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Abstract

In this paper we establish some new oscillation criteriafor the solution of a forced
superlinear conformable fractional differential equationwith damping term by using
the averaging functions method.Our results provide extensions and improvmentto
some existing ones. Some examples are also given to show the relevance of our
results.
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1. Introduction

The fractional calculus [1, 2, 3] has attracted many researchers since the last two centuries. The impact of this
fractional calculus on both pure and applied branches of sciences and engineering gained substantial increase during the last
two decades. Also, research on oscillation theory as part of the qualitative theory of differential equations has been
developing rapidly in the last decades, particularly on the oscillatory behaviour of integer order differential equations [4-6,
7]. Furtherextensions have been done on oscillation of fractional differential equations using Riemann-Liouville, Caputo
and modified Riemann-Liouville [8-10, 11-13, 14]. However, since the introduction of conformable fractional derivatives,
not many researchers have worked on the oscillation of the solution of conformable equations. These include :
[15]worked on oscillatory properties of a class of conformable fractional generalised Lienard equations
T, (r®OT, () + f (xO)T, (X)) +g(x(1) =0 t=t, (1)

where T_ denotes the conformable fractional derivative w.rt &, 0<a<1.

Also, [16] established Kamenev Type oscillatory criteria for linear conformable fractional differential equations
(pPMY“ )" +a®)yt) =0 t=t, (2)

where p e C([t,,),(0,0)), qeC([t,,«),R), 0<a <1 and q might change signs.

In [17], the oscillation of solutions to the generalized forced nonlinear conformable fractional differential equation of the
form

T.[a)y (xO)T,xO1+ P, x(®), T,x(1)) = Q(t, x(t), T, x(1)) t=t,, @)
were cosidered where T_ denotes the operator called conformable fractional derivative of order ¢ with respect to variable
t, C* denotes continuous function with fractional derivative of order &, a € C“[[t,,),R] and p Qe «C[[t,,0)xR?,R]-

In this paper, we establish the oscillation of solutions to a forced superlinear fractional differential equation with damping
term

D [a(t)o (x'(1)) D x()]+ p(t) B x(t) + g (t) f (x(1)) = Q(t, x(t), DI x(1)) 4)

where

a,p,g: arecontinuous functions on the interval (t,, )

o, f: are continuous functions on the real line R, with f(x)>0, V XeR.

Q: Isacontinuous functions on [t,,o0) xR? with

Q(t, x(t), B x(1))

F(x(0) <q(t), Vtelt,, o), q(t)e([t,©),R) and x#0.
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2. Preliminaries
For the purpose of this paper, we use the definition of fractional derivative of order < (0,1] by R. Khalil [18].

Definition 1 [19,18] Given a function f :[0,,0) —»R. Then the “conformable fractional derivative” of f of order o is

defined by
ft+a™)-f(t

Da(f)(t)zlr’g%

If f is o -differentiable in some (0,a), a>0, and [im, ., f“(t) exists, then define
£0) = lim f*(t)

t—0"

vt>0, xe(0,1)

Definition 2 A solution X(t) of (4) is said to be oscillatory if it has infinite number of zeros, otherwise it is said to be
nonoscillatory. The equation is said to be oscillatory if all its solutions are oscillatory.

Some properties of the conformable fractional derivative of order <(0,1] which will be useful in this work are
summarises below. For all a,b, p e R, we have

D*(af +bg) =aD,(f)+bD,(g)

D“(tp) = ptp—a (5)

D“(4)=0

D“(fg) = D, (9) + 9D, ().

Da(é)z b, (f)- D, (9)

gz
D*(HB =t 5

We refer the readers who are not familiar with conformable fractional derivatives to see [18,19] for details.

3. Main Results
In this section, we establish different oscillatory conditions for equation (4) . Here, we let
(>0, f'(x)20 and 0<f*(x)<¢ for x#0 (6)
du < oo and diu < o0 (7)
f( ) f(u)
J“f(u du<ow and J'“f’(u)du<oo )
f(u)
f (z 9)
min{sup+/f'(u) j Jf ) j dz}> 0
u>0 f ( f ( )
@(t) = p(t) p(t) -kt “a(t) o’ (t) >0 and d'(t)<0 t>0 (10)
-1 (11)
70 e
Theorem 1
Suppose equation (6) — (11) hold and there exists a differentiable function -1t ) - (0,:0) such that
~oo < limsup | Wdu < (12)
tox 0 u
and
Jo(s)ds =, (13)

Then, for any integers S,y >1, equation (4) is oscillatory if
I[( e p(u)lf(u)+(t u)”r

I'rtnfuP (t- /f” 4V (u)
x[@U)pU)(t —u)+(B+»)]Pdu =0 (14)
where
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V(=P

[ o(s)ds

Proof. Let x(t) be a non oscillatory solution of equation (4), without loss of generality we assume that Xx(t) >0 for
t>t,>0.Let W be defined by

- iy 2D (X ®))DIX()
W (t) = p(t) S
t)=p(1) 0
a a(t)o (X' (1)) DIx(t)
DIW (1) = D [p (t)—f(x(t)) ]
_ Ao (X )P MXM) | (0 2O O)DX(O] W2 () £/(x (1)) (15)
f(x(1) f(x(1) a(t) p(t)o (X))
From equation (4) ,
D (a®)o (X (1) Dx(1)) _ Q(t x(t), DIx(1)) o(t) DIx(t) _ a(t)
f(x(t) f(x(t) f(x(1)
o o EX() (16)
<-r(t)-p() (D)
where r(t) = g(t) -a(t)-
Substituting (16) into (15), we have
POIX'(M) | ka®t™ = p )X ()
DiW -
O <-pOr®-,pO = - <) )
W) F(x()
ka(t)p(t)
W) S—p(tlzr(t)—Q(t) x'(t) _V\l{z(t)f'(x(t)) (17)
[ fx®) tkal)p()

integrating inequality (17) w.r.t ds, we have
WO =W~ [ 2o X gs [ WOTHOD

f(x (S)) o k,s"a(s) p(s)
OO e O P L AGCLACOICL e

In what follows, we consider the following two cases.
CASE 1 The integral

fwz(s)f’(x(s))¢(5)ds is finite

0
There exists a positive constant M, so that
[W2(©) F'(x(s)pls)ds <M, for t>t,,

0

Considering (8) and then using the schwartz inequality, for t>t,, we have

If X (S)fW ‘|I Wo(sW (s)y/T'(x(s)))ds [

< ([ Vo)) (]| (oW W T ixoNes):

<M, f 0(s)ds (19)
Also from (9) , we let
V() j'm“ff((l; du=B for txt, (20)
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where B is a positive constant. Next, we put
B, =r AN du>0

xtg)  f(u)
Therefore, from (20) we have

Jf (u
f/(x(t)) > B?[
I f(u )
BB, Jxm V') du]”?

o f(u)

> B?[B |ft X'(s) f'(x(s)) ds [
a f(x(s))

F(x(0)) > B*[B, + (M, [ ¢(s)ds)!] ?
0
There exists a positive constant b (depending on the constants B, B, and M, ), so that
() 2b([ p(s)ds) * for t>T" >t (22)
0

using (21) and the definition of w () in equation (17), we obtain

W) <- %—im) oW - 22OV O o1
_[go s)ds

=_M—ki[cp(t)¢(t)wa) VOWD] for t>T (22)

tlfa
If we multiply both sides of the inequality (22) by (t—u)?*” and integrate from 7 to t we have
J.I(t —u)”W'(u)du < —f(t T) d %du

fkif(t —U)" [D(U) (U)W (u) +V (U)W ? (u)]du
j‘(t —u)#* %du <(t-7)""W(r) —(B+ y)jr‘(t—u)ﬂMW(u)du

_k%r (1= (s _k%f(t —u)”7 D(u)(U)W (u)du

simplifying, we have

I‘[(t_u)uw p(U)r(U) -2 (B+ )+ (- )P (U)p(u)* Jdu

- 4k,V ()

s(t—r)<ﬂ+7>W(f) for t>r (23)

dividing (23) by (t—7)”*” and taking the upper limit as t — oo, we obtain

.[[( )[1+y p(u)r(u) + (t_u)ﬁﬂ/iz
Thd 4k,V (u)

limsu
o P (t- )ﬂ”

<W(r) <o
This contradicts (14) Next, we show the second case.
CASE 2 The integral

JLo(s2(s)F/(x(s)ds s infint

[DU)p(u)(t-u)+(B+7)I"1du

By (12), it follows from (18) that for some positive constant L
~W(t) =L +ki£t¢(S)W2(S) f/(x(s))ds (24)

where
L=-W(t,)+ J ,O(S)r(s)d
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We choosea T~ >t, SO that
0= L+k— j (p(S)W (s) f'(x(s))ds >1
2

Then (24) ensures that w is negative on [T* ). Now, multiply (24) by F'(x(1)) , we have
f(x(t))
(W) FrOx)k, 5 _ X O F(x(®)
L+ kij-:go(s)W o) f'(xs)ds T XO)

since
1 _W(He()
f(x@®)  kX(t)
integrate both sides of the inequality above w.r.t. ds fromtto T", we have

~In[L +ki [“o(sW?(s) F(x(s))ds].. = In[F (x(s))].

|_+—j P(S)W2(s) f'(x(s))ds ) )
In[ >0 [f |
LﬂTL fP(S)W (s) f'(x(s))ds (x(T)

1 L _foxa)

L+F [[oewiE) F(xspds (x(™))

From (24) and the above inequality, we deduce that

~W(t) > L+|T j P(SIW2(s) F'(x(5))ds > 1 , _fx®)
? |_+ki [[pemw2(e) f(xspas F T

So
W) <-— f(x®)

K oF (X(T))
which implies that

’ ¢
t)<-———" ot
O cxeay ™
integrate both sides from T to t
. (4
X)) <x(T)— p(s)ds for t>T"
©<x(T") ka(xm)w()
which, in view of (13), leads to contradiction
ie limx(t) =—w

t—w

This complete the proof.
Theorem 2 Suppose equations (10) and (t) in (11) hold with (g) and (12) respectively replace with

xf(x)>0 and 0< f'(x(t)<k, for x=0 (25)

and

Cwe XDy (26)
L st o ="

for constants k3 and L, . If there exists a positive continuously differentiable function o defined in Theorem 3 above, then
equation (4) is oscillatory if

s [ (20102 L(J:()qi(u)]dudf . (27)
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Proof. On the contrary, we assume that equation (4) has a non-oscillatory solution x(t). Without loss of generality, we
assume that x(t) >0 for t>t, > 0. Following the proof of Theorem 3, we obtain equation (17) ie

W(t) <— PO () () X)W

for t>T
e F(x()  kt™a)p(t)

W(t)<— M_i(p(t) oW (o) KOW©O

ek kt™a(t) p(t)
using (25) in mequallty above, it implies that

(t)r(t)< W) q)(t)¢(t)W(t) kp(®W2(t) for t>T

2

where k = ky/k,
PO <) - pOL, W O+ (0] (28)
integrate (28) , we have
j‘ Mdu < j‘w'(u)du - j‘ (p(u)[iqa(u)w (U) + kW2 (u)]Jdu
j ”(“)r(“) du < -W (1) +W (t,) - j 2l d)(u)W(u)+kW ()ldu
S|mpI|fy|ng the above inequality glves
f p(U)r(U) _p(u)o? (U)]GI bW () k,X'(t) (29)
4k7k o) F(x(t))
mtegrate (29) , we have
p(U)f(U) _ p(u)®?(u) t v kX(7)
H a ]dudrSW(to)'[odr—J‘lOm
SW(tO)(t—to)—kzLi (30)

dividing (30) by (t-t,) and taking the upper limitas t — oo, we arrive at

limsup 'f _[ p(u)ﬁr(u) LOLE (U)]dudr <limsup W) (t-t,)—k,L ] <o

o (t— t) ' 4Kk o (t )
this contradicts (27) which complete the proof.
Example 1. Consider the nonlinear forced fractional differential equation

D [(texp (7)) o (X (1) DX()] + 4t xXsgnx(t) = —tdls(zx(lt):;(?t“x(t))z (31)
From (31), we deduce that
a(t) = (tep (™), p(t) =0, f(x(t)=>(t); f'(x(t)) =3x*

Qe Dy = D) (32)
g(t) =4t
Let
p)=11=2 « :1/4,} (33)
£ =52,y =32
Also,
Q(t, x, Dix(t) = — L @XO+ DIX(O)’
1+x
<t*F=q(t) (34)

and
rt) = g(t)—q(t) = 4" —t** (35)
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K (x) = xxx¥=x*>0 f2(x)=x°t)>0 and f'(x)=3x*>0 ¥Vx=0

J-,/f (u) _I(sx W2 4 087 <o
f(U)
Without loss of generality, equation () to (9) hold.

Substitute (32), (33) and (35) into (12), we have

IlmsupJ' p(u)r(u) du—IlmsupJ.(4u 29028 _ 8120 dy = 108.02

t—o0 t—o0

This shows that equation (12) hold i.e —0<108.02 <
Also, we substitute (32) - (35) into the left hand side of equation (14), we have

limsu t—u)? (4u~2°28 — u=32%du

e 2) [l )

i (t 12)4 [0.81t*%°+96.06t* —109.83t>*° +8.24t°*°
t—owo —

—27.36t% +11.31t% +33.16t — 21.93]

= limsup %[o.sno-%+96.06—109.83/t°-°4+8.24/t°-55
e (1-21)

—27.36/t +11.31/t* +33.16/t* —21.93/t*] =
This shows that (14) holds, hence equation (31) is oscillatory.
Example 2. Consider the nonlinear forced fractional differential equation
t*°(2x(t) + DI x(1))? (36)

D7 [exp (2t) (X (1)) D x (1)1 + 26D x(t) + %% = — 2

From (36) , we deduce that
a(t) =exp(2t), p(t) =23, f(x(t)) = x2(t); f'(x(t)) = 2x(t)

35 o H 37
Q(t,x, DX(1)) = _w (37)
gty =t*
Let
p)=1, t,=2, a =25, -
k,=5k=3
Also,
Q(t, x, DY x(t)) = ,w
<4t = () )
and
r(t) = g(t)-q(t) =t*—4t"* 0

Substitute (37) - (40) into (27), we have

) = T 1205 -1/10
"r,nitjp-[ J [p(u)r(u) ‘(:Ij()i(u)]dudr IlmsupJ.t .ft [u'?® —4u™*° —1/75 exp (—2u)]dud

= limsup j [0.297'% —4.47°° + 0.01exp (-27) +5.14]d

t—o

= limsup [0.07t%2° — 2.32t'1°—0.005exp (—2t) + 5.14t —3.08] = 0

t—o0

This shows that (27) holds, hence equation (36) is oscillatory.

Conclusions

In this article, we have established some new oscillation results for a forced superlinear conformable fractional
differential equations with dampping term. This extends and also improves on some existing results in the literature [15-
17]. Since the new results are derived, we provided two examples to illustrate the relevance of the results obtained.
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