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§1. Introduction

All groups are finite throughout this paper.For a given group G, the lattice of subgroups is
(L(@), <) here by L(G) mean all subgroups of G and the partial order < works as set inclusion.
If chain of subgroups of G contains G then it is called rooted (more precisely G-rooted) otherwise
it is known as unrooted.

In this paper the study of chains of subgroups describes the set containing all chains
of subgroups of G, which ends in with G.A formula of lattice of a finite cyclic group, for
number of chains of subgroups was given by Tarnduccanu and Bentea [1] by giving its one
variable generating function. J.M. Oh in his paper (2] determined the number of subgroups of
a finite cyclic group of 4n by giving its multi variables generating function. The problem of
counting chains of subgroups in the lattice of subgroups of for any given group G got attention
of researchers specially classifying fuzzy subgroups of G under a specific type of equivalence
relation (see (3], [4]).

§2. Preliminaries

A sct of subgroups of G fully ordered by set inclusion is a chain of subgroups of group G. In
this paper, the chain of subgroups of G which end in G.
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Let us suppose a finite group G and g: G — [0, 1] be its fuzzy subgroup of G. By Putting
w(G) = {ay, a2, ,a,} where ay <as< -+ <a,. Then, g determines the chain of subgroups of
G which ends in group G:

uGay C uGap C -+ C pGay,, =G
Also for any clement x of group G and i = 1,7, we get
i(z) = a; & i = maz{jlr € pGo,} & x € pG,, \ pGay

The authors of [7] identified the necessary and sufficient condition for equivalence of two
fuzzy subgroups i, 7 of G with respect to ~, which is jo ~ 7 if and only if set of level subgroups
of 1t and 5 are same.For a fuzzy subgroup of group G, the corresponding equivalence classes are
closely connected to the chains of subgroups in group G in this case.To determine these classes,
we calculate the number of all chains of subgroups of G that terminate in G.

Let G be a finite group and §(G) be the number of chains of subgroups of G that terminate
in @. We have two kind of subgroup chains following:

(1) Gy Cc Gy C-+-C Gy =G with G # {e};
(2){e}c G C--C Gy =0G.

It is clear that the numbers of chains of types (1) and (2) are equal. So,
5(G) = 2ax.

Obviously, this problem of counting all chains of subgroups of G depends entirely ou the
lattice of subgroups of G and not on the group itsell. This leads to a more general problem.

Theorem 2.1 Let §(G) be the number of subgroup chains of group G that terminates in G.
Then

8(G) = Y. S(H) x n(H),

distict He [so(G)

where [s0(G) is the set of representatives of isomarphism classes of subgroups of G, n(H)
denotes the size of the isomorphism class with representative H. '

Proof Let fixes 6(H,) = 86(H,) = 1, for which H) is the trivial group of and H, is the
improper subgroup of G for any H; € Is0(G) and i = T, a. Then

5(G)

n(Hy) « 8(Hy) + n(H)) » 6(Ha) + n(Hys)é(Hs) + -+ + n(Hqa)6(Ha)
S 6(H) xn(H))

HielsolC)

=2+ Z §(H;) x n(H;)
distictH.€ls0(C)

I

This completes the proof. a
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In this work, Theorem 2.1 is used to obtain the number of chains of subgroups of G that
terininates in G I also follows that
(1) 8(Z,) = 2, where pis prime;
(1) 3(Z,,) = G, where p and g are distinet prime;
(tit} 6(3,,4) = 4. where p 15 any prime;
{w) #Z, x Z,} = 2p + 4. where pis any primg;
(v) 0%, % Zy x Z,) = 2p% + 8p* + 8p + 8, where pis any prime;
() 0(Z,, x Z,) = 16+ 10p, where p and g are distinet primes.
Above result are special cases of Theorems or Corollaries 5.1.5.2,5.4,5.5,5.6 of [(i] and

Section 3 of [7].

Lemma 2.1{[3]) For groups Sy, <, and Sy, we have 0(Sy) = 10. 5(Ay) = 24 and 0(5y) = 232

vespretively.

Lemma 2.2((8]) Let G be Dilwedral yroup of oider 2p, where poas any prane then, 8(G) = 4+2p
! |

§3. The Number of Chains of Subgroups of Z; x A, n €06

Theorem 3.1 The number of chams of subyroups of Za x Ay is 0

Proof The direct product Ay and Z, is isomorphic to a eyelic gronp of order 6. Then

ti{Z‘_} x> ""l;(} =0 O
Theovem 3.2 The number of clians of sabygroaps of Zo 5 Ay s 200,

Proof Notice that Zy x Aj is a non-Abelian gronp of order 24, it has the following set of

representatives of momorphisin classes of subgroups with their sizes:

lec 1], {22, 7). |25, 4); [22% Za,7),

ZoA] [(Zs % Zy x Za) 1), [Ag, 1] and [(Z2 x A4). 1)

So,
82y x Ay) = L+8(H,)+Tx8(Zy) +4x0(Zy) + 7 x8(Zy % &2)
% 8(Z6) + 8(Zy x Zy x Zy) + G(Ag) = 200.
This completes the proof. 0O

Theorem 3.4 The numdber of chuains of sulbyroups of yroup Za x As i S2U2.

Proof Notice that Zy x Aj is non-Abelian of order 120, it has the following set of repre-

senlatives of isomorphisin classes of subgroups with their sizes:
[e ). [Za,81]. [Z3,10], |Z2 x Z2,35), [Zn, ], [Z6.10). [(Z2 x Z2 x Z2).3], [Z10,0].
ib;?”!‘ ID, 12], [Du, ].UI‘ [Dln\U], |23 x ’1[,5] [/'llurl] 1/1.', l] and [(22 x ’lr,), l]
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Su,
Ny = Adg) = L+ ) + 3L x 0{(Z2) + 10 x 6(Zy) + 35 x 8{Zy x Zy) + 6 x 8(Z5)
10 < §(Z6) + 0 x & Za x o x Za)+ 6 x 0(Z14) + 20 x 6(5y)
+12 x 8(Dg) + 10 x 6(Dg) + 6 x 6(Dyo) + 5 x 5(Ay) + 6(A5) = 3202.
This completes the prool. O

Proposition 3.1(By Proposition 3 of [8]) Let the wreath product of the eyclic groups = (Za x
Zulw Zy und 6(Zy x Zy) w Zy). Then, 8(Zy x Zy) & Zy) = 158 and §(Zy x Z3) x Zy) = 352

Theorem 3.4 Suppose that ¢ be the Cartesian product of group D, x Z,, where p, g arve distinct
prune numbers, then
Wp+ 2 ifg=2
§G) = Hp+12 iip=yg
Wp+ 1l p#Fqgqg#2

Proof Qur proof is divided into 3 cases {ollowing:
Case l. =2

Notice that 1), x Z, has the following set of representatives of isomorphisin classes of

subgroups with thew sizes
H. Zy(2p + L times), Z,,, 2, 0 (2 times), Z3 x Zg aul Dy, x Z,
Then,
D, x2)) = 1+8(H)+2p+ 1) =d(Z2)+6(Z,)
+0(Z,,) +p x 8(Zy x Zy) + 2 x 8(D, = 16p + 20.
Case 2. p=gq.

Notwe that 2, x Z, has the following set of representatives of ismnorphisin clisses of
i " 4 1

subgroups with their sizes:
e 2o (ptimes), £, (p+ 1 ties), Z,,, (p times), D, Z, x Z, and D, x Z,.
Then
MO, xZy) = V+d8(i)+pxd(Zy+(p+1)x o(Z,,)
g} 8(Zpg) + 82y x Zy) + 6( Dy, = Lp + 12,
Case 3. p#q, q#2

Notice that D, x Z, has the following set of representatives of somorphisin classes of

subgroups with their sizes:
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U, 2y (ptines), Z,.2,. 2, Zop (p times), D, and D, x Z,.

I'hen.

D, xZy) = V48 )+ pxd(Za)+8(Z,)
+0(Zy) + 8 Zy,) + p X 8(Zy,) + 0(D,) = 10p + 16.
This completes the proof.

Theorem 3.5 Let G be the duect product of Zy and Z3 % Zy, then, 8(C7) = 1572,

Proof Notice that Zy x (Zy x Zy) e Zy has the following set of representatives of isomorphism
classes of subgroups with their sizes:
ir:. 1], |Z-3. 1UI. [Z_= Po Z:.”}. {Z:; x Z;;. lI. [Z:;nl]_. [Z(;wi}. iZﬁ X Z;;. ]I.
{S;;.:‘.‘-l], [I)(;, I'..).i. [(Z_‘; FaS Z;;) il 22,2] and [23 x (Z;; S Z_-;) 58 Z-_]. l]

oG = 1+ (i(]’f, ) + 19 % I)(/{z) + 4 x (S(Z{] +:1R (1{2_; x ZJ)
4'6{2_‘\ X Z;,) + 4 x (ilz{,} b 5 d(Zl; x Z_'i) + 24 x I')(S;)

+12 % $(1) + 2 x {7y x Zy) = Zy) = 1572

This completes the proof.
Theorem 3.0 Let G be the ducct product of Zy and ZF x Z, then, §{G} = 4136.
Proof Notice that Zy x (Zy x Z3) = Z; is a non-Abelian, A-group of order 72. It has the
following sct of representatives of isotorphism classes of subgroups with their sizes:
[Zs % Zg. 1), [Zad). [Za,18)0 [Z6.4),

[e. 1], [Z2,19], [Z5x Za, 9,
(Do, 12). [(Zy x Zy) x Za2,2],

(25 %25, 9], I¢ Zi1. [S5.24)
U2y x Zy) o 23, 2], [Zy x (Z % Z3)  Zo, 1) and [Zy x (Zy x Zy) x Zy, 1],

Ve d(H) + 19 x 8(Z0) + 0 x 8(Zy) + 18 x () + 9 x 8
+3{ 2y % L+ 9 x 0{21 ¥ Z)} + 4 x ()‘(‘Z“) + li(Z.f; x Zy)
12 % li(})(,l? + 2 x fw[;f; * Z;;J 8 Z_’) + 2 % l’}{(Z{ b Z_';) 8 Z|]

Z-_; x Z:{’
24 x 8(S5y)

+d(2’_: x {Zy x Zq)w Zay = 1136.

This completes the prool.
Theorem 3.7 The number of chuins of subgroups of Zy = Ay is 301320,

Proof Notice that Zy x Ag is non-Abelian of order 720. It has the following set of repre-
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sentatives of isomorphisim classes of subgroups with their sizes:
le 1], [Z2.91), [22 x Z9.165], [Z4,40], [Z..90], |Z5.30], [Ze.40]. [Z1p,306],
(Zy x £y x Z2.30], [Z4 x Z3,10], [Zy x Dy, 45], [Z2 x 5,,30), [Z4 x Z3,45],
[(Zs x Z3),10], [Zo x (Zy x Z3) w Zy. 10), [(Zy x Zy) w Z4,20], [Zy x Zy x Z4,20].
[Zs % (Z3 x Zg) % Zy,10], [Z10.6], [S3,240), [S4,60], [Ds, 180], (D5, 72), (D, 120),
[D10,36], 1Z2 x A4, 301 (A4, 30, [As, 12). [Aa, 1), [(Z2 x A5).12) and [(Z2 x Ag). 1),

So,
0(Zy x Ag) = 1+ 0(H )+ 91 x 8(Zy) + 40 = §(Z3) + 90 x §(Z)
+36 x 0(Z5) + 40 x §(Zs) + 36 x 5{Z10) + 165 % 6(Za % Z3)
120 X §(Zy % Zy X Zg) + 30 x 8(Za x Ay) + 10 x 8(Zy x (Zy % Z3) % Za)
10 % M Ze = (L x Zy) % Ay} 4+ 12 x 0{Zo x Ag) + 40 x 8(Zs x Dy)
F30 X S Zy % Sy) 4+ 10« 8{Zy x Zy) + A8 = 817y % Za) + W0 x 6(Zg x Z3)
+20 x 0((Zy x Zy) & Zy) + 20 x 8((Zy x Zy) w Z;) + 30 x 5(Ay)
+12 x §(A5) + S(Ag) + 210 x 5(S3) + 60 = §(S4) + 180 x §(Ly)
+72 % 8(Dg) + 120 x 5(Dg) + 36 x d(Dyg) = 301320.
This completes the proofl. B

Then, we get the following theorem.

Theorem 3.8 The wandber of clivins of sebyroups Zo < A n < G, then

¥ = 9
. 200 n=d
ML = A,) =

3292 = b

301320 n=06

§1. The Number of Chains of Subgroups of Zy x A,,n <6

Theorem 1.1 The nunber of chains of subyroups of £y x Ay s 1.
Proof The dircet product Ay and Zy is isomorphic to Zy x Zy. So, 6(Zy x Ay) =10. O
Theorem 4.2 The number of chains of subgroups of Zy x Ay is 208.

Proof Notice that Zy x A is o non-Abelian group of order 36. It has the following set of
representatives of isotmorphism classes of subgroups with their sizes:
{f 1 l|i1 l['ldl [Zg x Zv_,. 1], {Z_‘(, ~ Z;(. l] Il‘{‘ ldl, EZ... JJ ]Zi. A Z"

Ay 8] and [Zy x AgL 1)
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S,

!\-(Z_. x 1|,]' = 1+ fj(!!‘! + 3 x !HZ_:] + 13 = l)(Zj;} 43 x ﬂ(z“:‘
+8{(Zy X Zy) + A X O(Zy X Zy) + 8 Zg X Za) + 3 x 8{Ay) = 208.

(|

This completes the proof.
Theorem 4.3 The number of Chains of Subyroups of £y % Ag s 3410,
Froof Notice that Zy x Ay is non-Abelian proup of order 180. It is isomorphie to the
general lincar group (2.4). The group has the following sct of representatives ol isomorphism
classes of subgroups with their sizes
]l(.', .I.l {Z_),. 15}. !Z_‘g x Z‘_‘,,E’J], iZ; x Z‘(. Hl] [Z:j! 11], IZ_'; x !')",. l[]i ]Z_'; x .‘1‘;;. J.“i.
{Z;t X A.|.(—)_l, 12:,.6], IZ(,. 151. [Z|-_-,‘U], [5;;, lU], [.'1,;. 15], [A;‘,. 1[ and {(2; x As). 1]‘
So,
J{Z;{ = ,‘1_',] = 1 +a(ﬁ,)+15x0{2_.)—+—11 X*)(Zt)+‘) A’(S{Z,r“}
+15 x r's(Zﬁ,l + 0 ox {5{2_) X z.g} + 10 x 07y x Z_'j)
+10 = 'i(Z"! * [1) + 10 x 84y % Sy + 0 % I)I(ZJ x 1;}

+10 % 6(5y) + 6 x L)+ 15 x 8(Ay; + 8(4g) ="3440.
This completes the prool.

Theorem 4.4 Let @ be the diveet product of Zy and Z3 w Zy then, 8(G) = 1314,

Proof Notice that Zy x (£ x Z4)% 25 has the [ollowing set of representatives of isomorphisim
classes of subgroups with their sizes:
[t d]e [22.9), [Zy x Zy. 18], [Z4,13], [Z6,9]. [Zy % S5.12], [Sy,12],
[Z‘¢ > Z:q x Zj;.ll. [(Z; = Z{) 24 Zg. 1] alll(l lZg s (Z;| X Z;{} = Z‘g. l]
Su.
SG) = L+ 8(HI+ 9 x0(Zy) + 13 x 0(Zy) + 0(Zy x Zy x Zy)
+13 x 8(Zy x Zs) + 9 x 8(Z) + 12 x (Zy x Sy)
+12 % 8(Sy) + M{Zy x Zy) % Zy) = 1314,

This completes the prool.
Theorem 1.5 Lot G be the doeet praduct of Zy and Z5 < Zy then, §(G) = 3160.

Proof Notice that Zy x {(Zy x Zy) w Zy is a non-Abclian group of order 108, It has the

following sct of representatives of isomorphism classes of subgroups with their sizes:

lea1], [22,9) [Zs x Z3.03], |Z4,13], [Z4.9) [Z6.9]. |Z12,9),
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[Zy % 8y, 12]. [835.12],  [Zy x Zy x Zy 1] [(Zy x Z3) x Za, ],
HZJ X /j; = Z.|. l]‘ [ZJ x [_Z;; X ZJ} & Z'_). k] and |Z3 X (Z:j x Jg} D 24. 11

Su,
GGy = 1T+8H)+9x8(Zy)+ 13 xdZy) +9%xHZ,)
+1 % d'(Zﬁ) + 0 x f)(Z]g) + :)'(Z;; X &y % Z;J
+13 = (S\Z; x Zy)y+ 12 x fJi’\Z“; x .gg) + 12 = d(S;,j
+(( £y % Zy) w o)+ 8({Zy x Zy)w Zy) + M2y x (Z5 x Z4) w Zy) = 3160,
This completes the proof. 0O

Theorem 4.6 The wamber of Chains of Subgroups of 2y % Ag s 212848,

Proof Notice that Zy x Ay s non-Abelian of order 1080, It has the fullowing set of
representatives of isomorphisi classes of subgroups with their sizes:
fe, 1. 122.45), [Zy x Z,,30]. [Z4.121), [Z,,45), (25, 36), [Z6.15], [Z12,45)], {Z15,36].
[Zy x Zy x Z3, W}, [Z3 x Z3,130]. [Z3 x D4,45], [Z3 x D5, 30], [Z3 x S3. 120,
(Zy x S0, 80),  [(Zy x A).30),  [(Zs x Za)x 24,10, [(Zs x Z3) x Z2,10],
(Zy x (24 x Z3) = 23,10, [Zs x (Zy x Zy) x Za, 10), |Zs x Z2.30], [54,120],
[Sa.30], [D4,15] . [D5.306], [A4,90], (A5, 12], [Ag, 1) [GL(2.4).12] and [(Z3 x Ag). 1]

from the isomorphism class. So,

HZy = Ag) = L+ )+ 45 x 8(Zy) + 121 x 8(Z3) + 49 = 6(Z4)
+30 % 8{Zg) + 45 x 8(Zg) + 45 = 8(Z2) + 36 = 8(Zy5)
L O % Za) 4 10 w8 By oc He e Zul 4180 x SUZ %023
+30 % o(Zy x A+ W0 x §(Zy x (24 % Zy) % Zy)
+10 x 8{Zy x (Zy ® Zy) W Zg) + 12 x {7y x Ag)
445 x 6(Zy x Dg) + 120 x 8(Z3 x S3) + 30 x §(Zy x S4)
+30 X 8(Zn % Za) 4+ 10 x 8((Zy x Zy) x Z3) + 10 x 6((Zy x Zy) w Za)
10 % HZy x (Zy » Zy) < Z3) + 10 x 0 Zy = (£ % Zy) = &)
+O0 x 8(Ay) + 12 x 8(Ag) + 5(Ag) + 120 x 5(Sy) + 30 x 5(S,)
+15 x 6(Dy) + 36 x 8(D1o) = 212848.

This completes the proof. O

Then, we get the following theorem.
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Theorem 1.7 The number of chains of subyroups Zy x A, ,n <6, then

§5

10 n=23
e 208 py o=
8y x A,) =

3440 nw=2>9

212848 n =0

Conclusion

The study of the number of chains of subgroups in the lattice of subgroups for larger groups

are interesting and give rise to potential applications to guantum computing and coding. Iu

tlus

paper. it is clearly observed fromn the results that the number of chains of subgroups of G

do not depend on the order of ¢ hut the lattice of subgroups of & as in Theorens 3.8 and 4.7.
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