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1. Introduction
The following properties for the fuzzy subgroupssofvere known.
1. The level sets of a fuzzy subset of adisit form a chain.
2. A is afuzzy subgroup of G iff its level sets arbgwups of G'
3. Therelation is an equivalence relation on fuzzy subgroups ,eft@re
for fuzzy subgroupsu,v of G, p:v iff Ox, yOG,(u(x) > u(y)iff v(x) >v(y))
Some related algebraic structures are discusdadliia].

2. Priliminaries
Suppose tha(G,[,e) is a group with identitye. Let S(G) denote the collection of all

fuzzy subsets ofG . An elementA [JS(G) is said to be a fuzzy subgroup & if the
following two conditions are sat.
1. A(ab)=0{A(a),A(b)}, Oa,blG;
2. A(@*=A(a) forany alG.
And, since(a™)™ = a, we have thatA(a™) = A(a), for any alG.
Also, by this notation and definition}(€) = supA(G) . (Marius [3] and [4]).
Now, concerning the subgroups, the $dt(G) possessing all fuzzy subgroups

of G forms a lattice under the usual ordering of fugey inclusion. This is called the

fuzzy subgroup lattice of5 .
In what follows, the method that will be used irunting the chains of fuzzy
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subgroups of an arbitrary finitgp -group G is described. Suppose thd,;,M,,...,M,

are the maximal subgroups @ . Let h(G) denote the number of chains of subgroups
of G which ends inG . The method of computindn(G) is based on the application of
the Inclusion-Exclusion Principle. IfA is the set of chains inG of type
C,0C,0---0C, =G, and A’ represents the set of chains f which are contained

in M., r=1,...,t.

Then we have:
t

Ua

r=1

1Y A= T 1A N A, [+t (1)

1< L) <t

|Al=1+ | A'|=

M

r=1

Observe that, for evenl<sw<t and 1<r <r,<..-<r, <t , the set ﬂiviﬁ‘
= I

consists of all chains ofA" which are included irﬂivilM . - We have that
= 1

:Zh(@Mﬁ j‘l

O |Al= 1+Z(2h(M) INEEDY (M, M, )-1)

:I_r1<r25t

oot (—1)t‘1(2h(hM : J —1]

(Zh(M)— > (M, M, )+t (- 1)'1h(ﬂ JJ C

]_I‘l<l'2<t r=1

And
C= 1+Z( D= > (D)+-+(-1)7(-1)

1<r1<r2<t

we have that:

h(G) = Z{Zh(M )= > h(M, nM,)

]_I‘l<l'25t

+~--+<—1)“h(ﬂMrD<3>

r=1
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(3) was used to obtain the explicit formulastifD,,) for some positive integers.

Theorem 1. The number of distinct fuzzy subgroups of a finjegroup of order p"
which have a cyclic maximal subgroup is:

h(an) =2"

h(D,,) = 2"

h(g,,)=2""

h(Szn) =3.2"°

5. h(Z, Xan_l) =h(M pn) =2"2+(n-1)p]

Following our paper[1](Also see [2] and [5]) thdléaving equation(#) based on
the usual Inclusive-Exclusive technique is appliied

h(G) =2 ih(Mr)— Z h(Mrl N Mrz)+---+(—1)t_1h(hMrﬂ(#)

]srl<r2st

A W bdpPE

In [4], (1) was used to obtain the explicitrfulas of h(D,,) for some positive
integersn.

Theorem 2. [3] The number of distinct fuzzy subgroups of a finjpegroup of order p"
which have a cyclic maximal subgroup is:
i) hz,)=2"

(i) h(D,,)=2""
(i) h(g,,)=2"""
() h(S,) =323
W) hZ,xZ ) =hM ,)=2""[2+(n-1)p]
3. The Cartesian product of the quaternion group of order 2n and a cyclic group of
order 2
We begin from the simplest form of it, putting= 3.
By the application of equation (1), we have:
% h(G) =3nh(Z, ><Z22) + 4h(Q23) —12h(222) -2h(Z,%xZ,)+8h(Z,) =88
0 h(Q23 xC,) =2x88=176.

4. Computation of the Fuzzy Subgroups of Q24 xC,
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Let G= Q24 xC,. Then, by equation (c)

h(G) = h(Zy X Z53) + 2h(Qa3 X C3) + 4h(Qy3) — 8h(Qz3) — 2h(Z; X Z32) —
4h(Z3) + 8h(Z,2) = 496
0 h(Q, xC,) = 2x496=992.

By observing the structure of the nilpotent groQ% xC,, in general, the group possesses

seven maximal subgroups. And so, by using equétipmputting G = an xC,, we have
1 h(G) =2"+2°""+2h(Q ., xC,)
2 - on-1 2

0 h(Q,,xC;) =n2""-2", n23.

Theorem 3. Let G :an xC,, the nilpotent group obtained by taking the castesi

product of the generalised quaternion group of o/@dg and a cyclic group of order 2.
Then, the number of distinct fuzzy subgroupsfis :

h(G) =n2*" -2"", for n>3
Proof: One maximal subgroup of this group is isomorplmithszzn_l, two of the
maximal subgroups are isomorphic @12“_1 xC,, while 2° of the maximal subgroups
are isomorphic tonn. And so, by using equation (3.2.1), puttifg = an xC,, we have
%h(G) = h(Zy X Zyn-1) + 2h(Qun-1 X C3) + 4h(Qzn) — 6h(Zyn-1) — 3h(Zy X Zyn-2) —
12h(Qyn-1) + 28h(Z,n-2) + 2h(Zyn-1) + h(Zy X Z,n-2) + 4h(Q,n-1) — 20h(Zn-2)
Putting in the values of the surfacing structuresifwe have that :
h(Q,, xC,) = n.2*"-2"" n>3. Applying induction on n, by setting F(n) =

h(Q2n xC,), ascertaining the truth of
F(k) = 2k+1 + 22k + 4h(Q2k—1 sz) — k.22k _ 2k+l, Kk > 3,

we show that F(k+1) is also true.
Hence, F(k+1) =242 4+ 221 4+ 4h(Qy xC;) = 27[(k +1)2%* - 2].

Theorem 4. ( see[2] and [6]) Suppose thatG = D2n xC,. Then, the number of distinct
fuzzy subgroups ofG is given by :

n-3 )
2°073(64n+173)+3) 2" (2n +1-2j)
j=1
6. Conclusion
Finally, the product of the generalised quarternipragroup of order2" and a cyclic
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group of order 2 have been successfully classified the number of distinct fuzzy
subgroups were directly computed using comprehersnalysis and the application of
GAP(Group Algorithms and Programming, Version 4.81fps:www.gap-system.org)
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