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ABSTRACT

This study presents comparisons between six algorithms used in the cal-
culation of  apparent thermal diffusivity (Kh ) of  the topsoil during meas-
urement campaigns conducted at two equatorial sites. It further
investigates the effects of  transient and seasonal variations in soil moisture
content (i) on the estimation of  Kh. The data used comprise soil temper-
atures (T) measured at depths of  0.05 m and 0.10 m, and i within the pe-
riod of  transition from the dry season to the wet season at Ile Ife (7.55˚ N,
4.55˚ E), and for the peak of  the wet season at Ibadan (7.44˚ N, 3.90˚ E).
The thermal diffusivity, Kh, was calculated from six algorithms, of: har-
monic, arctangent, logarithmic, amplitude, phase, and conduction-con-
vection. The reliability of  these algorithms was tested using their values
to model T at a depth of  0.10 m, where direct measurements were avail-
able. The algorithms were further evaluated with statistical indices, in-
cluding the empirical probability distribution function of  the differences
between the measured and modeled temperatures (DT). The maximum
absolute values of  DT for the six algorithms investigated were: 0.5˚C,
0.5˚C, 0.5˚C, 1˚C, 1˚C and 1˚C, respectively. Kh showed an increasing
trend as i increased from the dry season to the peak of  the wet season,
with R2 = 0.70 for the harmonic algorithm. The accuracy of  all of  the al-
gorithms in modeling T reduced with transient variations of  i. The har-
monic, arctangent and logarithmic algorithms were the most appropriate
for calculating Kh for the region of  study. The empirical relation between
i and Kh and the values of  Kh obtained in this study can be used to im-
prove the accuracy of  meteorological and hydrological models.

1. Introduction
In recent times, there have been concerted efforts to un-

derstand the impact of  the surface–atmosphere interactions
of  the Earth on the weather and climate of  West Africa
through coupling Earth surface models with regional cli-
mate models [Steiner et al. 2009, Taylor et al. 2011]. Direct
measurements of  the processes that govern these interac-
tions are very important, to improve the accuracy of  their
representations in the models. The equation of  conserva-
tion of  energy of  these processes at the Earth surface is
given as [Foken 2008]:

Rn = H + LE + G                    (1)

where, Rn is the net radiation, G is the soil heat flux, and H
and LE are the sensible and latent heat fluxes, respectively. 

The soil heat flux (G) in particular is a very important
component of  Equation (1) for measurements taken over
dry, bare surfaces, such as during the night or immediately
after sunrise, and it can account for up to 40% of  Rn [Verhoef
et al. 1996, 2004]. The determination of  G requires a realistic
understanding of  the soil thermal properties; i.e., the soil
heat capacity (Ch ) and the thermal diffusivity (Kh ). Accord-
ing to Sellers [1965] and Foken [2008], the method for esti-
mation of  Ch is stable and well established. Therefore, the
optimum estimation of  Kh will improve the accuracy of  G. In
addition, the thermal diffusivity, Kh, has an important role in
the determination of  soil temperature (T) propagation be-
cause it determines the heating or cooling rate that accom-
panies a given temperature profile [Sellers 1965, Oke 1978,
Zhang and Osterkamp 1995]. Apart from the estimation of
G and the determination of  the T propagation, accurate
modeling of  turbulent heat fluxes using resistance methods
also requires realistic knowledge of  Kh, the soil moisture con-
tent (i), and T of  the soil being investigated [Stensrud 2007].

The starting point for the derivation of  the thermal dif-
fusivity algorithm is based on the solution of  the one-di-
mensional conduction heat transfer equation. A basic
requirement of  the assumed wave-like solution is that pa-
rameter Kh in the heat conduction equation is constant with
depth. However, in experimental determination of  this pa-
rameter, variations in Kh are possible due to changes in soil
type and moisture content with depth. A depth of  ≤0.10 m
is often used to eliminate the variation in Kh due to soil type.
It is believed that the soil type is not likely to have changed
over such a small depth. 

If  the temperature of  the upper layer is modeled using
a Fourier series to accurately describe the variations in soil
temperature in that layer [Van Wijk and De Vries 1963], the
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analytical solution of  the one-dimensional heat conduction
equation can be used to estimate Kh. Based on this solution,
Kh  can be estimated by the harmonic, arctangent, logarith-
mic, amplitude, and phase algorithms. The arctangent and
logarithmic algorithms use two harmonics [Nerpin and
Chudnovskil 1967, Seemann 1979], while the amplitude and
phase algorithms are based on the assumption of  a single si-
nusoidal temperature wave [Sellers 1965]. Errors due to the
assumption of  a sinusoidal function for temperature propa-
gation in the soil reduce as the number of  harmonics in-
creases. Horton et al. [1983] used least-squares difference
between the measured and calculated temperatures to select
a value of  Kh (this method is hereafter referred to as the har-
monic method). This harmonic method has the advantage
of  using a series of  harmonics to accurately describe the sur-
face temperature. 

All of  the algorithms presented above are based on the
solution of  the one-dimensional heat conduction equation
and the assumption of  constant Kh. From two experiments,
one in a temperate region (Spain, 2˚55´48˝ N, 39˚08´30˝ E)
and the other in the Sahel (13˚32´60˝ N, 2˚30´68˝ E), Verhoef
et al. [1996] showed that Kh is related to soil moisture con-
tent (and is thus related to rainfall). This result indicated that
the assumption of  constant Kh will not be correct for some
climate conditions, even when the soil type is homogeneous
with depth. It would therefore be desirable to replace the
one-dimensional heat conduction equation with another that
can account for the variation in Kh by coupling the heat trans-
fer by the flux of  moisture with the conduction process. Gao
et al. [2003] proposed an algorithm for the calculation of  Kh
that accounted for vertical variations in Kh in heat transfer
processes by coupling the conduction and convection
processes in the soil.

An alternative approach is to establish an empirical rela-
tionship between the various algorithms used in the estima-
tion of  Kh and soil moisture content (i). One of  the objectives
of  the present study was therefore to investigate the effects
of  seasonal and transient variations in i on Kh, with a view to
establishing an empirical relationship between these two pa-
rameters. Another objective was to evaluate six thermal dif-
fusivity algorithms to determine the appropriate ones for the
estimation of  Kh for two equatorial sites. With these two ob-
jectives, the study aimed to obtain a more accurate represen-
tation of  the soil thermal dynamics in the meteorological and
hydrological models used for the region of  study.

2. Theoretical background
The one-dimensional conduction heat transfer equation

in an isotropic medium is given by:

(2)

where, Kh is independent of  depth and time.

Using the Fourier series representation [Van Wijk and
De Vries 1963], the soil temperature near the surface can be
described accurately by: 

(3)

where                           Ak and Bk are the amplitudes of  the
kth harmonic of  the temperature wave,      is the mean soil
temperature, ~ is the angular velocity of  the Earth rotation,

, where P is the period of  the diurnal cycle, N is the
number of  harmonics, and zk is the phase angle, where 

Based on the analytical solutions of  Equation (2)
through applying Equation (3), the amplitude and phase al-
gorithms that assume a single sinusoidal temperature wave
function (i.e., by setting N to 1 in Equation 3) were respec-
tively obtained as:  

(4)

and 
(5)

where, C1 and C2 are the amplitudes, and z1 and z2 are the
initial phases of  the soil temperature at the depths of  z1 and
z2, respectively.

The arctangent and logarithmic algorithms, which use
two harmonics in the temperature wave Equation (3) [Ner-
pin and Chudnovskil 1967, Seemann 1979], were also ob-
tained as:

(6)

and
(7)

respectively. Temperatures Ti and       are recorded every 6 h
(i.e., subscripts 1 to 4) at the two depths of  z1 and z2, re-
spectively. 

Horton et al. [1983] used least-squares differences be-
tween the measured and calculated T to select a value of  Kh
through iteration at the required depth. The method used in
Equation (8) below is an analytical solution to Equation (2)
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3

that uses the boundary conditions in Equation (3) to calcu-
late the soil temperature at the required depth:

(8)

where Cok and zok are the amplitude and phase angle of  the
kth harmonic for the upper boundary, respectively [Horton
et al 1983, Caslaw and Jaeger 1959, Van Wijk and De Vries
1963]. Equations (2) and (8) are slightly different from those
proposed by the aforementioned studies, in that while they
proposed a sine function, an equivalent cosine function with
the appropriate transformation of  the phase angle defined in
Equation (3) can be used.  

To account for the variation in Kh with depth due to
changes in the moisture content in the heat transfer equa-
tion in the soil, Gao et al. [2003] coupled the thermal con-
duction and convection processes together as: 

(9)

where, w represents the net water flow from a layer of  soil at
a given depth. With the boundary condition set at the lower
depth z2 that is modeled by a sinusoidal function as Tz=z2

=
the expression of  the soil temperature

at the upper depth is given by:

(10)

where: 

(11)

The expressions for Kh and w are then obtained from
Gao et al. [2003] and Gao et al. [2007] as:

(12)

and

(13)

3. Materials and methods

3.1. Climate of  the region
The sites used in this study are located in a humid equa-

torial region of  West Africa where the climate is classified as

Aw according to the Köppen system [Essenwager 2003]. This
implies a tropical region with a dry winter season and a wet
summer season. This change in season occurs in association
with the meridional movement of  the inter-tropical discon-
tinuity (ITD) line across West Africa [Adedokun 1978, Otunla
et al. 2008]. The ITD line defines the region of  the meeting
of  the dry, dust-laden, north-easterly wind (the harmattan
wind) and the moist, warm, south-westerly wind coming
from the Atlantic Ocean (the monsoonal wind). The region
of  West Africa that is south of  the ITD at any given time is
in the wet season, while the region that is north of  the ITD
is in the dry season. For the region of  West Africa used in the
present study, each year is roughly divided into two: the wet
or rainy season (April to October), and the dry season (No-
vember to March). In addition to the convective activities
that occur during the transition period (usually between Feb-
ruary and March), these two wind regimes define the preva-
lent weather conditions that characterized the climate of  the
region. The mean annual rainfall and the maximum and
minimum temperatures for the region where these two sites
are located are 1225 mm, 42 ̊ C and 15 ̊ C, respectively. These
values were obtained from 50 years of  data from the mete-
orological stations in the neighbourhood of  the measuring
sites (within a minimum of  a 150-km radius). The stations
are maintained by the Nigerian Meteorological Agency,
which has measurement stations across the whole country.
To have a wide spectrum of  i available for analysis in the
present study, two separate time series within the year were
selected, to capture the peaks of  the two recurring seasons in
the region.

3.2. Experimental sites and measurements
Within the framework of  the Nigerian Micrometeorol-

ogy Experiment [Jegede et al. 2004], an experiment was con-
ducted at Ile-Ife, Nigeria (7.55˚ N, 4.55˚ E), during the transition
from the dry to the wet season. The period of  intensive ob-
servation was from February 19, 2004, through to March 9,
2004 (days of  the year [DOYs] 55 to 68). The three prevalent
weather conditions that characterized the climate of  the re-
gion were observed at this site during the measurements
[Mauder et al. 2007]. The maximum and minimum temper-
atures (Tmax, Tmin, respectively) at the soil depth of  0.05 m,
and the total rainfall during the period of  the experiment,
are shown in Figure 1. The altitude of  the site is 288 m above
sea level, and its vegetation can be characterized as fallow
bush-land with 0.30-m canopy height. The ground surface
of  the site was flat and homogenous at the time of  the meas-
urements. The soil texture was loamy sand, and it was at its
permanent wilting condition at the beginning of  the experi-
ments [Jegede et al. 2004, Mauder et al. 2007]. The period of
the experiments was selected to investigate the soil thermal
dynamics from the time when the soil was nearly completely
desiccated to when it was slightly wet with rainfall. 
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Another phase of  the Nigerian Micrometeorology Ex-
periment was carried out at Ibadan in the experimental field
of  the Lower Atmospheric Physics Unit, University of
Ibadan, Ibadan, Nigeria (7.44˚ N, 3.90˚ E). Twelve days of
continuous measurements at this site were used in this study
( June 3, 2006, to June 15, 2006), to capture the soil thermal
dynamics at the time when the soil was nearly saturated with
moisture induced by persistent rainfall, which usually char-
acterizes this time of  the year. The site is located at about 78
km from Ile Ife, and it comprises of  an area of  850 m2 of  flat
terrain at an elevation of  220 m above sea level. The soil type
is loamy sand, and the ground surface of  the target area was
bare at the time of  the measurements. The Tmax and Tmin
at the soil depth of  0.05 m and the rainfall during the period
of  the experiments are shown in Figure 2.

At the two sites, T was measured with two soil thermo-
couple probes (Campbell Scientific Inc., USA) buried at the
depths of  0.05 m and 0.10 m. The moisture content (i) of
the soils was measured between the surface and 0.05 m in
depth using soil moisture reflectometers (CS615, CS616,
Campbell Scientific Inc., USA). These soil moisture reflec-
tometers were installed in such a way that the ground surface
wetness due to rainfall occurrence could be measured to the
depth of  0.05 m and even deeper. This was necessary to ac-
count for the heterogeneity in Kh induced by i. The rainfall
was measured using an ARG100 Rainguage (Campbell Sci-
entific Inc., USA). These sensors were controlled by using a
Campbell CR10X datalogger, which sampled the data every
1 s, and then stored these data as 1-min-averaged values.

The soil temperature (T) at the depths of  0.05 m and
0.10 m obtained from the two sites were smoothed using 2-h
averaging to calculate C1, C2, z1, z2,                  Ck and zk from
Fourier analysis of  the time series for each day. The values
of  these variables were used in Equations (3) and (8) to
model T at the two depths, and also in Equations (4), (5) and
(8) to calculate Kh for the harmonic, amplitude, and phase al-
gorithms. The calculated values of  Kh using the arctangent
and logarithmic algorithms (Equations 6, 7) were sensitive to

the measurement times of  the four pairs of  T at each depth,
so the calculated values of  Kh from three different selections
of  four temperature values were averaged to obtain a more
representative value of  Kh. Both Kh and the net water flow, w,
were calculated for the conduction-convection algorithm
using Equations (12) and (13). 

3.3. Data analysis methods
The predicted soil temperatures from the six thermal

diffusivity algorithms and the measured soil temperatures
were compared using regression analysis. The performances
of  the algorithms were also evaluated using the following
statistical indices and measures of  errors: 

1. The coefficient of  determination (R2), which indicates
the precision of  the modeled soil temperature in relation to
the measured values. 

2. The agreement index (D), which indicates the accu-
racy of  the modeled soil temperature in relation to the meas-
ured values [Willmott et al. 1985], and is given by:

(14)

where, Pi is the predicted temperature, Mi is the measured
temperature, Ma is the average of  the measured tempera-
tures. The index ranges from 0 (without agreement) to 1
(perfect agreement). 

3. The confidence index C [Camargo and Sentelhas
1997] was also used. This index is obtained by multiplying
together D, a measure of  the accuracy, and the correlation
coefficient (r), a measurement of  the precision. The C val-
ues range from 0, for poor confidence, to 1, for very good
confidence. 

4. Standard deviation of  the mean (or root-mean-square
error), SE, and normalized standard deviation of  the mean,
NSE (i.e., an estimate of  relative uncertainty), were used to
assess the error of  the model output, where:

OTUNLA AND OLADIRAN
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Figure 1. Temporal variations of  maximum temperature (Tmax.), mini-
mum temperature (Tmin.) and rainfall amount at Ile Ife site from DOY 55
to DOY 68, 2004.

Figure 2. Temporal variations of  maximum temperature (Tmax.), mini-
mum temperature (Tmin.) and rainfall amount at Ibadan site from DOY 55
to DOY 68, 2004.
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(15)

and 

(16)

5. Finally, another comparison of  the accuracies of  the
algorithms is given by the empirical probability distribution
functions (PDFs) [Taylor 1982] of  the difference between the
predicted and measured soil temperatures, DT, at the soil
depth of  0.10 m.

4. Results and discussion

4.1. Soil moisture content

4.1.1. The Ile Ife site
At the beginning of  the experiment at Ile Ife, after sev-

eral weeks without precipitation during the dry season, the
soil at the site was desiccated. The soil moisture content (i)
was measured at 5% (Figure 3a). This corresponds to the per-
manent wilting point of  the on-site loamy sand [Boden
1994]. The total rainfall during the period of  measurement
was 16.2 mm (Figure 1). The temporal variation of  i be-

tween the surface and 0.05 m in depth at this site (Figure 3a)
indicated that precipitation occurred on DOYs 56 and 57.
Owing to evaporation from the soil surface, the i then de-
creased gradually from DOY 57 to DOY 68, except for a slight
increase on DOY 60. 

4.1.2 The Ibadan site
The temporal variation in i between the surface and

0.05 m in depth at the Ibadan site is shown in Figure 3b.The
rainfall at this site from DOYs 150 to 153 was 0.9 mm, while
the rainfall on DOY 161 and DOY 165 were 24.6 mm and 20.4
mm, respectively (Figure 2). The soil moisture content, i, de-
creased gradually from DOY 153 to DOY 159, and from DOY
161 to DOY 164, due to evaporation from the soil surface
and/or percolation into the subsurface (Figure 3b). 

Figure 3a, b also shows that the diurnal variations of  the
soil moisture content were superimposed on the temporal
variations (A and B in Figure 3a, b show examples of  such di-
urnal variations). 

4.2. Thermal diffusivity

4.2.1. The Ile Ife site
The smallest value of  Kh was 2.47 × 10−7 m2 s−1, which

was obtained from the amplitude algorithm on DOY 57,
while the maximum was 8.42 × 10−7 m2 s−1, as obtained

SOIL THERMAL DIFFUSIVITY ALGORITHMS

Figure 3. Temporal variations of  soil water content (%) measured at depth of  0-0.05 m at (a) Ile Ife site from DOY 55 to DOY 68, 2004 and (b) Ibadan site
from DOY 154 to 166, 2006.
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from the arctangent algorithm on DOY 63. The maximum,
minimum and mean values of  Kh calculated for the six algo-
rithms are listed in Table 1.

For the conduction-convection algorithm, another pa-
rameter w was needed, which was calculated from Equa-
tion (13) (see Table 2). The values of  this parameter
indicated the net volumetric water flux from the layer of
the soil between the surface and the depth of  0.05 m. Its
sign gives the direction of  the water flux: a positive sign in-
dicates an outward flux of  water from the layer into the at-
mosphere, while a negative sign indicates an inward flux
from the layer into the sub-surface soil [Gao et al. 2007]. As
all of  the values of  w were positive, this indicated evapora-
tion from the soil layer. Under evaporation conditions,
there is a net upward flux of  water (liquid and vapor) as a
result of  the progressively dry surface conditions (Figure 3a).
The net flux of  water should be associated with net con-
vective heat flux in the soil [Gao et al. 2008].

The reliability of  the six algorithms was investigated by
using them to predict T at the depth of  0.10 m where direct
measurements were also available for comparison. The
measured and predicted T at 0.10 m depth for DOYs 55 and
57 (the days selected to represent the dry and wet days, re-
spectively) are given in Figure 4a, b. It should be noted that
there was a significant amount of  rainfall on DOYs 56 and
57 (Figure 1).

Two observations can be inferred from the visual in-
spection of  Figure 4a, b. First, the measured T was better
fitted with the harmonic, arctangent and logarithmic algo-
rithms, while the amplitude, phase and conduction-con-
vection algorithms gave comparatively less accurate diurnal
descriptions of  T. Secondly, Figure 4b shows that the wet day
was poorly predicted compared with the dry day. The dataset
was therefore divided into dry and wet days, to investigate
the effects of  transient heterogeneities such as rainfall and
cloudiness on Kh. Efforts were made, however, to reduce the
effects of  transients to only the rainfall, by using 2-h averag-
ing. The dry days were DOY 55 and DOYs 61 to 68; the wet
days were DOYs 56 to 60. 

These two separate datasets were subjected to six sta-
tistical analyses, to confirm the first observation (see Table 3,
for five of  the six statistical analyses). The harmonic algo-
rithm had the lowest values for SE and NSE, and the highest
values for R2, D and C. The arctangent and logarithmic al-
gorithms had the second-lowest and third-lowest values for
SE and NSE, respectively, and the second-highest and third-
highest values for R2, D and C, respectively. 

To better quantify the deviations of  the predicted T
from the measured values, an empirical PDF of  the tem-
perature deviation (DT) for all of  the algorithms is shown in
Figure 5a, b. The DT for the dry days ranged from −0.5 ˚C
to 0.5 ˚C for the harmonic, arctangent and logarithmic al-
gorithms, with 94% to 99% data coverage; and it ranged

OTUNLA AND OLADIRAN
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Site Kh

Mean
(× 107 m2/s)

Maximum
(× 107 m2/s)

Min
(× 107 m2/s)

Harmonic algorithm

Ile Ife 5.46 6.24 4.48

Ibadan 8.50 20.70 5.96

Arctangent algorithm

Ile Ife 6.58 8.42 5.00

Ibadan 10.20 22.30 5.45

Logarithmic algorithm

Ile Ife 4.83 6.13 2.73

Ibadan 7.26 8.77 5.95

Amplitude algorithm

Ile Ife 4.49 5.81 2.47

Ibadan 8.19 11.00 5.64

Phase algorithm

Ile Ife 5.93 7.48 4.10

Ibadan 8.78 16.20 5.09

Conduction-convection algorithm

Ile Ife 5.91 7.44 4.00

Ibadan 8.13 14.40 3.64

DOY
w

(× 106 m/s)

55 1.45

56 2.12

57 1.58

58 1.35

59 1.53

60 1.39

61 0.66

62 1.72

63 1.27

64 1.21

65 0.49

66 0.69

67 1.92

68 1.09

Table 1. The maximum, minimum and mean values of  Kh calculated
according to the six algorithms for the soil layer of  0.05 m to 0.10 m at the
Ile Ife and Ibadan sites.

Table 2. The values of  w calculated by the conduction-convection algo-
rithm for the soil layer of  0.05 m to 0.10 m at the Ile Ife site from DOY 55
to DOY 68, 2004.
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from −1 ̊ C to 1 ̊ C for the amplitude, phase and conduction-
convection algorithms, with 93% to 97% data coverage. For
the wet days, DT also ranged from −0.5 ˚C to 0.5 ˚C, with
77% to 93% data coverage, for the harmonic, arctangent and
logarithmic algorithms, and from −1 ˚C to 1 ˚C with 77% to
80% data coverage for the amplitude, phase and conduction-
convection algorithms. 

The lower maximum absolute values of  DT (i.e., DT =
0.5 ̊ C) were generated by the harmonic, arctangent and log-
arithmic algorithms, as compared to other algorithms that

produced DT = 1 ˚C. Furthermore, the lower data coverage
obtained from the PDFs for the wet days as compared to the
dry days, in addition to the information obtained from the
statistical indicators in Table 3, showed that the heterogene-
ity induced by transient changes in i during these wet days
negatively impacted on the accuracy of  all of  the algorithms
in the modeling of  T, and hence on the estimation of  Kh. This
is an indication that higher numbers of  harmonics are
needed for a better representation of  the wet days

The algorithms used in the present study can be divided

SOIL THERMAL DIFFUSIVITY ALGORITHMS

Figure 4. (a) Comparisons of  soil temperature predicted by harmonic, arctangent, logarithmic, phase, amplitude and conduction-convection algorithm against
measurements of  soil temperature at 0.01 m depth at Ife site on DOY 55, 2004. (b) Comparisons of  soil temperature predicted by harmonic, arctangent,
logarithmic, phase, amplitude and conduction-convection algorithm against measurements of  soil temperature at 0.01 m depth at Ife site on DOY 57, 2004.
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Algorithm
SE

(W/m2)
NSE R2 D C

Wet days

Harmonic 0.32 0.01 0.987 0.997 0.99

Arctangent 0.47 0.02 0.971 0.993 0.978

Logarithmic 0.53 0.02 0.963 0.991 0.972

Amplitude 0.87 0.03 0.898 0.973 0.922

Phase 0.87 0.03 0.898 0.974 0.923

Conduction-convection 0.88 0.03 0.895 0.973 0.921

Dry days

Harmonic 0.23 0.01 0.994 0.999 0.996

Arctangent 0.32 0.01 0.988 0.997 0.991

Logarithmic 0.30 0.01 0.99 0.998 0.993

Amplitude 0.74 0.02 0.936 0.984 0.952

Phase 0.73 0.02 0.938 0.984 0.953

Conduction-convection 0.74 0.02 0.936 0.0984 0.952

Table 3. Results of  the statistical analyses at the Ile Ife site, 2004. SE, computed standard errors of  the estimates; NSE, normalized standard errors of  the
estimates; R2, correlation coefficient; D, agreement index; and C, confidence index.

Figure 5. (a) Empirical probability distribution function, PDF, of  subtraction between the temperature predicted by harmonic, arctangent, logarithmic,
phase, amplitude and conduction-convection algorithm for the soil layer ranging from 0.05 m to 0.01 m with the soil temperature at 0.10 m depth from
DOY 55 and DOY 61 to DOY 68 (dry days), 2004. (b) Empirical probability distribution function, PDF, of  subtraction between the temperature  predicted
by harmonic, arctangent, logarithmic, phase, amplitude and conduction-convection algorithm for the soil layer ranging from 0.05 m to 0.01 m with the
soil temperature at 0.10 m depth from DOY 55 and DOY 61 to DOY 68 (wet days), 2004. 

a) b)Temperature difference (˚C)

Conduction-convectionConduction-convection

Temperature difference (˚C)
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into two broad groups: those that require a single sinusoidal
wave to model T in one group, and those that require two or
more sinusoidal waves to model T in another group. The am-
plitude, phase and conduction-convection algorithms belong
to the first group, while the harmonic, arctangent and loga-
rithmic algorithms belong to the second group. The values
of  the statistical indices SE, NSE, R2, D and C obtained for
each of  the groups are within similar ranges and are not sig-
nificantly different (see Table 3). This suggested that the dif-
ferences between the groups might be due to the omission or
inclusion of  the same physical parameter. 

The number of  the harmonics used for the modeling of
T for each group is one probable reason for this difference.
The higher the numbers of  the harmonics, the more realis-
tic is the predicted T (the harmonic algorithm that uses high-
est number of  harmonics gave the best performance, as
indicated by the statistical indices). The worst model of  T
was obtained from those algorithms that were based on a sin-
gle harmonic (see Table 3).

The conduction-convection algorithm is based on the
assumptions that the heterogeneity in the soil layer is only
due to the flux of  moisture, and is not due to changes in the
soil texture, and that the diurnal variation of  T in each layer
of  the soil follows a single sinusoidal curve. According to
Yang and Wang [2008], these assumptions induce significant
errors, because they are either far from reality or are difficult
for practical application. In the present study, efforts were
made to reduce the assumptions to only one, by using a soil
layer of  a shallow depth (i.e., 0.10 m), where the soil texture
was uniform with depth. In spite of  this, the requirement for
multiple harmonics to model T accurately appeared to su-
persede whatever contribution the convection process made
at this site. The conduction-convection algorithm, however,
predicted the temperature amplitude better than the phase
algorithm, which also used only one harmonic to model T
(see Figure 4a, b). 

4.2.2. The Ibadan site
The smallest value of  Kh was 3.64 × 10−7 m2 s−1, and

this was obtained from the conduction-convection algorithm
on DOY 165. The maximum value was 2.23 × 10−6 m2 s−1,
and this was obtained from the arctangent algorithm on
DOY 154. The maximum, minimum and mean values of  Kh
calculated by the six algorithms are presented in Table 1. 

The values of  parameter w from the conduction-con-
vection algorithm as calculated from Equation (13) are given
in Table 4. These show that there was percolation of  water
into the sub-surface on DOY 155, DOY 157, DOY 159, DOY
163 and DOY 165. The magnitude of  the net water fluxes
into the subsurface was high for the days when there was rain
and for the days immediately afterwards.

The measured and predicted soil temperatures at 0.10
m depth for a dry day (DOY 155) and a wet day (DOY 166)

are presented in Figure 6a, b. It can be seen that the meas-
ured temperature was best fitted with the harmonic, arctan-
gent and logarithmic algorithms, as these generated larger
coefficients of  determination (R2), agreement indices (D) and
confidence indices (C) than the other three algorithms (Table
5). Together with the SE and NSE, these statistical indices are
presented in Table 5 for the wet days (i.e., DOYs 161 to 166)
and the dry days (i.e., DOYs 154 to159). The harmonic algo-
rithm had the lowest SE and NSE. The arctangent and loga-
rithmic algorithms had the second and third lowest values of
the SE and NSE. Thus, the amplitude, phase and conduction-
convection algorithms that used one sinusoidal curve in this
modeling approach gave comparatively less accurate de-
scriptions of  T. This is consistent with the results obtained at
the Ile Ife site. The results for the evaluations of  the algo-
rithms obtained at this site were comparable to those ob-
tained at the Ile Ife site, in spite of  the seasonal variations, as
indicated by the differences in i at the two sites and the times
of  T maximum for each day (see Figures 4, 6). 

4.3. Influence of  soil moisture content on estimation of  soil
thermal diffusivity

The period of  measurements at the two sites were se-
lected to obtain a wide spectrum of  i. By keeping other fac-
tors, such as soil type or texture, and vegetation cover,
constant, the thermal diffusivity Kh was expected to vary only
with i. Comparisons of  the mean, maximum and minimum
values of  Kh at the two sites show that these parameters were
higher at Ibadan, where i was also higher (Table 1). The
datasets from the two sites were combined to investigate this
variation. All of  the six algorithms show increasing trends for
the variations in Kh with i (Figure 7a, b). The trend lines were

SOIL THERMAL DIFFUSIVITY ALGORITHMS

DOY
w

(× 106 m/s)

154 7.10

155 -1.00

156 1.60

157 -0.02

158 3.49

159 -0.55

161 1.53

162 1.29

163 -0.57

164 0.06

165 -10.00

166 3.00

Table 4. The values of  w calculated by the conduction-convection algo-
rithm for the soil layer of  0.05 m to 0.10 m at the Ibadan site from DOY 154
to DOY166, 2006.
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almost identical for the phase algorithm (R2 = 0.47) and the
conduction-convection algorithm (R2 = 0.47). The phase and
conduction-convection algorithms are both based on the
phase differences between the temperature wave amplitudes
at the two soil depths, and they therefore produced similar
courses of  variation with i. The amplitude trend line (R2 =
0.36) was almost parallel with those of  the phase and con-
duction-convection algorithms (Figure 7b). This might be an
indication of  the single sinusoidal temperature wave repre-
sentation of  these three algorithms. The coefficient of  deter-

mination, R2, for the arctangent, logarithmic and harmonic
algorithms were 0.49, 0.50 and 0.70, respectively.

5. Conclusions
This study aimed at obtaining a more accurate repre-

sentation of  the soil thermal dynamics in meteorological
and hydrological models for the region of  study, by investi-
gating the effects of  seasonal and transient variations in soil
moisture content (i) on the thermal diffusivity, Kh, with a
view to establishing an empirical relationship between the

OTUNLA AND OLADIRAN
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Figure 6. (a) Comparisons of  soil temperature predicted by harmonic, arctangent, logarithmic, phase, amplitude and conduction-convection algorithm against
measurements of  soil temperature at 0.01 m depth at Ibadan site on DOY 155, 2006. (b) Comparisons of  soil temperature predicted by harmonic, arctangent,
logarithmic, phase, amplitude and conduction-convection algorithm against measurements of  soil temperature at 0.01 m depth at Ibadan site on DOY 166, 2006.

Type of algorithm
SE

(W/m2)
NSE R2 D C

Wet days

Harmonic 0.36 0.01 0.977 0.994 0.983

Arctangent 0.39 0.01 0.974 0.993 0.980

Logarithmic 0.39 0.01 0.974 0.993 0.980

amplitude 0.70 0.02 0.897 0.976 0.924

Phase 0.68 0.02 0.909 0.978 0.932

Conduction-convection 0.79 0.03 0.869 0.969 0.903

Dry days

Harmonic 0.31 0.01 0.982 0.997 0.987

Arctangent 0.33 0.01 0.980 0.995 0.985

Logarithmic 0.32 0.01 0.981 0.995 0.986

amplitude 0.72 0.02 0.905 0.976 0.929

Phase 0.70 0.02 0.909 0.977 0.931

Conduction-convection 0.80 0.03 0.881 0.972 0.913

Table 5. Results of  the statistical analyses at the Ibadan site, 2006. SE, computed standard errors of  the estimates; NSE, normalized standard errors of
the estimates; R2, correlation coefficient; D, agreement index; and C, confidence index.
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two parameters, and by also evaluating six thermal diffusiv-
ity algorithms to determine those that are appropriate for
the region of  study.

The present study shows that Kh has an increasing trend
with increasing i. All of  the statistical indices used show that
the transient heterogeneity that was induced by the rainfall
affected the accuracy of  all of  these algorithms. The con-
duction-convection algorithm almost circumvented this
problem by incorporating the heat transfer by convection
process into the soil with the conduction process. The con-
duction-convection algorithm, however, gave comparative
less accurate descriptions of  the top-soil temperature with
time at these sites, because of  the assumption of  a single si-
nusoidal curve in its modeling of  the soil temperature.

Out of  the six algorithms used in the present study,
the harmonic, arctangent and logarithmic algorithms gave
better estimates of  Kh for the region of  study. These three
algorithms, which are based on the convectional one-di-
mensional heat conduction equation, gave better descrip-
tions of  the top-soil temperatures with time than the other
algorithms. The arctangent and logarithmic algorithms,
which are simpler compared to the harmonic algorithm in
terms of  the computational requirements, can be used for
this region of  study. 
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