International J.Math. Combin. Vol.1(2021), 47-55

The Modular Nilpotent Group M,. x C, for p > 2

S. A. Adebisi

(Department of Mathematics , Faculty of Science, University of Lagos, Nigeria)

M. EniOluwafe

(Department of mathematics,Faculty of Science, university of Ibadan, Nigiria)
E-mail: adesinasunday@yahoo.com, michael.enioluwafe@gmail.com

Abstract: In this paper, the classification of finite p-groups is extended to the modular
nilpotent group of the form M,» x Cp in which, p is greater than 2.
Key Words: Finite p-groups, nilpotent group, fuzzy subgroups, dihedral group, inclusion-

exclusion principle, maximal subgroups.

AMS(2010): 20D15, 20E28, 20F18, 20N25, 20K27.

§1. Introduction

The following properties for the fuzzy subgroups of G were known:

(1) The level sets of a fuzzy subset of a finite set form a chain;

(2) A is a fuzzy subgroup of G iff its level sets are subgroups of G’;

(3) The relation ~ is an equivalence relation on fuzzy subgroups of G,where for fuzzy
subgroups p,v of G |, pu ~ v iff Va,y € G, (u(z) > p(y)if fr(z) > v(y)).

82. Preliminaries

Suppose that (G, -, e) is a group with identity e. Let S(G) denote the collection of all fuzzy
subsets of G. An element A € S(G) is said to be a fuzzy subgroup of G if the following two

conditions are satisfied:

(7) A(ab) >€ {A(a),\(b)}, Va,be G

(ii) M@=t > A(a) for any a € G.
And, since (a=1)~! = a, we have that A(a~!) = A(a), for any a € G. Also, by this notation and
definition, A(e) = sup A(G). [Marius [1]].

Now, concerning the subgroups, the set F'L(G) possessing all fuzzy subgroups of G forms a

lattice under the usual ordering of fuzzy set inclusion. This is called the fuzzy subgroup lattice

of G.
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In what follows, the method that will be used in counting the chains of fuzzy subgroups
of an arbitrary finite p-group G is described. Suppose that My, My, --- , M; are the maximal
subgroups of G. Let h(G) denote the number of chains of subgroups of G which ends in G.
The method of computing h(G) is based on the application of the inclusion-exclusion principle.
If A is the set of chains in G of type

cCihcCycCc---CcC,=G

and A’ represents the set of chains of A’ which are contained in M,, r = 1,--- ,t. Then, we
have
t
r=1
- t
- 1+Z‘Ar|— Z |Ap, M Ay |+ -+ (=1)F1 ﬂAr
r=1 1<r <ra<t L

w
Observe that, forevery 1 <w <tand 1 <ry <ry <--- <1y < t, the set ﬂ A,, consists
i=1

of all chains of A" which are included in ﬂ M,.,. We have that

i=1
w w -1
i=1 i=1
Therefore,
t
Al = 1+ @rM,)-1) = > (2h(M,, N M,,) - 1)
r=1 1<r; <ra<t

+o (1) <2h <ﬁ Mr> — 1)

2> nd) - > h(MrlﬁMr2)+~~+(1)t1h<ﬂMr) +C,

1<r;<ry<t

where, the constant C can be determined by

C o= 143 (D= Y D+ )T

r=1 1 <ri<ras<t

o+

— (1-1)'=0
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and we have that
t t
h(G) =2 Zh(MT)_ Z h(MTI mMT2)+"'+(_1)t_1h (m MT) (C)
r=1 1<r1<ra<t r=1
In [2], the equality (c) was used to obtain the explicit formulas of h(Ds,) for some positive

integers n.

Theorem 2.1 The number of distinct fuzzy subgroups of a finite p-group of order p"™ which

have a cyclic mazximal subgroup is:

(1) h(Zy) = 27;
(2) h(Dan) = 2271,
(3) h(pan) = 2272;
(4) h(San) = 3.22773;

(5) MZp X Zpn—1) = h(Mpn) = 2" 12+ (n — 1)p].

§3. The Fuzzy Subgroup for the Nilpotent Group of the Form: My~ x C,

Recall that the case for p = 2 was already handled in [3]. Now, for p > 2 and, of course, p is a

prime, we consider this case as follows.

3.1 The Derivation of h(M,~» x C,) for p > 2

We begin with the case p = 3 and n = 3 where

Mz = (a,yla®=y* =1, y lay=a")
l,x,xQ,x3,x4,x57x6,x7,xs,
= v, v, zy, xy?, a?y, ?y?, 2y, ty?, oy,
.’E4y2, (E5y, .’E5y2, (EGy, .’£6y2, $7y, 1’71/2, x8y7 1'8y2
and
1,x,x2,x3,x4,x5,x6,x7,x8,
Mz x C3 = v, y% xy, ay?, oy, 2?y?, Py, 2Py? oty x {1,a,a}

4,2 5, 5,2 .6, 6,2 T, 7,2 .8, .8, 2
LY~ LY, LY~ LY, LY~ LY, Y=, LY, LY
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1,1),(1,a),(1,a%), (z,1), (2,a), (z,a?), (2% 1), (2*, a), (2*,a°),

2%,1), (2% a), (2%, a?), (2,1), (2%, @), (2%, 0®), (2, 1), (2°, a),

a%,a?), (2%, 1), (2% a), (2°,0°), (27, 1), (27, a), (27, a?),

2%, 1), (2%, a), (2%, a%), (v, 1), (y, @), (y,a%), (v, 1), (4%, @), (¥*, @®)

xy, 1), (zy, a), (vy, a?), (xy?, 1), (vy?, @), (vy?, a®), (z%y, 1)
2%y, a?), (2y?, 1), (2%y?, a), (¢®y?, a?), (2%y, 1)

3 3

(

(

(

(

(

( (
(@°y,a), (z°y,a?), (¢%y*, 1) (z%y?, @), (2%y?, a?)
( (
( )
(

(

(

(

(

z%y, a),

aty,1), (z1y, a), (zy, a?), (z'y? 1), (2'y?, a)
4,2 2

aty?,a?), (2%y,1), (z%y, a), (2°y, a?)

2%y?,1), (2°y?, a),(w y*,a*), (z%, 1),

(
)
2%y, a), (2%, a?), (x%?, 1), (2%, a),
) (
)
(z®

2%y?,a?), (x7y,1), (z"y, a), (x"y, a?)

z7y? 1), (z"y?, a) (w y?,a?), (z%y, 1),
2%y, a), (%, a®), (2%9°,1), (2%9?, a), (2%y?, a?)

Lemma 3.1(Berkovich,[3]) Let G be a group of order p™.

(i) If A is a subgroup of G of order p* and k < m < n, then, the number of subgroups of
G of order p™ containing A = 1(modp).

(i) If G is a noncyclic group of order p™, 1 < m < n —1, then,
Sm(G) € {1+p,1+p+p*},
where Sy, (G) is the number of subgroups of order p™ in G.
By Lemma 3.1, let M be the collection of all the maximal subgroups of G. Then, the set
M| =1+p+p?

and there exists 13 distinct maximal subgroups for M3s x C3. These maximal subgroups are

generated by

((1,a), (2, 1)), ((y, 1), (2, 1)), (9, a), (2, 1)), ((y, @), (x, @)),
(1), (,0)), ((y,0*), (x,0)), ((xy?, 1), (1, 0)),
((zy, 1), (L, a)), {(y1). (z,0%)), ((y, 0), (x,0?)),
((y:0%), (2, 1)), {(y, 1), (1, 0), (2%, 1)) and ((y,a?), (x,a?))
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We therefore have

M, =

M, =

My =

Mg =

(1,1),(1,a), (1, a2)7 (z,1), (1,27 1), (xS’ 1), ($47 1), (x57 1), (xﬁv 1),
(LE7, 1), (IS, 1), (z,a), (=, a2), (x27 a), (1’2,(12), (Ig,a), (xSv a2)a ($4a a),

(x%,a?), (2%, a), (25, a?), (2%, a), (25, a?), (27, a), (27, a?), (28, a), (2%, a?)

(1,1), (z,1), (y, 1), (2, 1), (2*,1), (z*,1), (25,1), (25,1), (=7, 1),
(2%,1), (12, 1), (zy, 1), (xy?, 1), (2%y, 1), (2292, 1), (%Y, 1), («®y?, 1),
(zty, 1), (x*y?, 1), (2%, 1), (2”92, 1), (2%, 1), (202, 1), (27y, 1),
(

z7y?, 1), (2%y, 1), (%y%, 1)

17 1)’ (y7a)’ (x7 1)7 (y27 a/z)’ ('/1;2’ 1)’ (1‘37 1)7 (x4’ 1)7 (’r57 1)’ (xﬁ’ 1)7
2

3

27, 1), (2%,1), (zy, a), (zy?, a?), (2%y, a), (2%y?, a?), (*y, a),

(
(
(z%y?, a%), (z'y, a), (z'y?, a?), (¢°y, a), (°y?, ), (2%y, a), (2%9°, a?),
(z7y, a), (z7y?, a?), (2%, a), (z°y?, a®)

1,1),(z,a), (y,a), (:E2, a2)’ (zS’ 1), (x47a)a (xs’ az)a (176’ 1), ($77a)7
%, a?), (y?, a?), (zvy, a®), (xy?, 1), (z%y, 1), (2%y?, a), (2%y, @), (z%y?, @),

zty,a?), (z*y? 1), (2°y, 1), (2%, a), (2%, a), (2%y?, a?), (z7y, a?),

z7y?, 1), (2%, 1), (2%, a)

17 1), ($7 a)7 (y? 1)7 (xQ’ a2)7 (:I:37 1), ($4’ a)7 (x57 a2)’ (x67 1)7 (1177 a)7
z®,a%), (y*,1), (zy, a), (xy?, a), (x%y, a%), (z%y?, a?), (z%y, 1), (2%, 1),
x4y, a)? (x4y2, a)? (xsyv a2)7 (xSyQ’ a2)7 ($6y7 1)7 (3363/27 1)a (,T?y, a)7

a"y?,a), (2%, a?), (2%y?, a?)

~—~ o~ o~

1,1),(La),(y.1), (2°,1),(1,6®), (v*, 1), (2%, 1), (y, ), (y*, ), (y, 0*),
y*,a?), (2%y, 1), (2°y*, 1), (2%, 1), (2%, 1), (22, a), (22, @®), (a°, a),
2%, a%), (z°y%, a%), (z°y%, a), (z%y, a?), (z%y, a), (¢°, a?), (2%, a),

282, a?), (2%9%, a)
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My

My

Ml()

My
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1,1),(L,a), (1,a%), (zy? 1), (z°y, 1), (2%, 1), (a"y?, 1), (2%, 1), (2°, 1),

(

(@Y. 1), (z%y, 1), (zy?, a), (2°y, a), (2%, a), (2'y", @), (2°y, a), (2%, a),
(

(

z"y?,a), (2%y,a), (zy?, a?), (2°y, a?), (23, a?), (z*y?, a?), (%Y, a?),

1’ 1)7 (1’ a)? (17 a’2)’ (my’ 1)7 (xsyz’ 1)’ (Z‘S’ 1)7 (x4y7 1)7 (x2y2’ 1)7

2%,1), (27y, 1), (2%, 1), (wy, @), (2%y°, @), (2%, a), (2'y, a),

aty,a?), (a%y?, a?), (2%, a?), (z7y, a?), (z°y?, a?)

L, 1)a (y, 1)a (yza 1), (1'7 a2)v (xzv a)v (va 1)7 (lA» a2)v (xsv a)a (mﬁa 1)7
x77 a2)7 (x87 a’)7 (my7 a2)7 (ny, a)7 (w3y7 1)’ (‘/1:4y7 G'Q)’ (x5y7 a)’ (l‘ﬁy’ 1)7
zTy,a?), (2%, a), (zy*, a?), (2%y%, a), (®y*, 1), (z*y?, a?), (259%, a),

2%y, 1), (27y?, a?), (2%y?, a)

1,1),(y,a), (¥?,0%), (z,a?), (2%, a), (z*,1), (z*, a*), (2°, a), (2°, 1),
x77 az)’ (x87 a)7 (xy7 1)7 (x2y7 a2)7 (x3y7 a)’ (1’4y’ 1)7 (x5y’ az)’ (wa’ a)7
x7y7 1)’ (xsy’ a2)v (CCQQ, a)a ($Zy27 1)7 ($3y2, a2)7 ($4y2, a), (x5y2, 1);

2%y?,a?), (27y?, a), (2592, 1)

 (y,0%), (1%, a), (2,1), (22, 1), (2%, 1), (2%, 1), (2°,1), (2°, 1), (27, 1)

—_
—_
—_ ~—

27y, a?), (a%y, a?), (xy?, a), (#%y?, a), (%y?, a), (2*y?, ), (2°y?, a),

)’ (y) a2)7 (y27 a)7 (m) a)’ (xQ’ G’Q)’ (:I:S’ 1)’ (‘T4’ 1)7 (m57 a2)7
‘T67 1)7 (x77 a)7 (x87 a'2)’ (':l:y? 1)7 (:I;Qy, a)? (x3y7 a2)7 ('r4y7 1)7 (x5y7 a)’

°y?, 1), (2%, a), (7Y%, a?), (zy?, 1)
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(1,1), (y,a%), (%, a), (z,0%), (2%, a), (2°, 1), (2%, a?), (2%, a), (2°, 1),

Mo (27,a%), (2% a), (zy, a), (z%y, 1), (2°y, a%), (a'y, @), (¢°y, 1), (2°y, @®),
13 —

(z7y,a), (z%y, 1), (zy°, 1), (%y?, a?), (2°y%, ), (2y?, 1), (2°9%, 0?),

(

2892, a), (27y?, 1), (2892, a?)

By the equality (c), we have

%h(Mgs X C3) = (3h(Zs x L) + Oh(Mas) + h(Zs x T x Zs))
—[24h(Z3 % Zs) + 54h(Z2)] + [234h(Zs) + 36h(Zs2)
+16h(Zs x Z3)] — [T02h(Z3) + 4h(Z3 x Z3) + I (Z32)
F1287h(Zs) — 1716h(Zs) + 1716h(Zs)

—1287h(Z3) + T15h(Zs3) — 2861 (Zs)
+T81(Zs) — 13h(Zs) + h(Zs)

= 3h(Zs3 x Zs2) + 9n(M3s) + h(Zs X Z3 X Zs)
—2Th(Zs2) — 12h(Z3 x Z3) + 27h(Z3).

Therefore,
h(Mszs x C3) = 420 + 2h(Zs x Z3 x Z3) = 420 + 2(158) = 736.

3.2 Determination of h(Mss x Cj)

Following a careful analysis and subsequent operations on the maximal subgroups, we have an

estimate given by:

1
ih(M,;g xCs) = [ph(Zy x L) + W(Zy x L x Lp) 4+ p*h(Mps)]

+1 +1
N+ 1Nz, x Z,) p2 + p2 *h(Z,2)

o[ e (72

+ [( 1+1;+p2 ) ~(+p+p?) ( p;rl )] h(Zp)]

+1 +1
b ) Wz, x2,)+ | ¥ \ *h(Z,2)

—|p+1)



54 S. A. Adebisi and M. EniOluwafe

+ [( 1“2;1)2 ) —(1+p+p?) ( pzl )] h(Zp)]

p+1 p+1
+ |:(p+1) 5 h(Zy x Zp) +p*-

31 31 31 31
+ - oot — +1| h(Z,)
7 8 29 30

3.3 Determination of h(M,» x Cp)

In general,
1
(M x Cp) = ph(Zp X Zpnr) + p*h(Myn)
+h(Zp X Ly X Llogn—2) — p(p + 1)W(Zp X Lpn—2)
~D*W(Zyn-1) + PP W(Zyn—2)
= plp+1)2" " ))np—p+2) —plp+1)(2" ) (np—2p+2)
+p? (2772 = 2"+ W(Zy X Zp X Lpn—2)
= 2" 2[p(p+ 1)(np +2) — p*] + h(Zp X Zp X Lypn—2)
Therefore,
h(Myn x Cp) = 2" p(p+ 1)(np + 2) — p®] + 2h(Zp X Zp X Lypn-2).
h( My x Cp) = 2" 'p(p+1)(np +2) — p°]

+2"7(3n = 5)p + (n? — 5)p® + (n? — 5n + 8)p® + 4] — 4p®
= 2" (P? +p*)n® + (3p + p* — 4p*)n + (Tp® — 3p* — 3p + 4)] — 4p®
= 2" MpP(1 4+ p)n® + p(3 +p — 4p*)n + (Tp® — 3p* — 3p +4)] — 4p>.

Therefore, for modular finite p-groups

h(Myn x Cp) = 2" [p*(1 + p)n® + p(3 + p — 4p*)n + (7Tp* — 3p* — 3p + 4)] — 4p®
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for p > 2.

Theorem 3.2 Let G = My~ x C,, the modular nilpotent group formed by taking the cartesian
product of the modular p-group of order p™ and a cyclic group of order p, where p is a prime.

Then, the number of distinct fuzzy subgroups of G for n > 4 is given by
h(G) =2""1 x [p2(1 +p)n? +p(3+p—4pP)n+ (7p* — 3p*> — 3p + 4)] - 4p?

forp> 2.

Proof For all values of p, there exist only one maximal subgroup which is isomorphic to
the Abelian type Zj, X Zy X Zyn-2. p of the maximal subgroups are isomorphic to Z, x Zpyn-1,
while p? of them are isomorphic to Myn.

If we put these values into equation(c), we have as follows:

My X Cy) = ph(Zy X Zyor) + Ph(My)
+h(Zyp X Ly X Lipn—2) — p(p + 1)A(Zy X Zpyn—2)
DM Lyn-1) + p*R(Lyn—2)
= plp+1E2" ) —p+2) —p(p+1)(2" %) (np — 2p +2)
+p*(2"7% = 2" + h(Zp x Zp X Zyn—2) ( by Theorem 2.1((1) and (5))
= 2" 2[p(p+ 1)(np +2) — p*] + h(Zp X Zp X Lyyn—2).

Therefore,
h(Myn x Cp) = 2" p(p+ 1) (np + 2) — p®] + 2h(Zp X Zp X Lypn-2).
Here, recurrence relation was used for the purpose of h(Z, x Z, X Z,n-2). We now have

My x Cp) = 2" Hp(p+1)(np +2) — p°]
+2"(3n — 5)p + (n* — 5)p* + (n® — 5n + 8)p® + 4] — 4p®
2" p? (14 p)n? + p(3 +p — 4p*)n + (Tp® — 3p* — 3p + 4)] — 4p°

for p > 2 O
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