). we refer to the processes as integer valued, or alternatively as a discrete state
process.

If5 the real line (-0 00), then we call Xt a real-valued stochastic process. IfS is
the each decision K space then X, is said to be ak vector process.

Remarks:

The choice of slate space is not uniquely specified by the physical situation being
described, although usually one particular choice may sand out as most appreciate.

14.3.2 Index (Parameter) SetT

IIT = (0.1....)lhen we state that Xt is a discrete lime stochastic process. Often when

T is discrete we should write Xn instead of X,. If T=[0, thenX, is called a
continuous lime process.

144  Classical Type of Stochastic Processes
We now describe (first brielly) then in details some of the classical types of stochastic
processes characterized by different dependence relationships among At. Unless

random .staled, we lake T - [(), %] and assume the random variables A’ are real
valued



14.4.1 Process with Stationary Independent Increment
If the random variables XI2> X,,. X,j-XR,.... Xtn—XIn{ are independent for all

choices of £1(t2, .... 7satisfying £ </, <...</,, then we say that Xt is a process with
independent increments.
If the index set contains a smallest indext0, it is also assumed
Xc-Xli,...,Xtn- X Inl are independent. If the index set is divided,
what is 7 = (0,1,...), then a process with independent were reduces to a sequence of
independent random variables Z0 = Xq,Z{= X, - X*.i = 1,2,3, ...in the sense that
knowing the individual probabilities/distributions of ZQZV ... enable us to determine
the joint distributions of any finite set of Xt, in fact that of
X, =Z,+7Z +..+Z, 1=0,1,2,...

Remarks'Definition
1 1 the distribution of the increments X(t, +h)-X(tt) depends only on the

length h of the interval and not on the time t, the process is said to have
sia/iunun eincrement.

2. For a process with stationary increments, the distribution of X(/2+ h)-X(t2),
no matter what the values of h, t2and h.

3 We now state a theorem;
If a process {XrteT}, whereT =[0,00] or T =(0,1,2,...) has stationary
independent increments and has a finite mean, then it true that:
£(X,)=Mn+M, where MO=£ (xJ and M ,=£(X,)-M O
07 =07 + 07 where
g, - £1X,-M,)and ;= £ [(X, - M, f |-

4) Both the Brownian motion process and the Poisson process have stationary
independent increments.

(5) We now prove remark 3(a)

E(X,) = E(X,,)+[E(X,}-E(X0)]
Lel f(t) = E(X,)-E(X,,)

250

Then forany t and s we have
(I +*)=£ [X,,,-X,,]
=£ [X,.s-A".v+ X5-X,,]
=£[X,.S-X,]+E[X1-X,]
= E£[X,-X,,]+E[X,-X,,]

Using the property of stationary increments

=/M -/W
The only solution to the functional equation /(/+s=/(/)+f(s)=/(/)].
differentiating with respect to t and independently with respect to s we have
f(r +s) =f'(r) =f\s).
Therefore for 5 = I, we find f(t) = constant = f(i) =c. Integrating this elementary
differential equation yields f[t) = cl +d.
But /(0) =2,/(0) implies /(0) = 0 and therefore d = 0.

=/('> «

¥herefore expression /(>2r [ f n %

=>E[X,] = Mn+M, lasrequires.

145 Markov Processes

A Markov process is a process with the property that, given the value ofXt, the values
of Xs, S > t, do not depend on the value if xu < t; that is, the probability of any
particular future behaviour of the process, when the present state is known exactly, is
not altered by additional knowledge concerning the past behaviour, (provided our

knowledge of the present state is precise).
Definition 1

In formal terms. a process is said to be Markov if
Prfa< X, <b\Xl) =Xt,X2=X2..XIh=Xn}
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Whenever /, <  <..jn<t r\a <X, <h\XM=X,,} Practice Questions

i Define and explain the concept of Stochastic Processes, and give three areas of

Definition 2 licati
application.

Let A he an interval of the real line. The function bp
>lv: s;« Al Pr{x, <A|X5.V} is called the transition probability function t > s and 5 Explain the concept of a simple Markov Chain.
is basic to the study of the structure of Markov process. We may express the condition
(1) as follows: 3. Define the following:
pr{c«<x,Mtyx,i Xx,>Ks =x"-x,,=",)=Hx,>n tA) where)£|a <£ < b} (@) Slate Space (5)

(b) Index Set (7))

14.5.1 Martingales (c) Renewal Process

Let (.V,) be a real-valued stochastic process with discrete or count parameter set. We
say that (A') is a Martingale if. for all t, and if for any

</, e(X&L,|X2 /... XIn=o0,)=c forall values of ai, a2 ... a,,.

14.5.2 Renewal Process

A renewal process is a sequence Tk of independent and identically distributed (i.i.d)
positive random variables, repressing the lifetimes of some “units”. The first unit is
placed at time zero; it falls at lime /', and is immediately replaced a new unit which

then fails at time 7, + 72and so on. the motivating the name “renewal process”. The
time of the nth renewal is S,, - 7]+ 7, t-.. +Th.
A renewal counting process N, counts the number of renewals in the interval [o.t.

formally .V, =n for Sn<(<Snt, n=0,12....

Remarks: Ilie Poisson process with parameter A is a renewal counting process for
which the unit lifetimes have exponential distribution with common parameter A
Other examples such as Poisson process, birth and death processes and Branching
Process Will he considered in small details.



CHAPTER 15
GENERATING FUNCTIONS AND MARKOV CHAINS

15.1 Introduction

Generating function is of central importance in the handling of stochastic processes
involving integral-valued random variables not only in theoretical analysis that also in
practical appreciations. Stochastic process involves all process dealing with

individuals’ populations, which may be biological organisms, radioactive atoms, or
telephone calls.

15.2  Basic Definitions and Tail Probabilities

Suppose we have a sequence of real numbers a0, aa...... Involving the doming

variable x, we may define a formula

A(x) = Go*0+ ax1l+ a2x2+ e = £2=QRixi

I the series converges in some real inference -x 0 < x < x0, then the function A (x) is
known as the generating functions of the sequence {aj. We may also see this as a
transformation that carries the sequence unit the function A(x). If the sequence {a,} is

bounded, then a comparison with the geometric series shows that A(x) converge at
least for fxfxj.

Il the following restriction is introduced

t=0

Then the corresponding function A(x) is viewed as a probability-generating function.
Specifically, consider the probability distribution given by

Hx =i) = A

Where Xis an integral valued random variable assuming the values 0,1,2 ....
Consequently, we define the tail probabilities as

P{x > i}=q,

Bui the usual distribution function is
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P{x<i) = 1-q,
So that the probability generating function follows

p(x) =Zi=oPi *' = I:(X)

Also for thejoint probability, we have the generating function as

QCO = £«=0Q
We can see that (?(*) is not the same as P(x)

Q(x) do not in general constitute probability distribution despite the fact the

coefficients are probabilities.
Note that
sothatP(i) = 1,

and /P (x)/< "T/p.xV

<N opjifsxs< 1
<1
This means that P(x) is absolutely convergent at least for /x/< 1. But for Q(x), all
coefficients are less than unity, this making Q(x) to converge absolutely at least in the

open interval /x/< 1.
Converting P(x) andQ(x), we have

(1-x)Q0O0 = I-PO)

which is easily seen when the coefficient of both sides are compared,
for the mean and variance of p-. we have
U=/(*)=£ ip, =p<(1)

i=0

= f=<?
=0 0 <?(D

then E\x (x - 1)] = £ t(t - Dp< = p"(I) = 2Q\I)
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Sothat (2 = var(x) =p"(1) +p'(l) - (F1(1))2
=2g'(i) + q(i) - (<?(D)2
In the same vein rth factorial moment n[r) about the origin to be

fOWx-DO-D... ¢ r +D]=£ G- IXi- 2.... (- r+DA

=p«(l)=

From these result, several other generating function could be obtain such as the

moment generating function, characteristics function, cumulative generating function.

153 Moment-Generating Function
This is define as

Ax(t) = E(eQ)
for X discrete witth probability p-, we have

Mx(t) ="'Y]j etipi = P(ef)

for X continues with frequency function f(u), we have
>

Mx(t) = J f{u)du
obtaining the Taylor series expansion of My(t)
we have
My = 1+ 2151 VI

r!
where is the rth moment assume the original.
Because of the limitation of the moment generation function ('in that it does not
always exist) the characteristics function become appropriate which is define by
0(t) = E{eitx)

flic Taylor expansion is similar
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ol6 = 1 V' N u*(it)n
=g n—
the characteristics function exist always both for discrete function and continues
function.
0,(0=£>*/m«
t=i

and

= j eltxf(x)dx

where the Fourier transform o f/(x) is

/Im =T jW odw
A range simpler generating function is that of the cumulants. When the natural
logarithm of either the mgfor the cfis generated, it results into the cumulant-
generating function, which is simpler to handle than the former two.

This is given by
Kx(t) = logMx(t)

"

whore /fris the rth cumulant.
In handling discrete variables, the functional moment generating-function is also

useful, which is defined as

Q(a) = P(I+y) = e[Cl +y)i]
=1 Vir=lU(yr

r!

where uir) is the rth factorial moment about the origin.
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15.4  Convolutions
Let there be two non-negative independent integral-valued random variables X, Ywith

pdf

P(x=0 = a,

and

P(y =/) = bj the probability of thejoint event (x =y, - j) is given as aibj.

Let there be a new random variable S = x 4-y the event (s = k) is made up of the
mutually exclusive events (x = 0,Y =Kk), (x = L,Y = k- 1),..,(x =k,Y = 0)

Given the distribution of5 as
Pis = k) = ck
then it can be shown that
Ck = albk + aibk. 1+ —+ arb0
When two sequence of numbers which may not be probabilities are compounded, then
it is called a convolution which can be represented generally as
{Ck} = {ak} * [bK]
Given the following general functions

>»(*)-250«i*q

C(x) =1li.oQx"J
we can then write

C(x) = A(X)B(x)
this is because, multiplying the two series A{x) and 5(x), and given the coefficients
ol'x* as ck.
When considering probability distribution functions, the probability-function of the
sum.5, of two independent non-negative integrated-valued random variable X and Kis
simply the product of the letters probability-generating functions.
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Jusl as the case of two sequences, several sequences can also be combining together.
The generating function of the convolution is simply the product of the individual
generating functions. That is. if we have the sequence {a;) *{£,) *{c,} *{d,) * ... the
generating function becomes /1(x) B(x) C(x) D (X)....

Given the sum of several independent random variables,

Syi = Xj + Xi +x? + e+ Xn
Where Xk have a common probability distribution given by p-, with pgfP(x), then the
pg/ol's,, is {(P(X)}7L Further, the distribution of5,, is given by a sequence of
probabilities which is the n-fold convolution of {p*} with if its written as

{pi) * (p) =..*{p.) = ipi)r

15,5 Compound Distributions
Suppose the number of random variables contributing to the sum is itselfa random

variable. Thai is

SN= +x2+ —+*n
where
P{xk = i} =fi'
p{N =n} =gk
P{Sn = /) = /i,.
and the corresponding pdfbe given as
FwW - £fi** ~
Q(*)=19n=*-
n(x) = Z/ijx".

Simple probability consideration show that we can write the probability distribution

ol'S,, as

hn=ps, =}
= £p{/V =r}P(Sn=I/N = n)
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9nP{sn = I/N =n)
>1=0
Tor lixcd n. the distribution of Sn is the n-fold convolution of {F,} with itself, that is
(/e;3." Thus
E<-uF{5( = I/N = njx* = {F(X)}n
Thus the probability generating function//(x) can be expressed as

1-0
* A gnp{Sn = I/N = n)
n=0

Sn~ptfn = I/N =n}*
n=0 =0

=Y s, {f")}n
n=0

=G (/M)
Thus gives a functionally simple form for thepg/'of the compound distribution {A;} of
the sum SN

15.6  Markov Chain

It would be of interest to define the joint probability of the entire experiment. This
will be a very complicated or intricate problem.Early in the 20lh century, a Russian
Mathematician A.A Markov, provide a simplification of the problem by making the
assumption that the outcome of a trial XLdepends on the outcome of the immediate
proceeding trial Xt_, (and on if only) and effects Xc+l (next trial) only. The resulting
process is known as Markov Chain.

15.6.1 Transition Problem

If a- denote the state of the process X, and a,, i not equal toj denotes the state of the
process x, f,. then there is a problem of going from a, to a, denoted by pi;- define as,

Ph ~ Wo, =d,/X(=a)

260

SetL= 0, (i, = i.and gy - /

Pij = "\X\ -j/Xo0 =0
The above is known as transition problem. The entire process isdefined by [pf/).

15.6.2 Transition Diagram
A transition diagram is a graphical representation of the process with arrows from

each stale to indicate the possible direction of movement together with the

corresponding transition probabilities against the arrow s.

Kxample 15.1
Consider a process with three possible slates av a2,cmcla2. l.elp,-:i = 1,2,3, j =

1,2,3,denote the transition from one state to the other.
The corresponding transition diagram is as follows:

thi = 'A>

The diagram above represents a square matrix
P=(p,)i= 1.2, N, j= 1.2

15.6.3 Transition Matrix
To even transition diagram, there exist a transition matrix and vice versa. For the

example 16.1. the transition matrix is as given below :

Pn PI2 P13
p = P2l P2 P-a
P31 P32 Pn

201



This is aone-step transition matrix for every given i{p,y} indicate the branch problem

in a tree diagram. In general.

rPu  Pl2.... - Pin
P2 P2....
IPnl Pn2....
and.
O «/=i
a

For any given t. py is the probability of transition to a given that the process was in

slate a-.

In this section, we consider a stochastic process {Xnn=0,1,2,...} that takes in a

finite or countable number of possible values unless otherwise mentioned, his set of
possible values of the process will be tested by the set of non-negative integers (0, I,

2. If X,, = 1. the process is said to be in state / at time n. We suppose that
whenever the process is in state /, there is a fixed probability piythat it will set be in
state j. That is we suppose that

=]\Xu= . X, =1,X,, =,}=P, or all statesi,,ilt...,in-j.

i./and Vn > 0. Such a stochastic process is known as a Markov chain. The value py

represents the probability that process will, when in state i, next make a transition into
stale j. Since probabilities arc non-negative and since the process must make a

transition into some state, we have that P§j >0,i,j>0 ; PO=1i=0,1,..
ho

P denote the matrix of one-step transition probabilities p,y. so that

Ru R R
M P> Pn
< Pn
Example 15.2 (Forecasting the Weather)

Suppose that the chance of rain tomorrow depends on the previous weather conditions
only through whether or not it is raining today and not on past weather conditions.
Suppose also that if it rains today, then it will rain tomorrow with probability o; and
if it docs not rain today, then it will rain tomorrow with probability /2.

Il we say that the process is in state O when it rains and state 1 when it does not rain,
then the preceding is a two state Markov chain whose transition probabilities are
given by

a I-cr (a l-o0"

fi 117 P -2

Example 15.3

Suppose that company XYZ has three departments a}, a2 and a3. The employees lean
to be transferred to another department at the end of the year as follows:

i) Aman who is in a: . must be transferred only to a2

i) A man who is in a2 cannot be transferred to a It but can be transferred to a2or a3

with equal probability.

iii) A man who is in a3 cannot be transferred to a2 but can be transferred either to a3
with probability “/g or al with probability Draw a one state transition diagram,

and matrix.



First problem: Suppose the process state in other 1, what is the probability that after
n-steps it will be in state j? Consider a process with only three states al, a2 and a3.
What is the probability that after two steps the process will be in statej.forj = 1,23
given that the initial state of the process isi.for i = 1,2,3.

By assuring that i = 1, we obtain a probability tree for the process as follows:
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P{X2=aJX, =fl,LJ= PU.PU = PPum

P{X2=a2\X0= a,) = P12.P2, = P2m P»m

P[X2=a3|X, = a,) = P.j.Pj, = Biw P»m

PIPII + P12P21 + PI3P3IPIIPI2 + PI2P22 + PI3P32PIIPI3 + P12P23 + P13P33

P2IPI | mP22P21 + P23P3IP2IPI2 + P22P22 + P23P32P2IPI3 + P22P23 + P23P33
P3IPII + P32P21 + P33P3IP3IP12 + P32P22 + P33P32P3IPI3 + P32P23 + P33P33

Assume tliai i = 2. then

P{f: —“1/ —a2)~ P21WPi2—P2l
- /%0- a2)~ P2 P2~ PP
MEx= a</ =a2}= PBPR= PA)PA
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Assume that i = 3, then

P{x2 = a\/xo0=a3) = p3i.Pi3 = P31
P{X2 = a2/Xo0=a3) = P32-P23 = P32
P{x2= a2/x0=a3} = P33.P33 = Vrs

It could beseenthat p(n=p"

Example 15.4

Use a probability tree to fmdp(3) in example 16.3

{x3= a2/xa=aj)=1V2.V2=V4
A{*3= aj/Xo = aj} = 1-1/2 al2 = V4
P[x3= a,/x,=a,) = 1V2V3=V6
P{*3= a2/x0=a}=1-d2 2/3=V3

PI3<3)=
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In the same vein

Pr/3)= V4
Pn(3d =V6

P{x3= a2/ x0=aZ=X2 If2.V2=Vs
P{*3= as/xn=aZ=V2«2«/2 =Vs
P{3=al/ x0=a2)=V2'V2V3=VI2
P{x3= a3/x0= aZ}= V2eV 212/3=*4
P{x3= a2/x0=a2}=122.Y3 | =V6
P{*3= az/*0=ai)=V2«/24/2=V6
P{M3= /*0=Q)=V2+73V3=V9
p{x3= a3/x0=ad)= v2.2/3-23 = 2g
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ATIV —V12 + VO - 7/36
- 00+Ve =724
N3 = Vi3 +Ve+% = 32/72

= a,/x0= a,}=V3eLV2=V6
I>{xi = a3/x,= al)=V3elV2=V6
P{x3 = a2/ *,= a,j =2/3V3el=2¢g

(r3 = «. /N =«s}=23.23 1/3=427
Aa3 = -3 /\b=a3} 23.2/3.2/3=1r2?

*1* « 4127

>V6 +% =2/18
B =g 1857 -25/5,

2sK

Therefore.

B by ps  [vs va T2

i3 . _

I b pm Ps = 36 ThA 3UT2
x3n PS p3 - 20 2gsa
Note that = p(” I5p = p(O)p"

atn=1, pll) = p“»p
at 1 =2, p( = pCilp = pCo)p2
atn =3 p( = ptzp =pWp*

This implies that

I

Pij /Vl_( o0 g
Definition
Let {9 ,n = 0,1, 2 ...} denote a square of real valued variable index by n. The value
of x for given n is the state of the process at the n th step.
P{xn =j / *,_ ¢! = i} is aone-step transition probability matrix. The index n denote
something close to time and therefore  depend on xn. x,xn_2 *0anc*not on
AHI*TL+2>
The Markov assumption is that

Pv ~ in/xv- | —jn-I> xn-2 ~ jn-2>—>x0=jo) = P{xn =jr/xn-1 =/n+I<
The conditional distribution of xn given the whole past history of the process must
equal to the conditional distribution of xngiven x,," .

Example 15.5: (A Communication System)
Consider a communications system which transmits in digits 0 and |. Each digit
transmitted must pass through several stages, at each of which more is a probability p
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that the digit entered will be unchanged when it leaves. Letting dndenote the digit

entering the nth stage, then {Af,n=0,..} is a two-state Markov chain having a
transition probability matrix.

P 1-P _(P I-P}

-P P 1-P P

Example 15.6

On any given day Gary is either cheerful (C), so-so (5), or glum (G). Ifhe is cheerful
today, then he will be C, S, or G tomorrow with respective probabilities 0.5, 0.4, 0.1.
If he is feeling so-so today, then he will be C, S, or G tomorrow with probabilities 0.3,
0.4, 0.3. If he is glum today, then he will be C, S, G tomorrow with probabilities 0.2,
0.3. 05.

Letting Xn denote Gary's mood on the nth day. then {Xn,n >0} is a three states

Markov chain (State 0 = C. state 1=5., State 2 = G) with transition probability
matrix.

0.5 04 01

0.3 04 03

0.2 03 05

Example 15.7: (Transforming a process into a Markov chain)

Suppose that whether or not it rains today depends on previous weather conditions
through the last two days. Specifically, suppose that if it has rained for the past two
days. Even it will rain tomorrow with probability 0.7. if it rained today but. not
yesterday, then it will rain tomorrow with probability 0.5; if it rained yesterday but
not today, then it will rain tomorrow with probability 0.4; if it has not rained in the
past two days, then it will rain tomorrow with probability 0.2.

Il wo lei Ihi.>state at time n depend only on whether or not it is raining at time n. then
>he preceding mode! is not a Maikov chain (why not?). However, we can transform
ilus model into a Markov chain by saying that the state at any time is determined by
the weather conditions during both that day and the previous day.

In order words, we can-say. that the.proccss is in
State 0 if it rained both today and yesterday;
State 1ifit rained today but not yesterday;

State 2 if it rained yesterday but not today;

State 3 if it did not rain either yesterday or today.

The preceding would then represent a fair-state Markov chain having a transition on
probability matrix.

0.7 0 0.3 0

0.5 0 0.5 0

0 0.4 0 06

0 02 O 08

You should carefully check the matrix P, and make sure you understand how it was

obtained.

15.7 Stationarity Assumption
A Markov chain is stationary if form =£n
P[xn =jn/xn-\ =jn-13} = P{xm =jm/xm-l ~ jm-3%}
orsimply.
P{xn =j/xr-1=1.)=P{Xm=j/xm-1=0
In this case the one-step transition probability does not depend on the step number. It

is therefore sufficient
For us to state only the one-step transition probabilities.

We therefore set n = 1 and obtain
g.y: M*l=jlxo= 0
R=rxn = j/x 0=

For,n= 0, this leads to

plp=1 forj =i
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P(i'=0 fory ft
Pi"1l= P{xn =j/xo0 = 0 by definition
= Y,kP{xn = j,xn.: = k/x0= i} marginal from joint

= k,x0 = i}P{xn. j = /c/x0= i)

APAn =7An-1=WAn-l =kAo =0
k

= Y ve=)pKi

15.8 Absorbing Markov Chain
A stale in a Markov chain is absorbing if it is impossible to move out of that state.
That is, the process stays there. A Markov chain is absorbing if it can’t least one
absorbing state. That is,

Pjj = 1.0
A state in a Markov chain is transient or non-absorbing if it is possible to get out of

that stale. That is
Pjj £1.0 for statej.

15.8.1 Probability of a Markov Process ending in a Given Absorbing State
This depend on the given in that state. Let atj denote the probability that an absorbing

chain will be absorbed in state  if it states in the non-absorbing state a,.

Method 1
There arc two possibilities, either the first transition is to state ay (in which case the

chain is immediately absorbed) or the first transition is to some transient or non-
absorbing state ak ,k * j, and then the process immediately enters states a, fromak.

These arc two mutual exclusive events.
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Pij is the probability of the first event, and that of the second is

T kPikakj

Consider a process with the following three states; al(a2a3where afis an absorbing

state, and others are transient.

—P22a2l

—P Ba3l

Then
au = pix<= dA0 :)
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Bv substitution

a2t ~ P21 + P22az2i + P23C8L

ciij is aone-linear equation in several unknowns. Constructa corresponding linear
equation by using each of the other transit state as initial state.
In the given example, a2l is a linear equation in two unknowns. Note that Ptj is

obtained from the given one step transition matrix. The onlyunknown are ak}, all k =£
J
The corresponding a21is given byl

~ PP

~ P33°31

I hen Naive all values of’equation ii for all A j tsueii as a2 and u?1)simulinneouslv
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As an example consider the following transition matrix lor absorbing Markov chain
with four states. Note that an absorbing state is indicated by probability |

vd vi V2 0

P=vVv3 v3 0 v 3
0 0 1 0
0 0 0 1

Note that the absorbing state are a3and a4.
Suppose that we want a13, that is the probability starting from a. will get absorbed in
slate a3. In other word, we want the probability that the chain will enter a3 from al.

Then aiywill give us
a3 =P.3+Pnal3+Pl2az

a3 = P23 + P23a13 + P22a23
Substitute forpiy. noting that akj is unknown.

ars = V2 + V4ai3 + V4flB

alB3—0+ 1/g«13+ V3aZ3

Solving the simultaneous equation, we obtain

«i3=4/5and a3 =2/5

The matrix becomes

1113 al4|
1°23

Alternatively.

1> rr Vi, + 2HPiltakj
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Wo can write this matrix form. Let A denotes the matrix of aiy R denotes the matrix
ol'Pij. Q denotes
The matrix of pik. That is

A= (af/) = iakj} sXr
R = (Pa) SXr
0 = iPik) SX5
Then aijcan be written as
A=R+ QA

Where

r = number of absorbing states
s = number of transit states

Step I: Arrange the rows and columns of the one-step transition matrix in which a
way that the absorbing states appear first in the rows and first in the columns.
Step 2: partition the new one-step transition matrix as follows

r

-r -~ \
absorbing states 0

transient states 5 K R

hrxr)> 0(rxs)> N(sxr)> Q(sxs)
Step 3: Solve for A. the matrix of the unknown, as follow

(/-Q)A =R

A=(/-<?)-'I*

Since (1-Q) is non-singular and so has an inverse. (/ - (?)_1 is known as the
fundamental matrix.

| or example, the above 4 x 4 matrix incan be rearranged as follows:

<3
r
1 0 0
fl4 0 1 0
v 2 0 V*
0 v 3 Vs
V

Step 4: Find I-Q and hence (/-(?) 1

ey YE A
-v3 2/3
G- = ()23 - (VA(V3I) = (5i2)
[2/3 V3
Of/- )=k ¥
Cof TU - Q) - Adj(1 - )= 23 V3
V3 3A
, Ad](l - Q 213 v4
ince V - ="Jet(, 12A
since Qr et(, _ (3) V3 V4

277

fi2



r8s 3si

I 45 95

&= 8
Therefore ! = (/- Q)_1IR = S
14/s 951 ° V 3.

I o7
1

% V5

7s 3s]

15.8.2 The Expected Number of Times a Markov Process will be in each Possible
Starting Transient (Absorbing) State

Lei N = (liij)where Uij is the number of times the chain is in transient state a;-

given the initial state is at.

Lot n/ denote the mean number of time that the chain is in transient state a, .

Let N denote the matrix of n(y, which is a square matrix since i and j range over the

transient stateds.

Consider a chain with the three states in (a), aa a2, a3where aj is the absorbing

state. Assume that the initial state process is a2.
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Consider the state at time 1 That is, the first time interval is spent in state a, (a( is
transient state). If i =£j and the transition probability pik given the probability that the

process will be in aK from at. Then

nij = T.kPiknkj
nii = Piknki = 1
= dii + 'LkPiknki

Which is combined into

revj

1
v

nii = du + Y jPikUki '
K

=0, fori j
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In matrix form this can be written as

dl d2 . dn

r "N
d, 1 0 0
d2 0 1 0
dn 0 0 1
J

15.8.3 The Length of Time (Expected Number of Steps) Required before
Absorbtion Occurs
For any given initial transient state a, the expected number of step required before
absorption is given by the elements of the rector
t=z "
i
Let ¢ be a column rector with the same number of elements as the columns of N and

every element of C is unity.
Then

t =NC

T
where c = 1
1.

By using the above fundamental matrix we find

15.8.4 The Number of Transitions that will occur before a particular Absorbing
State is reached

Letm,y. denote the number of transition that will occur before a particular absorbing
state j is entered given the initial state t.
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Recall
djj = Vij + I, kPikakj
dx d2 . dn
r A
dx i 0 0
d2 0 1 0
dn 0 0 1
J
{P*}=¢
M =N
N=1+QN

n=(-orll= (/- <"
Thus the element of the fundamental matrix give the expected number of times the
process will spend in given transient states for any given initial transient state.

8/s 3/s =rl6 061
n=0-Qrl=4 .. 108 18

Interpretation:
Starting in state au the expected number of times in state al before absorption occurs

is 1.6. Similarly, starting from aa the expected number of times in state a2 before

absorption is 1.8.
The expected number of transition before absorption is

aij™j = Pijmij + sfc Pikakj mij
summing over/
M =Y ja<dmij
k
Multiply both side of bymiy

aijmij = Pijmij+ ~ Pikakj mij
k
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= aij + T,k Pikakj mkj
Note that mi; = Land my £1

In the four state process or chain given earlier, suppose we want to compute m13
Thus, O-ijm.ij becomes.

al3m13 = al3 + P 11a137n13 + Pl2a23m 23
Constructing another equation by using the other initial transient slate,

a23m 23 = a23 + P21al377713 + P22a23m 23
this is because k = 1,2 andj =3

Substitute for the known values, that is thea’s andp’s.

Note: The p ’s are from the given one-step transition matrix and a's are earlier
solutions.
Therefore

V5mid3=V5+V4V5EmMt3+Vji*-V5m23

V5m23 = + V3'4/57M3 + V 3V 5m23
This result in
13 _"23 =8

4m!3 4B = 6

Thus,7-B = 1.9 andm23 = 3.4
So that we have

a3

qri o0* 19

a2 O 1 34
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The transition matrix P of a Markov chain is

1 12 14 1/4 O

2 1/2 0 1/4 14 O

3 0 0 0 1 0

4 0 0 2/5 1/10 1/2

5 0 0 1/2 0 1/2
vV J

(The University of Sydney, 2009)

Practice Questions

1
2.

(@)

Define a generating function. A(x).

Define the following-

@ moment generating function

(b) characteristic function

(©) cumulant generating function

Given two random variables X and Y. with probabilities P(x = i) =a- and
P{y —j) = hj. Write an expression for their convolution ck where

(i=01,..r) ad
0 =0.1...k)

Given the sum of random variables SN, show that the probability generating
function H(x) is given as G(F(x)}.

On any given day Bruce is either cheerful (C), or so-so (5), or glum (G). If
he is cheerful today, then he will be C or S tomorrow with respective
probabilities 0.5, 0.4. If he is feeling so-so today, he will be C or 5 tomorrow
with probabilities 0.3, 0.4. If he is glum today, he will be 5 or G tomorrow
with probabilities 0.3, 0.5.

Write down the transition matrix P which describes Bruce’s mood oscillations

over time.
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(b)

©

(b)
(1)
(i)
(iii)

(iv)

Bruce is currently in a cheerful mood. What is the probability that he is not in
aglum mood on any of the following two days?

Obtain Pn,n —3,4,5. (The University of Sydney, 2011)

Suppose that whether or not it rains today depends on weather conditions of
the last three days. Ifit has rained in the past three days then it will rain today
with probability 0.8; if it did not rain for any of the past three days, then it will
rain today with probability 0.2; and in any other case the weather today will,
with probability 0.6, be the same as the weather yesterday. Denote the states
by triples of the kind RRR, RRF, etc., and write down the transition matrix P
of this Markov chain. Obtain Pn,n = 3,4,5. (The  University of
Sydney. 20/1)

Define a Markov Chain and state its assumptions.

(i) State the stationarity assumption, (i) Showthatp «'*= £/<pe

@ What is the absorbing state?
Assuming the process starts from states {1,2), what is
the probability that a Markov process will end up in the given absorbing state.
the expected number of times a Markov process will be in each transient state
lor each possible transient state.
the length of time that it will take for a Markov process to be absorbed. That
is the number of steps required to reach an absorbing state for the first time.
the number of transition that will occur before the absorbing state is reached.
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CHAPTER 16
STEADY STATE AND PASSAGE TIME PROBABILITIES

16.1 Introduction
This chapter introduces the student to the process of determining the equilibrium state

ofa Markov chain. That is, after a long process, the probability of a process being in
a steady situation.

Consider the formula for the rector, P (7) ,of state probabilities for the time n given by
p(n) _ p(0)p(n\

Where P(0) is a vector of initial slate probabilities and P(A) is the n-step transition

matrix. The interest is to find out what happen to a Markov chain with Pas n becomes

large.
We will approach this problem by considering the following example.

Example 16.1
An Engineering company has three departments. Engineering (a-j), production (a2\

and sales (as).A man in the Engineering dept, cannot be assigned to sales but may be
transferred to production or Engineering with equal probability. A man in the
production dept, cannot be transferred to engineering but can be transferred to
production or sales with equal probability.,A man in sale can be transferred to
Engineering or production and his probability of going to Engineering is 3-times that
of going to production.

The associated P is as follows:

05 05 0
p= 0 05 05
075 025 O.

The following transition probabilities can be deduced from P
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0.250 0.500 0.250
P(2) _ P2 0375 0375 0.250
0.375 0.500 0.125

0.3125 0.4375 0.2500'
p(d) = p3 0.3750 0.4375 0.1875
.0.28125 0.46875 0.2500.

0.34375  0.4375  0.21875 "'
P(4 = P4 _ 0328125 0.453125 0.21875
0.328125  0.4375  0.234375.

0.3359375  0.4453125 0.21875
0.328125 0.4453125 0.2265625
0.33984375 0.44140625  0.21875 .

p(s) _ p5

We can go on and on, until the n-step is reached. It should be noted that as the steps
increase, the

Probabilities tend to be steady. This can readily be seen in the following graph.

16.2 Graph of Marginal Distribution of P »

For fixed fair (t,/) we can draw the graph of for various values of n as follows.

Marginal Distribution of P()3L

o8 0.75
0.6
pNj! 0.4
02
0
1 2 3 4 5 6

Thr function P|nld
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05
0.4
03
02
0.1

Marginal Distribution of P{n)n

Marginal Distribution of P(N2L

0.375 0.375 0.328125  0.328125  0.328125

————————————————— «s

i " \% 3 < S 6
Thr function P,n,M

Summary of Solution to Problem

1

The function

stepn,n=20,1,2

gives the probability of getting to dept. a:, from dept, a- in

When n = 0,P"] = 0, since the person will certainly not be transferred.

Asn— co, P*tends to converge at

0.44 or

interpretation ofi. similarly, P-" -»

irrespective ofi,and P ~ -*0.22 or 2/9 irrespective oft.
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4 All the rows of the matrix P(n) are identical but the columns are not as
n— go.

5. The state probabilities that satisfy the above criterion are called steady-state
probabilities or equilibrium probabilities, or limit value, or stationary
distribution.

6. A Markov chain is said to approach equilibrium as n tens to infinity if its
transition probabilities approach limit values.

16.3 Stationary Distribution

The steady-state distribution is define as the set (i/f) where
Pj ittiji—ePij —IlimT oP[Xn =j)

and is independent of i. Furthermore,//, > O.

ZjPj

Pk = 1, PiPuc

A probability distribution which satisfies pk is called invariant or stationary
distribution (lor a given Markov Chain). In this case row ofP(n) is the probability
vector// = (/tIt//2, «s)» Hence, given

pin) _ pin-1/p

NP = HgP~-P

P\Pi PIP2

PIP2 — PiPi \P]

This can be written as

P= pP
or
pT= PrpT

2>8

This represents a dependent set of equation (since each row elements must sum up to
unity). One of the infinite numbers of solutions can be found to represent a

probability solution by imposing the condition

This is known as a normalizing equation.
Example 16.1:
From example 15.1 , find lim,,-or) P@X
Solution

0.5 0.5 0.0’

\P\P2P11= [P\PiPI\ 00 05 05
075 025 00

or

Pi 05 00 075 Pi
Pi = 05 05 025 Pi
Pi. 00 05 00. Pi

= 0.5//! + 0.75//3
/2= 0.5/, + 0.5//2 + 0.25//3
Pi = 0.5//2
Thus
Pi ~ SP\
and
P2 = 2283

Substituting we have

4
Pi = 371

1Jv imposing the normalizing condition on the sum ut we obtain

P,+P2m "1
4 2
Pi'F j((i + Jl’/l\/|

I lien:lbr.:
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This means therefore that
4 2
Pi= andn3=-

Thus n = (jiiPiPz) = (V34/g2/9)

This gives a sample method of obtainingP(A) than raising Pto power n.

Interpretation:
can be interpreted as follows:
1 Probability of a distant state: if apoint intime Is fixed in the distant future , /ly
is the probability that the process will be as state j.

2. As a time average: if the process is operated for a long time, /iy is the fraction
oftime that the process we be at state j.

3. As a fraction of process: if many identical processes are operated
simultaneously, /iy is a fraction of the process that can be found in state j after
along time.

4. Reciprocal of mean number of transition: iij is the reciprocal of the mean

number of transition between recurrence of the state, that is, average
number of transition before a
man inay will come back to a*.

Example 16.2

An individual of unknown genetic character is crossed with a hybrid. The offspring is
again crossed with a hybrid, and so on. The states are dominant(D), hybrid (H) and
recessive (/?). The transition probabilities are
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Ds 2 v 2 0
P= H v 4 v 2 \V
R 0 Vv 2 \V/

V J

Findlimn_oP(n) and give all possible interpretation of the result.

16.4  First-Passage and First-Return Probabilities
We shall approach this topic by way of asking certain questions.
QIl:  What is the probability that in a process stating from a(. the first entry to a;

occurs at the nthstep?
Q2:  What is the number of stepsn, required to reach state ay for the first time?

For QI. consider the function/?” which is the probability that the process will enter
slate j at the nth step given that it is in state i of the initial step. That is,
Pp>= P[Xn-“j\Xo = i)

@ In this case, the process would enter state ay, after onlyk, 1 < k <n —1,

steps.
(o) After that is called either stay three is ay or change to another state and then

return to ay. For Q2, the probability/” that the process will reach state ay

for the first time at the nth step given that it stated from a, is called first-
passage probability and is define as

fij *= P{Xn =j-X7EE A J'Xn-2 * j>—>X * j\Xo —0

Definition: First-Passage Probability
This is the probability that the process is in state ay at time nand not before, given that

it was in state a, at time O.
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Tlu> implies that the probability that n steps are required to reach state aj for the first

time given that the process siartsfroin slate a,.
Clearly

- 0. the process is still at a-

/jyll = Pi,, the one-step transition probability, t =£j

Also.
Then,
n
= -
B Vlij )
k=1
n-1
. o V*AK) (n-K)
-hi vij + z hi Pa
k=
- f() A c(k) An-k)
/ ,>i] P>i
<=1
or.
i - pip - BARAT
N/B  '/j'" - = joint probability of reaching stale a; inl < lc<n - Isteps only,

given that it started from a,.

lij". can he obtained iteratively if (/>;""} ore known.

Kxample 16.2
Consider (lie problem of departmental transfer in chapter 17.

05 025 O
r- o 05 0.
075 025 0

05 0 O

pl?*

05 025 0 05 0 O 025 025 O
0 05 05 0 05 0= O 025 O
075 025 0. O 0 .0.375 0125 0.

0.250 0.500 0.250'
p2jpw = 0375 0.375 0.250
.0.375 0.500 0.125.

0.250 0.500 0.250° 025 025 O
0.375 0.375 0.250 - 0 025 O
0.375 0.500 0.125. 0375 0125 O

0 025 0.25
= 0375 0.125 0.25
0 0.375 0.125

F®-Pi-tcpir -Pij >uHi hiorn

=B VP9 - e

16,5 Distribution of Number of Steps for First Passage
() Forany fixed lair the set n = 1, 2,... jgives the distribution of the
number of  steps to get from i to/(the first passage). That is, the number of steps
required to reach a: for the first time.

(i)  The number of steps required to get from i toj is therefore a random
variableA/,,. with

) ="} =1«
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16.6  First Return (Recurrence)
(i) If; = t, fEn)gives the probability of the first return to state af. For example,
the probability that the person transferred from department a £will return to a, for

the first time at time n.

Corresponding to

fii A= P[Xn = A 2 it—Xi MlA = i)

(iii)  The equation relating /J n) to would also be the same.
But
tin)=n*i =zi*0=0=1
(i) Then Nu is a random variable whose value is the recurrence of state a£
(iii)y  Since {/it(n)} for fixed i,j gives the distribution of fyy. the mean first passage
time from a- to ay denoted by m,yis given by

00

ma = E(Nu) =Y jn*r>

n=]
(iv)  wheret = mu is the mean first recurrence time.

16.6.1 Calculation ofmiy

(1)  The formula in (6.6) for ~ would required the complete first passage time
distribution for solution to be obtained.

(2 A simplification ofthe problem is obtained by conditioning the formula for
m(; on the state at step 1 That is. on one value of i at a time.

3) Given that the process is in state at at time O, either the next state is a; in
which case M/ = 1, or it is in some other state ak afier which it enter state
ar in which case the passage time will be mkj = 1 + NkJ, the passage time

from ak to fly.

()  Thus

mil = Xptj+ ~ (1 +mkj)plk
k*j
= Pij + ~  Pik + Pik™kj
k*j k*j
= ~ Pik + ~  Pik™kj
all k k*j

=1+ Y jViKTrLki
k*J

since £kpik = 1, This expressesm”- as a linear function of mkj as the unknowns.
(i) By using the same relation for other m#£/’s a complete set of linear equation

(equation to  the number of unknowns) can be expressed.
(iii)  Asolution of the linear equation gives the mean first passage time from any

state into statej.
(iv)  Mean first recurrence times are obtained in the same way.

Example 16.3
Consider the three-department job assignment. How many assignments will occur, in

the average, before a man who is first assignment to ax (engineering) will be assigned
to a3 (sales)? That is, what is m13?

Solution to Example 16.3
Using the formula for m,y

7n13 = 1+ Pnm13 +-p1l2m 23
There are two unknowns. Hence we form a similar equation for m23 as follows.

mZB =1+ PzimI3 + P22m 3
Now. recall that

05 05 O
p= 0 05 05
075 025 O.
By substitution we obtain
m13= 1+ 0.5m)3+ 0.5m23
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mB=1 + 0.5mZ3

Solving the simultaneous equation, we found that
mi3=4and m2B =2

Practice Questions

Define the term, steady state probability

Write an expression for a limiting distribution.

Solve completely the problem in example 5.1, and draw all the graphs.

Use matrix multiplication and limiting probabilities to solve Problem 5.2.

In the post test in lecture four, obtain the stationary probabilities.

Define and write an expression for

@ First-passage probability.

() First-return probability.

7. Using the post test of lecture four, find the mean first passage time from state
5 to state 4 by making state 4 absorbing. (This has nothing to do with states
{1,2}.)  (The University ofSydney, 2009)

8. The transition matrix P of a Markov chain X = (Xn:n > 0) is

o0 A W N

1 2 3 4 5.

0 0 o1 1
m0 1/3 12 O

0 1" 0 0

/3 0 116 172

2 0m 0 0 1/2.
Vv n n
(@) Specify the classes of this chain and determine vyhether they are transient, null
recurrent or positive recurrent.

(b) Find all stationary distributions for this chain.
(© Find the mean recurrence time m.jj for all positive recurrent states.

(The University ofSydney. 20JO)

g B w N -
o O O o
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CHAPTER 19
CHAPMAN-KOLMOGOROV EQUATIONS AND
CLASSIFICATION OF STATES

17.1 Introduction
The nhstep transition probabilities P" is the probability that a process in state / will

be in statej after n additional transitions that is,
[T=H*,-,,-"|X,,=;},n20,i,j;>0.

The Chapman-Kolmogorov equations provide a method for computing these n-step

transition probabilities. These equations are:

p;p?kp;' foraln,m>0,alli,j

and are established by observing that
fT" = Ix.. ="l

=ZAfr— “4.X. =K|X,=/}
K

- k_Ip\x-. - J-IX-- Fexn="MX,=*F =

Tl ©

If we let P™” denote the matrix of n-step transition probabilities, P, then it can be

asserted that

pin—m) _ pini pirni

where the dot represents matrix multiplication.

Hence,
pm) _ p piii-i) _ p p pi"--i . _ p"

and thus P,nl- may be calculated by multiplying the matrix P by itselfn times.
pniis said to be Accessible from slate / if for some P >0. Two states / and j

accessible to each other is said to communicate and wc write / .
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Let  denotes the one-step transition probabilities, and />! = Pt

Observe that Pk P" represents the probability that starting in / the process will go to

stated inn + ~transitions through a path which takes it into K at the nth transition.

17.1.1 Proof of C- K Equations
Using remark (3) above, summing over all intermediate states /(yields the probability
that the process will be in state j after n + m transitions. We have

rr =ek« =j%, =}
T"=Lk..,=~x.=*k="}

:*§0> K,., =V ,K.t.X0=/}p&., =KX, =}

*(0 p;

Matrix ofn-slep transition probabilities: Pl
Let PInl denote the matrix of n -step transition probabilities P'j then the C-K Equation

asserts that
pin-rm) _ plm) p(m)

By induction
p\»\ _ pi"-\*k) _ pii-l P°_ pn

That is the n -step transition matrix may be obtained by multiplying the matrix P by
itselfn times.

Example 17.1
Consider example in which the weather is considered as a two-state Markov chain. If
a =0.7and p = 0.4, the calculate the probability that it will rain four days from today

given that it is raining today.
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Solution:
The one-slep transition on probability matrix is given by
07 0.3
P= 04 06
07 fo.i 0.3

Hence. Pm = P: 04 O—g) 104 05

061 0.39'
W52 0.48,

f061  0.39] 061 0.39j

052  0.48J 052 048]

f0.579 0.4251\
[0.5668 0.4332)

Hence, the required probability P*n equal 0.5749.

Example 17.2
Consider Example 2.4. Given that it rained on Monday and Tuesday, what is the

probability that it will rain on Thursday?

Solution
The two-step transition matrix is given by
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0.7 0 03 O ‘0.7 0 03 0
. 05 0 .
0D =p- = 05 O 05 0 05 O
0 04 O 0.6 0 04 O 0.6
0 02 O ©8 02 O ° 8,
‘049 012 021 0.18n
035 020 015 0.30
020 012 020 o048
,010 016 0.0 0.64,

Since rain on Thursday is equivalent to the process being in either state O or state 1 on
Thursday, the required probability is given by />2+  =0.49 +0.12 = 0.61

17.2 Classification of States

In order to analyze precisely the asymptotic behaviour of the Markov chain process,
we need to introduce some principles of classifying state of a Markov chain.
Properties to be classified include: Accessible, Communicate, A periodic. Recurrent,
Transient, and Irreducible. Definitions of these properties now follow:

17.2.1 lrreducible Property

We say that the Markov chain is irreducible if there is only one class- i.e. if all states
communicate with each other.

Proposition

Communication is a exultance relation. That is
" 1ol

("h  I11i<*], thenj <>i;

@iiiy Ifi j,thenj<»ijtheni k
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Proof: the Is two parts follow trivially from the definition of communication. To
prove (iii) suppose that /<-> /., and j k then there exists m- n such that

P"™ >0, P" >0.Hence,

Pr=t P'P*- K pk>0
)
Similarly, we may show there exists an S for which Pis >0. Two states that

communicate are said to be in the same class and by the proposition any two classes

.arc either disjoint or identical. We say that the Markov chain is Irreducible. If there is

oniy one class- that is, ifall states communicate with each other.
Stale is said to have period d ifP” =0, whenever n is not divisible by d and d is the

greatest integer with this property. (If P* =0, for all n > 0; then define the period of i

to be infinite). A state with period 1 is said to be A periodic. Let d (i) denote the
period of/, we can show that periodicity is a class property.

17.2.2Recurrcnt (or Persistent) State
A state fe S is said to be Recurrent if Pr(7] <oo)= 1where T; is the number of steps

it takes for the chain to finally visit /.

17.2.3Transient State
A state I'e S is said to be transient if Pr(/, <co)< 1where T is the number of stops it

lakes for the chain to finally visit .

Example 17.3
Suppose that the weather on any day depends on the weather condition for the

previous two days. To be exact, suppose that if it was sunny today and yesterday, then
it will be sunny tomorrow with probability 0.8; if it was sunny today but cloudy
yesterday, then it will be sunny tomorrow with probability 0.6; if it was cloudy today
but sunny yesterday, then it will be sunny tomorrow with probability 4; if it was
cloudy for the last two days, then it will be sunny tomorrow with probability 1. '
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Definitely, the model above is not a Markov chain. However, such a model can be
transformed into a Markov chain.

@) Transform this into a Markov chain

(b) Obtain the transition probability matrix

(e) Find the stationary distribution of this Markov chain.
Solution

@) Suppose we say that the state at any time is determined by the weather
conditions during both that day and the previous day. We say the process is in:

State (S. S) if it was sunny both today and yesterday;

State (S. C) if it was sunny both yesterday but cloudy today;

Slate (C, S) if it was cloudy yesterday but sunny today;

State (C, C) if it was cloudy both today and yesterday

(b) The transition probability matrix is
Today’s state
.9 (80O (Cs) (€0

Yesterday's staie(S, S
yostale, 9 ¢ " 5 o o

(S.€)
0 4 6
(C.S)
6 4 0 0
(C.0)
0 0 A 9
2. An airline reservation system has two computers only one of which is in

operation at any given time. A computer may brake down on any given day which
probability p. there is a single repair facility which takes at least 2 days to restore a
computer to normal. The facilities are such that only one computer and a time can be
dealt with.

(@) Fonn a Markov chain by taking as states the pairs (X, y) where x is the number
of machines in operating condition at the end ofa day and y is 1 ifa day’s labour has
been expended on a machine not yet repaired and O otherwise.
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(b) Obtain the transition matrix
(©) Find the stationary distribution in terms of p and g wherep +q =1

Solution
The state are (2, 0), (1,0), (1, 1), (0, 1).
The transition matrix is
Tostate-* (2,0) (1,0) (I,1) (O.1)
From state
P=(2,0)
(1.0)
0.0
(0.i)

— U oo
o o4 O
o oo ©

on O©

17.3  Discrete Time Process

1 Consider a series of events E resulting from the repetition ofthe same
experiment and occurring consecutively. The common examples are telephone
calls, average customers at a service point, chromosomes breakages and

radiation, and so on

2. The occurrence are assumed to be of the same kind y.The number n of events
in a given interval t is arandom variable.

3. Letz(t) denote the total number of occurrences within an arbitrary time
interval t.

4 1tIP.U) = P(*tO = n).

Assumptions
i. M (t) depends only on the time interval of duration t, and does not depend on

the initial instant.
ii. The probability that E will occur more than once is the time interval that is

infinitesimally small (that is, negligible).

iii. The probability that E occur once in the interval dt is proportionaly to that
interval and is written
As Xdt.
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Assumptions on z (t)

i. the initial z(t) is O.

ii. z(t)) increases by | when E occurs.

iii. z(t) remains constant when E does not occur.

iv. z(t) = 0,1,2,...,n,... At random instants ty,t2, ..., t*, ...itjump abruptly from
0to 1,1to2,and 2t0 3, ... . The increment of z(t) at time interval t is equal to the
number n of events that have occurred.
V. If we know the value of z(t0Q)attO(the initial instant) we can find the value at
t=1t,+AL
z(t) = z(t0+ AY)

= z(t0) + z(At)

=z(t0) + ~

The increment z(At) = n is characterized by the properties of the probability of
occurrence in the time interval if
i. its probability is Pn(At)
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ii. it is independent of the values of z(t)prior to t0.
Thus ifz(t0) is known, the value z(t) (which is determined by the probability of
occurrence in the interval z) depends solely on the law of probability that governs the

increment nafter t,,.

The random variablez(t) follows a defined poisson process and constitute an example
ofa Markov chain. Jt is defined completely by the probability

@nf O nh=o1.

Pn(0 =

17.4 The Poisson Process
Under the assumption of the continuity of time we can expand py(At) in Maclaurin

series
PiAt = Pi(0) + pi(0)At + ~pi'(0)(At)2 + -
= Pi(0) +pi(0)At + o(At)2

But pjCO) = 0
The probability that Ecan occur O time or once is
p{z(At) = 0 orz(At) = 1} = pOAt + pyAt
Now consider pnAt
POAL+ PiAt+ e =1
which is necessary.
POAt= 1- pxAt- p2At- e

=1l-p,At
This is so because of the assumption 1 - pyAt- o(At)2. Butour only interest is in

Pn(t)-
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Event E can occur precisely n times during the interval t + At if the following This equation does not hold for n = 0. We can use the forward chapman-kolmogorov

mutually exclusive events are time. equation.
i E occurs n times in the interval t, 0 times in the interval At. pO(t+ At) = Po(t)pO( Ab)
ii. E occurs n - 1times ininterval t, once in the interval At = pO(t)[I-AAL]
iii. E occurs n- 2 times inthe interval £ twice in the interval At.
And so on. pO(t+ At)-po(t) n ~
Tt —
These lead to the following:
pn(t + At) = pn(t)p0At+ pn_1(t)PiAt + pn_2(t)p2At + - In the limit asAt -» 0
PiAt = 1 —p[ (0)At —o(At)2 Po(0 = -Po(t)
sincepi(0) = 0
Letp] (0) = A then At the beginning ofthe interval t, we have

PoAt=1- AAt- o(At)2
po(0) = 1andp®CO) =0, * 0
PiAt can be written as

»i At = AAt + 0(At)2 Divide the limit result by pO(t), we have

So that £0(E) _
pn(t + At) = pn(t)[l - AAL] + Prj-i(E)AAt + o(At)2 Po(0 Po(OPO
= Pn(0 - P,(OAAL + p,,_i()AAt+ 0(At)2
Pn(t + At) - pn(t) = [pn_t(0 - p,()JAAt + o(At)2 oril"QePo" - A

Divide both side by At

” At)-
Pt * A:) PrQ =/~bn-1(0-Pn(0] + O(At)2

POA=0 logg(O= -xt
APn(t) = pi(t) = APn-I(0 “ Apn(t), 1= 0,1,2,.

JMOgePo(t) = ~xj dt

PoCO =
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~p,,(t) can still be written as

0pn(O = *Pn-1(0 “ AM(0 » n >0

Atn = 1
OPi(O = *Po(O-Api(0

Atn=2
Dp2(t) = Apj(t) - Ap2(t)

Atn = 3
2p3(t) = Ap2(t) -Ap3(t)

Dpx(t) can be rewritten as
(D +A)pl(t) = ApO(t)

So that we have
(D + API(t) = Xe-X
Divide through by (£) + A)

) Xe~xt Xe~Xctr
PIO=DsaA (r+ 1)111

This is a general solution.

Xe~Xltr . \e~Xttr
. .. may also be written as
Noticetliatc T Tijrn rt 11

308

Ane-Xt  Antje~Xttr
NowpM =T7T =1 F "W

so that
Ae'X \tJe~Xttr
P,(0~Z) +A_ (r+;)in

putr=1,j=0
) At°e-xttl
PI(0 =1+ 0)111

Then
(D+A)p2(t)= X2te~xt

A2te-Xc _ X2tje~xitr
P20 = puya « (r+/)n

putr=1,j=1

X2t2e~xi (*QZé‘-Xt

2 21

P2(0

Consequently
N X3te~xt X3tje~Xctr
D+ A = (r+»!!!

putr = 1,j =2

p3(0

1l
@
@

i~01.2'

= Xte~Xt = (At)e Xt
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In general,

(At)ne~X1
Pnco = n\ .n =012,

If we fix t, At is a fixed parameter for the distribution and the set Pi(t),p2(t).... then
gives a probability distribution of the process at the fixed time interval which is a
Poisson distribution. In terms of a counts of events the above results shows that the
member of events occurring in a fixed time interval t is distributed as a Poisson with
parameter AtL.

Also since the mean of the Poisson distribution is equal to the parameter At, At can be
interpreted as the expected number of events that can occur in time t. the quantityA is
the average or mean rate of occurrence of E.

175 Continuous Time Process
A continuous-time Markov chain is a stochastic process having the Markovian

property that the conditional distribution of the future state at timet + s, given the
present state at t and all past states depends only on the present state and is
independent of the past. Thus, this lecture establishes the fact that a continuous time
process is also distributed as an exponential probability

17.5.1 Definition and Properties
Consider a continuous-time stochastic process [Xﬂ),t > o} taking on values in the set

of non-negative integers. In analogy with the definition of a discrete-time Markov
chain, given earlier, we say that the process [X{!),t > 0} is a continuous-time Markov

chain if for all s,t > 0 and non-negative integersi,j, X O<u <s,

If, in addition PMX(ti)=j|.Y() =1} is independent of s, then the continuous-time

Markov chain is said to have stationary or homogeneous transition probabilities. All
Markov chains we consider will be assumed to have stationary transition probabilities.
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Suppose that a continuous-lime Markov chain enters state / at some time, say time 0,
and suppose that the process does not leave state / (that is, a transition does not occur)
during the next s time units. What is the probability that the process will not have
state / during the following t time units?

To answer this, note that as the process is in state / at time s, it follows, by the
Markovian property, that the probability it remains in that state during the interval
[s,s + t]isjust the (unconditional) probability that it stays in state i for at least t time
units. That is, if we test t; denote the amount of time that the process stays in state i
before making a transition into a different state, then

P={ri>5+17j >5}=/3{7, > 1)

for all s,t > 0. Hence, the random variable 7) is memoryless and must thus be
exponentially distributed.

The above gives us a way of construction a continuous-time Markov chain, namely, it
is a stochastic process having the properties that each time it enters state /:

(i) the amount of time it spends in that state before making a transition into a
different state is exponentially distributed with rate say vL\and
(i) when the process leaves state /. it will next enter state j with same

probability, call it p,-y, where *ipf=1

A state i lor which u- = Q0 is called an instantaneous state since when entered it is
instantaneously left. Whereas such states are theoretically possible, we shall; assume

throughout that 0 < v <co for all /. (If v, = 0, then state / is called absorbing since

once entered it is never life).

Hence, lor our purposes or continuous-time Markov chain is a stochastic process that
moves from state to slate in accordance with a (discrete-time) Markov chain, but is
such that the amount of time it spends in each state, before proceeding to the next
stale is exponentially distributed. In addition, the amount of time one process spends
in slate t and the next state visited, must be independent random variables. For if the
next slate visited were dependent on 7). then information as to how long the process



has already been in state i would be relevant to the prediction of the next state-and
this would contradict the Markovian assumption.
A continuous-time Markov chain is said to be regular if, with probability 1, the
number of transitions in any finite length of time is finite. An example of a non-
regular Markov chain is the one having.

Pi,i+ 1= 1Vi=i2

It can be shown that this Markov chain-which always goes from state i to i+ 1,
spending an exponentially distributed amount of time with mean */2in state i- will,
with positive probability, make an infinite number of transitions in any time interval
of length t,t > 0. We shall assume from now on that all Markov chains considered
are regular.

Let gtj be defined by

Qij = VIPij, Vi* j

Since V, is the rate at which the process leaves state | and p,y is the probability that it
then goes to j, it follows that qfjis the rate when in state i that the process makes a
transition into statej\ and in fact we call qtj the transition rate from / toj.

Let us denote by Pij(t) the probability that a Markov chain, presently in state i, will be

in statej after an additional time t

PiM= =M m =1

17.6  The Exponential Process

Let us consider a finite state but continuous time process. Let X(t) denote a random
variable. The value of X (t) at fixed t is the state of the process at time t.

A time dependent process is the set (/(t)for given t > 0. Xfo)depends on * > t0,
and not on t2* >£2- The process is continuos if t can take value on the t-axis.
Definition
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A continuous time stochastic process is said to have Markov property and is called a
continuous time Markov process if for all t* > > --.ty > tO satisfying the
condition tn > tn > 0.

1 P(X(tn) =jn/X (tn-i) =jn-1>X(tn-2) ~ jn-Z' esese»("0) = j0O)
= P( X(tn) = jn/X(tn_i) = jn-i)

This is the independent probability and it state that all that is needed to predict the
state of the process at time n is the state of the process at the immediately preceding
time.

2. A Markov process is said to be time-homogeneous or stationary if

P{X(t2) =y/~(t]) = i) = PiXiti-h) =j/X (0) = i)Viandj, §j < t2

In words, the process is stationary or time homogeneous if the conditional probability
in (2) depends only on the time interval between the events considered, rather on the
absolute time. Note that ‘time-homogeneous’ and ‘stationary’ denote sameness in
lime. We can also know that a stationary Markov process is defined completely by the
transitional probability function which we defined as

PijCO=pMO =;/*(0) =i}
The fundamental equation for stationary Markov process is Chapman-Kolmogorov
equation for p,y(t + r). By definition,

fitl(l + ) = P[XU + ©) = j/X(0) = 0

=N P[X(t +r1) =j,X(t) = k/IX{0) = 0 Marginal from joint
k
Using Markov assumption

- A PIX(I+ 1) = jIX{t) = 1(X(0) = i) P{X(t) = k,X(0) = 0
k

313



But P{X{t) = k,X(0) = /} = P{X(t) = k/x(0) = fIPfvff)) = i}

Therefore,

Pij(t +r) = P{X(t ++) = j/IX(t) =k, X(0)=0W O
k

This is because PfA'(0) = t} = 1

Thus

NPt +r) =jIX(t) = = k/X(0)=1)

k
By the stationary assumption in (2)

Pli(t+r) = £ P{X(t) = y/X(0) = 4} P{X(t) = k/XQS) = £

k

= PKkj(j)Ptktf) (By definition)
k
This is the general form of Chapman-Kolmogorov equation.

A specified form of this is:

Pij(t+ At) = Y Pik(t)pkj(At)
k
The above is forward Chapman-Kolmogrov equation.

The forward Chapman-Kolmogrov equation is given as

Pij(At+ 1) = ]Tpijt(dt)pk;(t)
k

We expect the following to hold
i) 0 < Pij(t)y < 1 for allt
i) Pij{0) = W (0) =j/X{0)=1t) = I =]
=0 %]
And for any given i
i) PkCO=1,W O =j/X(0)=0=1
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= k/X(0) = i} o um

LetpijiP) = Ay

=pu(0) +

Under the assumption that py(t) is a continuous function oft, we can express

Py(At)by the use ofMaclaurin series.

+ ipMtox"o3+ -

= PiyCO) + A'yCO)~t + OCA)2

Py(At) = Pi/(0) + AyAt+o(At)2  fori™*j

Py(At) = AyAt + o(At)2 fori=;

Also, let p'y(0) = Xj

Py(At) = 1+ PyyAt + o(At)2

= 1 + XjjAt + o(At)2

Sincep-y(O) = 0

for i* j isaminimum, Ay is positive. Also, since Py(0)

For i =j isa maximum, Ay is non-positive.
We can unite the forward Chapman-Kolmogorov.

Py(t + At) =~P ik (t)pky(4t)

k

= Py ()pyy(At) + ~  pifc(t)pky(At)
k*j
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Winch wo can write as
P,/(t+ At) = PiyCOfl +V c+ uC4t)2] + ~ pik (0[4;4t + 0(A1)2]
k*j
= Pij(t) + VijAjjAt + py(t)0(dt)2+ Y j[P iM IkjAt + Pik(t)OOdt)2]
k*i
Pij(.t + At) - Pij(t)
At

v-1
Pij(t)Xjj + 2" Pik (0 Xkj
k*j
MECTt) | t«jPa (1)O("Q2
4t dt

K dt
'I'ne limitas dt -» 0
dPil(0 Vv
~~dt~ :ij Pik
In matrix form.

(a= diagonal element)

dm dpait)
dt dt A= ft;)
PM = (pyM)

But,"p,(t) =1

d
g ~ P/O =0

dpij(t)
dt

£p«(0) =°
i

Zft="

J
XA«/z Xn +2a7 =0
y Y=

Thus since every of A (diagonal element) is non-negative, the diagonal element Ay
must be equal in magnitude and opposite in signal to the sum of the other element in
the same row. Ayis called the transition rate from i toj for iitj. Ay can be
interpreted as the parameter of negative exponential distribution. For each Ay, the
exponential distribution gives the distribution of time spent in a state i, given thatj is
the next step. Thus if Ty is the random variable with Ay

i"(Ty) = 'fl—U

So that Ay can be estimated as the inverse of a sample mean.

[(*) = <.-te

orf(t) = Ayc"V. x>0

with mean

E(Ty)= J t/(O)dt = J a ljer xI'dt
0 0
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)!—smccr(z =1

Aij

Suppose thill we have the likelihood
n

«l

-nlog Xtj-"Y AXijt
dlogL_ n srl
a i <

1
—

This implies that,

C = Vf

Practice Questions

l. Considered a two-state process such as the operation of a loom for weaving
cloth. The two-state for the looms are 0, the loom is shut off and the operator is
repairing it. And 1, the loom is operating and the operator is idle. Consider the
operating and repair time as continuous. Assume that the constant proportionality is 3
lor repair transition and 2 for breakdown transition. Find the probability distribution
of the repair and the operation time.

Obtain the general form of the Chapman-Kolmogorov (C —K) equation.

3. Show that Aly transition from itoj, Vi &j. is 1/p
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CHAPTER 20

INTRODUCTION TO THE THEORY OF GAMES AND OUEUING
MODELS

1 Games Tkeary
(mines theory is a branch of Stochastic Processes that can be applied to a situation

such as business, stock trading, politics, and so on. where the person involved can be
referred to as a playerox simply agambler

18.2 Gambler’s Ruin
Consider a gambler who plays a game of chance against an adversary. Suppose that at

the start of the game, the gambler deposits an amount in nairaZ. The adversary deposit
N w/. in naira where N is the cumulated initial capital.

L. ‘The role of the game is that if the gambler wins a game he takes N1 from
the adversary and loses same to the adversary otherwise.
2. The game terminates. If dither player loses all his deposits. When the

gambler loses all his deposit, he is said to be ruined:
3. No game is jumped.
We cun pul the money on a number scale.

llie uaiii in loss is represented by movement along the scale. Gambler’s gain is
represented by movement to the right observed and its loss represented by movement

m the lelty observed.
No point .ii. tin. scale is jumped. Movement in either direction on the scale is by pure

chance. The movement along the scale can be seen as that of a particle that moves at
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random forward and backward. Because of that the process is. known as random
tvalk. The points on the scale represent the state of the process.
Movement- to a point on the scale depends on the point the gambler (or adversary) is

at currently. It is therefore a Markov Chain.

We shall approach this problem by attempting the following questions:
Q1 - What is the probability that a gambler with the initial capital Z will be ruined?

Q2 What is the expected gain of the gambler?
Q3 - What is the expected duration ofthe game?

1821 Probability of Gambler’s Ruin
Let p denote the probability that the gambler will move to the right of Z. That is, the

probability of winning a game.
Let g = 1- p, the probability of moving to the left of Z, that is losing a game (by the

gambler). Let the points on the scale be denoted by Z0IZv ...,ZN and qZj, the

probability of ruin given the initial capital Z,.

for simplicity, let N = 5 (live naira). Assume that the initial capital by the gambler is

*2

1 1 1
i 1 1 r |
z0 Z, z2 z N

The probability that the gambler will be ruined if his initial capital isZ2is

£>{R\Z2) :P{Z,R} +F{Z|1R)
= P(R\Z))P{Z.3) + P{R\7.JP{Z)

We can write this as
g/2 =pgx3 + <<, i<z,<n-i
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Since P{R\Zj] —qZzj, P[zk)=p and P{Z} =q

Generally (10.1) can be written as

o, =K+ 1<Z<N-1

Systems like these are known as difference equation. We can write the unit factor on
the leftasp + g = 1. Thai is.

(b + QJ2=[198+
IoH2-+0pf 2=poy 3-+opy
q0~-a/2 =od/2-qz3

This implies that
<z ~ qz2=r(qz2“ ?z3). wherer = p/q

Thus we can have the following system of equation.
on- ax, = r{q7) - a/2)

< - of2=r(g*7- g/
g2 - qz, = r(qz3- <2
- <= g/~ 09

To unify these equations we define
aGN=0"=o

These arc boundary conditions on qy. This becomes

qB' ql'l = Tq,



This extends to other equation in the system 1-r¢

< =rAg, 1-r 9z4
1-r
- 42= r3g* ) Ty g
1-rf
IO~ <z = r49z4 ~ 7 *)qto
1-rl
1-r5
= A*,
. ) . Thus, we have
Adding the equations, the result is gotten
<= (l+r +rgx
Q0“ HA(re +r +r2+r3+r4)
- . Now,
This implies that
Q+r+r2(-r)y=1-7r3
‘2 ="'-fe.0 + I+ r +r2+r3)
= FArd+r3+r2+r + 1) So that
1-7r3
L+r+r2 = 1
If we sum up the identity we have o
I-r5=(14M r3+r3+r°)(l-r) Substituting for cfo. the result follows,
Thus 1-r3
I+/+r +r3+r* - I-/-5 (@ T
1-r
Meaning that And also,
Jdz =0 +r+r2+r3),
Solving in the same manna we did tor gXj. we see that
1-7r
(117 /"1 H) = |_ -
By addition Sueh that.
Qy=0 +r)<i4d 1—1
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Ihis is ihe probability that the gambler will be rained, given his initial capilalZ.

Method of Difference ICquntion
H WS+ *e-m

lhis is the same as

ITie particular solution of 10.1 1 can be written as

I his becomes

VAN "A\c/X!

Divide by XY

So that 10.15 can be solved by

-l £(-4pg)l?
-|p
To simplify, we multiply the solutions
-1 +(-4pg)t- -1 +(1-4pa)- _ g
*2p -2p p
X =j if P*q
=1 if p*q

Then by substitution, equation 10.12 becomes

The general solution can be written as

The boundary conditions
g0o=1 and gN=0

That is, when Z= 0, gz —1

and whenZ= N, gz —0

This implies that
A+B=1 Z=0

Ar5(% ) =°  Z=wW
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Solving the system of equations, we obtain In generall’

gz =A+Bz
Under the boundary conditions
q0=1-gN=0 . at Z=0 and N respectively.

Substitute for A and B, we have
Thus,

=1 atZz- 0
and
A+BN=0 "atZ =N

Thus,

Substitute for A and B
18.2.2 Gambler’s Expected Gain(G)

Possible Values q2= \_N z
Gain N-Z with probability I-qz

Loss Z with  probability q7 Substituting for qz

e(G)=4-(i-Z/nl-z
The expected gain is

£m(7) = [Combined Capital) (Probability of gain) - (initial papital) =n{n)-z
=N(\-q,)-Z =0
That is ]
18.2,3 Expected Duration of the Game
C(CHh=M(l-qz)-z . . .
Assume that the expected duration of the game has a known value Dz . If the first trial
If [;:=</= - Orq+p*0 results in a success, the game continues as if the initial position wasZ + 1.

Now, the initial position is Z, so that
Dz =PDZ4, +qD 7,
Under the condition that the first trial in a success

We can write gz as a function of Z
</l., =I*Il,: +</q, =f(%) a constant
Then the solution from the result of differential equation with constant coefficient is

Dz=PD~™+qDzi+\
b. =z
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With boundary conditions

A,=* D*=0

But (10.28) is the same as
=P"Z+2+ D24
The complete solution is

DZ=VZ+YZ

Where Wz is the general; solution and \zis the particular solution.

General Solution
Any difference Uz between any two solutions can be written as
Uz-pUiM+qu~”

This isthe same as

Uz.i=Pui.i+<luz

Let U2=jr2
So that we have
XM =pXM +qgXz
Dividing through X z
X =pX2+q
This becomes a quadratic equation, which can be written as
-pX7+ X-q =0
v , -lx>/r-4pq
-2p
Multiplying the solutions results in
X =

|
p
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Uz is given as
UZ=A+BXZ

So that,

Particular Solution
Let the particular solution be

Vz =aZ

This means that we can write
a(Z+D=pa(Zz+2)+gaz +1

So that
1

Z+1-pZ- 2p—qZ
The denominator becomes

1-2p =q-p (Sincep+qg=1)

Therefore,

Substituting for a

The complete solution is
Dz =UZ+Wz
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The required boundary conditions are- -
A+ B —O0, Z=0, Dy-—

For Z= N,Dn =0

q-p

So that

This results in

So that we have

Nr =0
-0
Solving for A,
-N
q-p

330

So that

Substituting for A and B in (10.39) we have
JL JL (1V

v W
o

183 Queuing Theory

The principal pioneer of queuing system was A.R. Erlang, who began in 1908 to
study problems of telephone congestion for the Copenhagen Telephone Company. He
was concerned with problems such as the following: A manually operated telephone
exchange has a limited number (one or more) of operations when a subscriber
attempts to make a call, the subscriber must wait if all the operations are already busy
making connections for other subscribers. It is of interest to study the waiting time of
subscribers e.g. the average waiting time and the chance that a subscriber will obtain
service immediately without waiting and to examine how much the waiting times will
be affected if the number of operations is affected or conditions are changed in any
other way. If there are more or if service can be speeded up, subscribers will be
pleased because waiting will be reduced, but the improved facility will become
expensive to maintain, therefore, a reasonable balance must be stntck.

183.1 Applications of Queuing Theory

When persons or things needing the services of a facility or persons arrive at a service
channel or counter on the account that the facility or persons cannot serve all at a
time, a queue or waiting line is formed. Examples of this include:
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(i) cars arriving at a fuel station waiting to be served.

(ii) persons waiting at a bus station waiting to be checked in.

(iii)  books arriving at a librarians desk.

(iv)  patients waiting to see a doctor or community health dispenser.
(v) customers arriving at a departmental store (supermarket).

(vi)  clients waiting to see the Customer Service Executive or Officer.

Queuing theory is applied into every field of human endeavour. This is because there
is no perfect service or treatment that can be meted out. Below are some of the fields

of application:

0] Business - banks, supermarket, booking offices, and so on.
(ii) Industries - servicing of automatic machines, production lines, storage, and so
on.

(iii)  Engineering - telephony, communication networks, electronic computers, and
SO on.

(iv)  Transportation - airports, harbours, railways, traffic operations in cities, postal
services, and so on.

(v) Others - elevators, restaurants, barber shops, and so on.

18.3.2 Concept and Definition

Queuing theory is concerned with the design and planning of service facilities to meet
a randomly fluctuating demand for service in order to minimize congestion and
maintain economic balance between service cost and waiting cost. The cost here
refers to time.

A queuing system is composed of customers arriving at a service channel and is
attended to by any one or more of the service attendants. If a customer is not served
immediately he may decide to wait. In the process, however, a few customers may
leave the line if they cannot wait. At the end of the process, served customers leave

the system.
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Aurriving customers Served customers

leaving
1

discouraged n
customers
leaving

A QUEUING SYSTEM
(OR by Swarup et al. 1978, p505)

18.3.3 Components of the Queue System

A queue situation can be divided into five elements. These are:
(i)  'Arrival mode

(i) Service mechanism

(iii)  Service channels

(iv)  System capacity

v) Queue discipline

(i) Arrival Mode - this refers to the rate at which customers arrive at a service
centre and the statistical law which governs the pattern ofarrival.
Certain definitions pertaining to the arrival of customers:
bulk or batch arrival: more than one arrival allowed to enter into the system
simultaneously.
balk: customers deciding not o enter a queue because it is long or lengthy.
renege: customer leaving a queue due to impatience.
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jockey, customer jostling among parallel queues.
stationary, arrival pattern which does-not change with time.
transient: a time-dependent arrivalj>ro«ess.

The arrival mode is always denoted by M.

(.ii) Service Mechanism - this refers to the nurn;ber of service points that are
available and the duration of service. When the service points or servers are infinite,
the service will be instantaneous, which will result in no queue. In case of finite
points, queue is inevitable. Customers can be served according to a specific order,

which may be in batches of fixed size or of variable size. This system is called bulk
service system.

(iii)  Service Channels - where there are more than one channel of service, then

arrangement of service may be in parallel or series, or a combination of both,
depending on the system design.

(iv)  System Capacity - most queuing system are limited in such a way that
waiting rooms are all accommodating. This gives limit to the number of customers
that can be accepted to the waiting line at any given time. Such situation gives rise to
finite source queues, and results inforced balk.

(v) Queue Discipline - this is a method of customer selection for service when a
queue has been formed. The different forms of discipline include:

(ai)  First Come, First Served (FCFS), or

(aii) First In, First-Out (FIFO)

(b) First In, LasvOut (FILO)

© Last In, First Out (LIFO)

(d) First in. First Out with Priority (FIFOP)

(©)] Selection for Service In Random Order (SIRO)
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Symbols and Notations
We shall employ the following symbols and notations this lecture:.
n = .number of customers in the system, both waiting and in service,
A = average number o f customers arriving per unit oftime
average number of customers being served per unit oftime

A traffic intensity
= number of parallel service channels (servers)

E(n) = average number of customers in the system, both waiting and in
service

E(m) = average number of customers within in the queue

E(v) = average waiting time of customers in the system, both waiting and in
service.

£0 ) = average waiting time of a customer in the queue

Pn( O: probability that there are n customers in the system atany time t,
both waiting and in service.

A= time independent probability that there are n customers in the system,

both waiting and in service.

18.4 The Basic Queuing Process

The statistical pattern by which customers arrive over a period of time must be
specified.

It is usually assumed that they are generated according to a Poisson process that is, the
number of customer who arrives until any specific time has a Poisson distribution.
The Poisson distribution involves the probability of occurrence of an arrival and is
independent of what has occurred in the preceding observation. This Poisson
assumption indicates the number of arrivals per unit time(A) (or mean arrival rate),

whilel/~ on the lengthy of interval between two consecutive arrivals. This time

between two consecutive arrivals is referred to as "inter-arrival time.”

The mean service rate /i is the number of customers served per unit time whole

average service time (Vjt) s the I'me un‘ts Per customer service time delivered is
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given by an experiment distribution where the servicing of a customer takes place
between the timet andt + At.

18.5 Poisson Process and Exponential Distribution

In queuing theory, the arrival rate and service rate follow a Poisson distribution.
However, it should be noted that the number of occurrences in some time interval is a
Poisson random variate, and the time between successive occurrences is an
exponential distribution. Both are equivalent

18.5.1 Axioms of the Poisson Process

Given an arrival process [N (t),t>0], where N(t) denotes the total number of
arrivals up to time t, N(0) = 0. an arrival characterized by the following assumptions
(axioms) can be described as a Poisson process;

AXIOM 1 - the number of arrivals in non-overlapping intervals are statistically
independent. This means there is independent increment in the process.

AXIOMS 2 - the probability of more than one arrival between time t and time
t + At is o(At); this means there is negligibility in the probability of two or more
arrivals during the small time interval At. This implies that

pO(AO + pl(At) + o(At) = 1

AXIOMS 3 - the probability that an arrival occurs between time t and time t + At
iSAAt + o(At). This implies that

Pi (At) = AAt + o(At)

Where A a constant, is independent of /V(t), At is an incremental element, and
0(At) represents the terms such that

thﬂ):H
At

At-0
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18.6 Classification of Queuing System
Queuing systems, generally, may be completely specified in the following symbolic

forms:
(az>c):(dle)
Description
First symbol (a) - type of distribution of inter-arrival times
Second symbol (b)  ~ type of distribution of inter-service times
Third symbol (c) - number of servers
Fourth symbol (d) - System capacity
Fifth symbol (e) - queue discipline

For the first and second symbols, the following letters may be used:
M = Poisson arrival or departure distributions

Ek = Erlangian or Gamma inter-arrival or service distribution
GL= General input distribution

G = General service time distribution

An example ofa queue system is
(M\EK\Cy.(N\SIRO)

Queuing system is classified into
0] Poisson Queues
(i) Non-Poisson Queues

Definitions
Transient State: When a queuing system ahs its operating characteristic (e.g. input,

output, mean queue length, etc) dependent upon time, then it is said to be in transient

state.
Steady State: This is a queue system that is independent of time.
Assume Pn(t) to be the probability that there are n customers in the system at time i,

then the steady state use becomes
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lim Pn(/) = Pn (independent of t)

[-n*
Meaning that

lim- Pn(/)=0
|mdt n(/)

"¢

18.7 Poisson Queues

18.7.1 The M\M\1 System

This deals with the process where arrivals and departures occur randomly over time
generally known as birth-death process.

1 Model 1: (M |Af|l):(oo|FIFO)
In this model, we have Poisson input, exponential service, single channel, infinite
system capacity and first in first out basis.

If P,,(t), be the probability that there are ncustomers in the system at time t, then in
order to write the difference equation for P,{t), we first consider how the system can
get to state En at time t +At. To be in state En of time / + At, the system could have
been in the state £nat time t and have no arrivals or service competitions in Ator be in
state £n_i of time t and have, during A,, one service completion and no arrivals. If

we assume that n > 1 (having arrivals and service independent of each other), it
can be easily seen that

M (t + At) = P, (1). P(no arrivals in At). P{no service completions in At)
+Pn(0- P{one arrival in At).P(one service in At)
T n+l(t). P(one service completed in At). P(no arrivals in At)
+Pn-i(t).P(one arrival in At).P(no service completions in At) + o(At)
n>1
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This can be re-written as
P.(G+Al)= PHI\1- AN+ 0(AD][l -/IAL + O(ALt]+ />,(N[AA][/zAL+ P ,, * h * x+ °<At)]
[I- XAt +0(AN]+ P X(N[AA/ + O(A/[I - / jA\ +0(At]+ o(A/)

This leads to
p.()= P-.(OM + O(A) n>1

Suppose n = 0, we have
PO{i + A/)= PO(tJI - XAt +o(At)]+ PrXI- +°(A0]
[/IAl + o(Al)] + o[A/]

= PO(/J1-/IAT]+PI(t)I T + 0(Al)

We can record the difference equation

P,/ +At)- P.(/)= -U +p)AtPn(/) + /iAl Pritl (/) + XAt Pn, (/) +0(A); n>1

and
PQO(/ + Al)s- PO(I) =- XAtPO(t)+ (iAt P, (/) + o (At)

Then,
lira P|'('+’)\A:t =-U +m)PJ") + 0) +V>,,(/) + o(At)
and
. A )
A@Q N ,(N+1iP,(0 +o(At)

So that we have

-dlé’jn:P(t):AA+p)Pjn +pPJI) +J.P-i(t) n> 1
and
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5w =K ()= -K()+mPM

The above are known as difference equations in n and t. The steady-state solutions

for Ph in the system at an arbitrary point of time is obtained by taking the limit as

| —»0G..

If the

P,,) =P,and Pn(/) =0ast —»00

If A=p there exist no queue

If —>1 we have an explosive state

p
Using the condition of steady state,we have
O=-(A+A+ [/P , + N

and
0 = -APO + fjPy

Using iterate procedure we have

m" b
p
A
pPR=fx+» V -ak =
pJ Y
= f-1
P p p (AN
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steady-state exists

(1< /j, ast -» co), then

n>1

In general we have

P.=1-1 P, vn

Proof

By mathematical condition, we have

p,,*\ en p n-\»
P P
A+p'
-1
P P\P
X-"+fiXx1 A"
=- P

9

Using the boundary condition; Z ~.

>=7 P<="0Z

n>1

= 1 then 6.5 becomes

Sum o f geometric series where —< 1
P

n-ol/'J
= P.,
1-
P
=5
V -p \]
This implies that
1-P
Resulting in the steady-state
P,=p" @1—p\ p<1l andn=>0
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This is the probability distribution of queue length.
Characteristics of Model 1

0] Probability of queue size greater or equal to n.

M*.)=1>.. =z0-p)pi

=1-P)P'+P1-
a-P)P L]
=0-py)p" tp -
K -ii=(i
:Oj/\ v =
1-P

(if) ~ Average number of customers in the system

E(n) =Y jn PB=En(l-p)p"
1=0) +0

=0-p)E" P =pO- P)S« Pl

££de
= ji- R Since 7< 1
P(i-p)fSap -
=P ('-p)
LO-p)]
P
1-19 A=l
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(i)  Average queue length

£E(».)=1»p.;

where m = n -1 (that is number of customers in queue

minus customer in service)

=i>-i)P ,=i>r,,-IP,

Sep

=78 [i-(i-p)]

mrb-’

P2
1-P

(iv)  Average length of non-empty queue

Em/m>0)= "~ m- m
\Y P(m >0

1 P
P(P-*) p- 1

This is because P (m >0)=P(n >1)= JiTPL- /} - Px
y L

(v)  The fluctuation (variance) of queue length
T(*) = l«=o[n-ir(n)]2P,
= E*=0n2P n-[*(n)]2
By algebraic transformations,
PM)=(l-p)EE-[EF

(1-P)2
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(n-w

Example 18.1

ATV repairman finds that the time spent on his jobs has an exponential distribution
with mean 30 minutes. If he repairs sets in the order in which they come in and if the
arrival of sets is approximately Poisson with an average rate of 10 per day.

0] What is the repairman’s expected idle time each day?

(i) How many jobs are ahead of the average setjust brought in?

Solution

2 =—=—, setsperhour
8' 4

/I =~>V60 =2 setsperfhour

0] The probability of no unit in the queue is

Fo n 8 8
Hence the idle time for repairman in 8 hour days
=-,0 =3hours
8
ii E(nN)=- V j o b s
(ii) ) v, 3

4

18.7.2 Waiting Time Distribution for Model 1
Waiting time is mostly a continuous random variable and there is a non-zero

probability of delay being zero. Denote time spent in queue by w. Let (/,,.(/) be the

cumulative probability distribution so that from a complex randomness of the Poisson,

we have
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V'.-(0):P(w = 0)
= P (No customeron the systemn upon arrival)

To find y/uin for / > 0," we suppose there be n customers in the system upon arrival,
I or a customer to go into service at time between O mid t, it means all the customers

must have been served at time t.

Therefore,

i (,)=: p[(n-1)customersare servedat timet) P [onecustomerbeingserved in timedt]
{idt
The waiting time w is therefore

w <t]

AN TA -
as%t,i JO (/) +V-C«)

" zl («-i;
i

=(-p)p -/t (I1-/o)dt +(1-p)
0

- \- pe >0
The distribution of waiting time in queue is

I"p /=0
A {v): 1-/» />0
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Characteristics of Waiting Time Distribution for Model 1
(i) Average waiting time of a customer (in the queue)

£ (h-) =
0
w
=ftpp{\-p)
0

P _ A
p(I~p) p(p~X)
(i) Average waiting time of an arrival that has to want
E(w/w> 0)=
p[w> 0)

p(p-*)\/ p
1

P~X
We note that P(w > 0)=1- P(w=0)=1-(I-p) =p

(iii)  For the busy period distribution, suppose v is the random variable denoting the
total time that a customer had to spend in the system including service. This makes

the cumulative density function to be

v{w/w> 0) :F[w >%); where "N(w) = at [ipw(/)]

A /
I P) TN

t.>0
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(iv)  Average waiting time that a customer spends in the system including service

E(v) =| tV/(wl w> 0)ir
0

0
*

|
=[x £'sdlx, for (//-X) =X
P -K
1
p-X

Relation between Average Queue Length and Average Waiting Time
(Little’s Formula)

Emy 2
p(p-X)

Ew= " E(v)==—!—
p(p ~X) P-X

It can be seen that E(n) =A E(v), E(n)=XE(w)and E(v) = E(w) + —
P

Example 18.2

Amvals at a telephone both are considered to be Poisson with an average time of 10

minutes between one arrival and the next. The length of a phone call is assumed to be

distributed exponentially with mean 3 minutes.

(i) What is the probability that a person arriving at the booth will have to wait?

(i) The telephone department will initial a record booth when convinced that an
earrival would expect waiting far at least 3 minutes for phone. By how much
should the flow of arrivals increase in order to justify a record booth.
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Solution
We are given

A = K) = 0,1®Person Per minute

and

p =" = 0.33person per minute

() Pw>o0)=l-/u=1-fl- —

I P)
_A_001
~ M-~ 033
=0.33

(i) The installation of record booth will be justified if the arrival rate is greater
than the waiting time. Then the length of queue will go on increasing.
Now, E(w)= ,"*—r=3
MKM-A)
Al
0.33(0.33-A))

Where E(w) = 3 and A= A'(w) for record booth. On simplification this yields

Al=0.16. hence the arrival rate should become 0.16 person per minute to justifies the
record booth.

18.7.3 ModelllI(Af[M|1): (00|S//?0)
This model is similar to model 1 The only difference is in the service discipline. The
first follow the FIFO rule, while this follows the SJRO rule. We recall that the
derivation of m for model | does not depend on any specific queue discipline, it may
then be concluded that for the SIRO rule case, we must have.

P, =(1-p) p", n>0
The average number of customer in the systemv£(n) remains the same irrespective of
cases, FIFO or SIRO. Provided P,remains unchanged, £(n) remain the same in all
queue discipline, thus
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=0 =) E0 =

This result applies to the FIFO SIRO and LIFO cases. These three queue discipline
sonly differ in the distribution of waiting time when the probabilities of along and
short waiting times change depending upon the discipline used. When the waiting
time distribution is not required, the symbol GD(general discipline) can be used to
represents the three queue disciplines above.

18.7.4 Modellll (MM [I):(Af|F/FO)
There is a deviation from the previous model 1 (especially 1) because the number of
customers is now finite (W). As long as n < N, the difference equated of model

remains valid for this model. If the system is in state Ew, then the probability of an
arrival into the system is zero.
Thus, the additional difference equation forn = N becomes

p.{t+al)=pnc) [i-M'l+"v-i(0-M i-H+<>(al

resulting in the differential-difference equation.

- AN
éétpn(/)— [IPnCO0O+ , <)

and gives the resultant steady state difference equation
0=-/iPn+APN,(O

Given the interval 1< n <N -1, the complete set of steady-state difference equations
for this model is as follows.

"~ ,=APO

pP..i = (A+ai)P, - AP, ,

PR3 = AR\,
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\s in model |, by iterative procedure, the first two difference equations are

0-/g)p"
P« = (jj P, .n<N-I 1 9.3p| P*1
. L ;0<n<N
n (he same manner, the value of P holds for the last difference equation if n = N.
Thus, we have =
N+l P 0
=p" PO; n<N Note that the steady-state solution exists even for p > 1. Intuitively, there is sense in
Using the boundary condition, we can obtain the value of PO. this since the process is prevented from blowing up by the maximum limit.
. N Thus, given N ->mco, the steady-state solution results in
Boundary condition is ®* P =P,
0 P.=(- p)p" n<co
Thus
Which is the same as that in model 1
1=~.2>n
i-p> Characteristics of Model 111
{i-p 0) Average number of customers in the system is given by
> (N +j) E(n) =Y inPil =P,,YJnp"
rfl rf0
Thus,
tI>dt dp
N+
l-p*« —psp \-_p
A PRI L kp
N +\
(1-P):
Hence plI-(N +1)p N+ NpH\
(M O V)
b1
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(ii) Average queue length

E("0=Z (" _1)Pn=E(n)~Y.P

:£(«)-(!-P")

_p 2fl-ATp"-,+ (Af-1)/NKI
vVoop)i> )

(iii)  Average waiting time.

Using Little’s formula:

E{v) = ~A" where Al is the mean rate of customers entering the system and is equal
to a(i-/>,.)
Thus, E(w) =E(y) - —=

P

Example 18.3

At a railway station, only one train is handled at a time. The railway yard is sufficient
only for two trains to wait while the other is given signal to leave the station. Trains
arrive at the station at an average rate of 6 per hour and the railway station can handle
them on an average of 12 per hours. Assuming Poisson arrivals and exponential
service distribution,

(@) Find the steady-state probabilities for the various numbers of trains in the
system.

(b) Also, find the average waiting time of a new train coming into the yard.

Solution
2=6 //=12,p =— =05
12
Probability of no train in the system (both waiting and in service is

7= =053
I-//* ~1- (0.5)™
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We know that Pn = pfe", thus
(fl) P, =(0.53) (0.5) =0.27
P2=(0.53) (0:5)2=0.13
P3=(0.53) (0.5)3=0.07
(b) E(n) = 1(0.27)+ 2(0.12)+ 3(0.07) = 0.74

Hence, the coverage number of trains in the queue is 0.74, and each train takes on an
average 'A (0.085) hours for getting service. As the arrival of new train expects to
find on average of 0.74 trains in the system before it.
E(w) = (0.74) (0.085) hours
= 0.0629 hours or 38 minutes

18.7.5 Model 1V (Birth- Death Process)

Assume the system to be in date En, the probability of a birth occurring in a small
time interval At is considered as AnAt + o(At); and that of the death is considered as
finAt + o(At),n > 1. The system being in En at time t means it will remain in En at
timet -FAt provided there is no birth and no death/on birth and one death, or the
system might have been in E~and had a birth, or in En+land had a death. Thus, this
result in

Pn(t + At) = Pa(t) (1 - AnAt- o(At)){\ - iinAt - o(At) ) 4 Pn+1(t) (Mn+i"t
+ o(At))(l - An+lAt- ofAt) + Pn-i(t) (An_aAt + o(At))(l
- lin_xAt-o{At) + o(At), n>1

PO(t + At) = PO(t)(l —AQAt- o(At) + PAOC/ijAt -H\o(At)) + o(At),
n=0 \

Dividing by At, and taking limit as At -*0, the diffential - difference equations results

d
“JTANCO — ~(An + P)i)Pn(t)+ Pn+17+1(0 T t> 1
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By mathematical induction, one can prove that this formula is correct

and
'thB "n-IIA711
d Y N |
dtP° A ~ ~*nPo(t) +
71-1
Since M (t) is independent of time, the steady-state solution i m:
APt

APn(t) =0 and the differential-difference equation reduce to
Making use of the boundary condition, we obtain PQ

0= - (*n "hPt)Pn + Pt+tlPn+l + An-IPn-1* H> 1
and < w
0 = -AQPO + /ijPj 'YIJPn=1orpo+ YpT, =1

71=0 7=0 1

Consequently by interactive procedure as in model 1 thusPo= [l + cn-1nwc?™)]

p -hp
1~p/° If the R.H.S in a divergent series, pO= 0. If the R.H.S in a divergent series, pO will
have its value defining on Aj‘sand p,’s.

N Special case
- ':2;?1 no l. WhenA,, = Xfom > 0.andpn=pfom >1
A=htP2n A then
.3
ANINO Ao .
P3P2 Pi hus
n=pn(l-p), forn=>0
So that in general pn = pn(l- p)
IAn-2 —70 (same as model 1)
n _"*n-1"n-2—-0n
= . — andpn =pforn >1
T bnPn-i~Pi Il.  When Xg= =, forn >0, pn=p
Then 1
=nN90;70. »2 1 _ Vv A
i Po= 14 Z.ptpn
el
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-1
L+p+| p2+jf3+ -]
= e~P
Thus
Pn={"*.pn)e~P forn~°
Here we can see that pn follows the Poisson distribution where p =-. But, p > 1 or

p < 1 most be finite.

1. When An = Aforn >0, andpn=np_ forn>1

Then
- i-i
Po= 1+ Z ol
=1
= e~p
Thus

p*mGspn) e~p forn~ 0
Here, service rate increase with increase in queue length. Hence it is known as the
queuing problem with infinite number of channels= (M\M\co): (0o|F1F0)

Example 18.4

Problems arrive at a computing center in a Poisson fashion at an average rate of five
per day. The rules of the computing center are that any man waiting to get his
problem solved must aid the man whose problem is being solved. Tfthe time to solve
a problem with one man has an exponential distribution with mean time of ‘A day,
and if the average solving time is inversely proportional to the number people

working on the problem, approximate the expected time in the center for a person
entering the line.

Solution
A= 5 problem per day, p = 3 problems per day
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It is given that the service increases with increase in the number of persons.
Thus, pn = np. where there are n persons.

X @
E(7)="np,="n.(-p")e<
n=0 n=0
e~p.p.ep=p

= 5/g persons

The average solving time is inversely proportional to the number of people solvingon
the problem is given by day problem.
Expected time for a person entering the line jV

NE(?T) = | day or 8 hours.

Practice Questions

1 Derive, using both methods, the probability that a gambler will be ruined
given that his initial capital is Z.

Show that gambler's expected gain is given asN (I —qz) - N.

Under what condition can the expected gain be zero?

Company A enters into a project deal with another company B. 4's initial
deposit is VB, while f?°s initial deposit is NAm. For every success, A gains
more naira from 6, otherwise it loses same to B. Ifthe probability of success
is 0.7, what is the probability of losing the entire deal?

5. A gambler's initial fortune is t. On each play of the game the gambler wins 1
with probability p, or loses 1 with probability 1—p. He or she continues
playing until he/she is n ahead (that is, the fortune is t + 2t). or losing by m.
Here 0 < i - mand i +n < N. What is the probability that the gambler-quits

as awinner?



@

(b)

@)
(b)
(©
(d)
©)
10

Given an initial capital, Z, show that expected duration of the game is

Ml

Describe the model 1of the M|Afllqueue discipline, and show that

@) the average number of customers in the system is given as
2
(b) the average queue length is givenas —
In the M|M|1 system of a queuing process, show that the
steady state probability of model 1is f = pn(l -p), where p < 1 and n >
0.
the waiting distribution is given as
(1- p. t=o0
m =
[l-pe-rt'-P*, t> 0
SAO Super market has one cashier at its counter. The service discipline of the
cashier is FIFO. It is observed that the supermarket has 18 arrivals on average
of every 10 minutes while the cashier can serve 12 customers in 6 minutes. If
the distributions of arrivals and service rates arc poisson and exponential
respectively. Calculate.
The traffic intensity and interpret the figure obtained
The average number of customers in the system
The average queue length
The average time a customer spends in the system
The average time a customer waits before being served
Customers arrive at an ATM where there is room for three customers to wait

in line. Customers arrive alone with probability and in pairs with

probability ~ (but only one can be served at a time). If both cannot join, they

both leaver call a completed services or an arrival an “event” and let the slate
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(@)

(b)

(©

©

be the number of customer in the system (serviced and waiting) immediately
after an event. Suppose that an event is equally likely to be an arrival or a
completed service.

State the transition graph and transition matrix and find the stationary
distribution.

If a customer arrivers. what is the probability that he finds the system empty?
Full?

If the system is empty, the time until it is empty again is called a “busy
period”. During a busy period, what is the expected number of times that the

system is full?
Show that a limit distribution is a stationary distribution.
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