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Abstract: Auy finite nilpotent group can be unigquely written as a direet product of p-
groups In this paper, an attempt for the computation of Dyi % Oy was made. This happens
to be the computation of the number of distinet fuzzy subgroups of the cartesian product of
the dihedral group of order 2% with a eyelic group of order sixteen
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§1. Introduction

The classification of the tuzzy subgroups, most especially the finite prgroups camot be uuder-
estinated. This aspect of pure wathenntics has undergone a dynaune developiments over the
vears. For nstance, many reseaccliers have treated cases of finite Abelinn groups. Since theu,
the study has been extended to sone other important classes of finite Abelian and non-Abelian

eronps such as the dihedral, quaternion. semidiliedral, and hauniltonian groups.

§2. Methodology

The method that will be used in counting the chams of fuzey subgroups of an arbitrary finite
feroup Ghs deseribed. Suppose that Afy, My, . Ay ave the maximal subgroups of &, and
devote by £(G) the muuber of chains of subgroups of G which ends in &, By simply applying
the techuique of computing h(G), using the application of the Inclusion-Exclusion Prineiple.

we have that;
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I [2], (2.1) was used to obtain the explicit formulas for some positive integers .

Theorem 21 (NMarius)  The nunider of distinet fuzzy subgroups of a finile p-group of order p*

wiich have n cyche mazinal subgroup s

!

(i} h(Z

7

(1) WM(Zy x Zpnor ) = (M) = 2" 24 (0 - 1)p)].

§3. The number of Fuzzy Subgroups for Zz x Z

Lemma 3.1 Let & be abelian such that G = 7y x Zy. Then, W(G) = 2h(Zy x Zp2) =

Proof By the use of GAP (Group Algorithms and Progrannning), ¢ has three maximal
subgronps in which cach of them is ia-mnurphir to Zy x Zye. lenee, we have that: 20(G) =
3(Zy x Zyz) — ih{ZZ) X Loz )+ 1(Zg x Zpz) = h(Zy x Zy). And by Theorem 2.1, i(Zy x Zya) =
WU = WZy x Zy) =4 O

Coroilary 3.2 Following the last lewnna, W72y % Zos ), M(Zy x Zou ) MZy x Tz ) and (T x Zgn)
S IS3G, 4090, 1000 aud 20012 respectively.

Theorem 3.3 Let = Zy. x Zy. Then, h(G) = 327" ) + 1202 + 170 - 24).

Proof Notice that there are three maximal subgroups of ¢, i.e., one is isomorphic to

Zg % Ly 1), while two are isomorphic to Zy x Zae ). We have

i
=I(G) = 2h(By x Zan) + By x Boo-1) = Bh(Bg X Lagu-r) + By % Lyn-1)
= 2Ly x Lgn ) + I Zy x By - .) = 20(Zy x Lou-r)

= !f{a’ah x f-zu ) & ,f!(..” = u,u o] h(?;.; x RL,....I,\
Hence,

MG) = HHZ; x Dy ) — W(Z,
= Ay x Ly ) + Ah(Zy x "‘,) + 8I(Zy X Zyuez) — 16R(Zy X Zgu-s)
LAE % BgdT = BT w Bwid S IBRIE s - oo
= AMZy% Za Y+ Mg % By i) + BB X Byeat) + JOM(Zy % Ziyuns)

R o ) 4+ 20MZy % L)

32Ty % Ly i) = GAR(Zg x Lgusn) + BBy x Bopin] b oo WEN( By 5 Ty

S0 (P By
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Forw—9 =13

n=3
= dW(Zy x Lon) + 27 (Zg x By} = P VN(Zy x Tps) + Z[z**’h(z, x Guiccw)
k=1
[
= 2'Pn? +5n + 3] + Z (Zy % Zyeon)
L=1
et L 9
= B9t B3] 5 Fi“ = 3)(n7 + 90 + 14))
)
1 ; ; ) i
= —;(3“*'1(“" + 1207 4 17Tn - 240)
for 1 > 2, [
Theorem 3.4 Suppose that @ = Dys x Co. Then, G = H376.
Froof Notice that
1
;!i[bl) = WD x Zy) + ‘_‘!I{Z-‘n X Ly x Ly) = U.'(Z“: X Ly X Z,)

+h(Zs x Z1) = Gh(Zy x Za) = 2(Zy x Z3) + BI(Zy x Za) + h(Zys) = 2688.
Therefore h{G) = 2 x 2688 = 5376 ]
Theorem 3.5 Let G = Dy x Zu. Then, h(€;) = 111136
Proof Nutice that

I
MG = WDy X Zyr) + 20(Dav x Zys) = Ah(Dys x Zya) + W(Zgs % Zy3)
—21"!{2’224 x Z—_;.-} = ‘.).}!(Z'_i.l x Z-_a.i) + \'Hl(.’f:_g‘ X Z-_);tl =+ J’l{z'_n) = ”t(z_}i) = 25068,

Therefore, h{€7) = 2 x 55568 = 1111306, O
Theorem 3.6 Suppose that G = [, < Zy. Then, MGy = 192864,
Proof Certaanly,

| . :
Ef’;((-’] = Py X Z4) 4 20(Das % Zos) = AW Dys x Zy) + W{Zgs X Zas)
—'.3!.-.{2’1-_31, x Z-}J] — Jh(:{.gl x Z‘_:.‘;! + 51!{2“';_3: x Z-_r.') 7 h{f,_;] #e ‘“i'.(z-_nj = 216432

Therelore, h(G) = 2 x 26432 = 492864, a
Theorem 3.7 Let G = Don x Ty, the nilpotent group formed by the cartesian product of the

diledral group of wider 2" and a eyclic group of order 2. Then, the nmumber of distinet fuzzy
subyroups of G is given by © h(G) = 22920 + 1) — 2"+ 4 > 3,
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§4  The Number of Fuzzy Subgroups forDa. x Cy

Proposition 4.1 Suppose that G = Dya x Cx. Then, the nuwmber of distinct fuzzy subyroups of
€ s given by

=3
2200 (Gn 4 113) + 2* |13 - 6n — 20 +3)_ 2071 (2n + 1 = 2j)
=1
I .. ‘
+ E(2”*2) [(n — 1) 4 (= 2)8 + 240* - 380 - 30

n—-0
+ Z'_)*un S0 Y e 12(n = 2 = kY 1T = k) - 58] .
k=1

Proof Nuotice that

W(Dan x Cx) = 20{Zgn-r) + 20(Dpn x Zs) + 2M{ Dy -1 x Cy)
+AN(Zgn-a % Cg) + 2 (Zge-s % Cu) + 20(Zygu-s x Cg) = 22MZyu-s x Za)
— A Zgn s X Dg2) + 22N (Zgn-r) X Tugz = 20 Zpu—n} — 221(Dygu-a x Coa)
230 (Dy—a 5 Can)

= 9" LDy x C) + 20(Zgnor % Bor) + 22R(Zgn-2 x L)

QAU Doy X Tan) + 2O DT X Zgp — 2(Lgu-s X Br) = 22T (Za)

n—-5
—22=0 Doy % Tooa ) + 2203 (Dys x Zoa) + 3 Zz*'mm‘,,._;-. % Fpa)
1=1
as required. |

Proposition 12 ( sce [16]) Suppose that G = Dow x Cyx.o Thew, the nander of distinet fuzzy
subyroups vf G s giocn by

=4
QU =tGy 4 113) + 2" |13 = 6n =20 + 3 2 W (2n+1 - 2j)
J

=1

| - . . ;
+§{‘2“+'} [ = DF o+ (= 20 + 290° = 38— 30

3= 2= k)T #1200 = 2 - K 1700 - k) - B¥||

h=1]

Proof Calculation shows that

WDy x CsY = 20(Zgn-1) + 20(Dye x Zg) + 20(Dypu-r < )
(g s % %) + P0(Zan-s x Cx) + 20 Zgu-s x Cs) = Ph(Zan -5 x Lon)

G
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~A( Lyt X Zgad -+ 2 0(Zg-s) x By — 2W(Byuez) — 2 Dygi-s x Cas)
-v-:.’,h}ﬁ! [)ﬂ» S (.\'2.);1
= 2"+ 20(Dye x C) + 2(Egu-r % Ty + 220(Zgun X Toa)

~2HN = (Zgs % Tgn) + 22D (B X Zga — B0(Zgn-1 x Tgz) = L5 W(Zp2)

H=5
=22 Das X Zge) + 2R Dgs x Zos) + 3 Y P0(Zga-i-i x Za)
i |

as required,
Theorem 1.3 Let G = Dy x Cya. Then , MG) = 61381,

Proof There exist seven maximal subgroups. Among them, two isomorphic to Dy x Cyy,
two isomorphic to Dys x Cou, two isomorphic to Dy x €y while the seventh is somorphic to

Zopa. Henee | we have that

;}l-h{C') 20U Dys X Zoga) + 20Dy % Zyi) + 2Dy % Zys)

—0A{Dys % Zoa) = 60(Zys x Zye) — Bh(Lys x L) = 61(Zya)

F20{( Dy % Ly} + 280 Zys x Zya ) + 20{(Zya x Zye) + 20( L)

HZpn & Lpn) = 351 Zegs % Loge) + 200 (Fos % Do) = TH{Bn Bz} + W{( Tz x Doy )
= 2Dy x Zyy+ (D x Zys) + WDy x Zy1) = 20( Doy x Zya) — 2 Zgr % Lz

< 12
= Il Zagn % Tos) + (D x Tor) — 3o ) + =h(Zon ).

And therefore,

B = A4[TO0 + 8416 + 10744 — 10752C 1088 + 162 + TUACHO] = 4 x 15340 = G1384. O
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